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PREFACE 


This presentation of the elementary theory of equations has the 
aim not only of acquainting the student w itli some facts concerning 
the roots of algebraic equations and methods for obtaining them 
but also of int roducing him gently t o some of the concepts of present- 
day algebra Therefore, the not ions of field and polynomial over a 
held are used throughout. For the sake of concreteness, however, 
only fields which are subhelds of 1h'* complex number system are 
considered, although so far as possible the material is presented so 
as to be applicable to other fields. It is hoped that in this way the 
t( \t will serve as a bridge between the ideas of elementary algebra 
which the student has aheady encountered and the more abstract 
ideas of modern algebra 

Although it is desirable from the algebraic standpoint to define 
polynomials as elements of certain rings rather than as functions, 
the author has adopted the latter approach since he has found the 
former too abstract for the average beginner. 

No experience with the calculus is presupposed. Derivatives 
and their properties me roqu **\ only for polynomials and results 
which depend upon them are derived puielv algebraically. Some 
trigonometry and plane ninth t"* goorn* try aie required in parts of 
Chapter* S and 9, but no demands be}* nd these are made upon the 
student's previous mathematical experience. 

Since the method of mathematical induction is used frequently, 
it is discussed at length in an Appendix. 

The first eight chapters contain sufficient material for a brief 
course. Chapter 9 depends only upon 1. 2, 3, 8; Chapter 10 only 
upon I, 2, 3, and the first two sections of 5; Chapter 11 only upon 
1, 2, 3. Chapter 12 requires only 1, while 13 requires 1, 2, 12. 
Chapters 1, 2, 3, 12, 13 suffice for 14, except that the last three 
sections of 14 requiie in addition the lir^t three sections of 11. 
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THE COMPLEX NUMBER SYSTEM 


1. Introduction The complex number system did not suddenly 
appear like a butterfly from a cocoon, but developed gradually as 
the need for various types of numbers arose. In the theory of 
equations the n^ed was that of solving algebraic equations. 

if v\ e suppose, as wat jnee 1 he ca*e, thai the only numbers known 
are the positive integers, then it is certainly not true that every 
equation has a root; for even a simple equation like x + 5 = 2 can- 
n *t be solved if we reMiict ouim'Ivos to positive integers. If we 
<xtend the number system hv inventing the negative integers and 
zero, certain equations pre\iously umolvabh become solvable; but 
s« » ne, like* 2j — 5, lemain incapable of solution. If we extend the 
system fui t her by creating ilie rational numbers, that is, the num- 
bers expressible as ratios of in+ogcis, then every linear equation 
cur + b — 0, where a and h are rational and a is not zero, can be 
solved. Hut a quadratic equation like r 2 - 2 s still un solvable, 
hven v* T hen we create the ; rat mal numbers, which constitute, 
together with the rationale, the system of real numbers, there are 
still sum** quadratic equations with ro root*. Not until we con- 
struct the system of complex, numbers do w-o obtain a domain in 
which all linear and quadratic equat ons are oohablc. Fortunately, 
it then happens that every equation of degree higher than two is 
also solvable, so that from the point of view of the theory of equa- 
tions no further extension of Hie number s} m is necessary. 

How- the numlier system is extended step by step from the posi- 
tive integers to the complex numbeis n an inteiesting logical story, 
which wc cannot fully go into. We shall examine only the last 
step, forming the complex numbers from the real numbers. 

2. Complex numbers In constructing the complex numbers from 
the reals we cannot begin by saying, <fc Let i =* \Z~1,” since a 
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2 THE COMPLEX NUMBER SYSTEM [CH. 1 

square root of — 1 does not exist until after the complex domain has 
been constructed. In terms of real numbers, what then are com- 
plex numbers? Essentially they are only pairs of real numbers, 
a and 6, with which we operate in accordance with prescribed rules. 
Whether the pair is thought of in the form a + bi or some oilier form 
is immaterial. What is important is the respective roles of a and b 
in the complex number. 

To distinguish between the roles of a and b we define a complex 
number as an ordered pair of real numbers and use the symbol (a, b) 
for it. We call a the first element and b the second element of the 
ordered pair. 

Since the order of the numbers in an ordered pair is significant, 
the ordered pair (a, b) is different from the ordered (6, a) unless 
a and b are equal. That is, (a, b) and (r, d) are the same ordered 
pairs [indicated by (a, b) = (r, d) J if and only if a = c and b = d. 
We define two operations with complex numbers as follows: 

(1) (tf, b) + (<\ d) = (a + c, b + tf). 

(2) (a, M(r, d) = (ac — bd, ad + be). 

We call these addition and multiplication respectively. The 
results of the operations arc called sums and products. 

Wc can now prove that complex numbers obey laws for addition 
and multiplication similat to those for real numbers. Denoting 
complex numbers by capital letters, 

(3) A -4- B exists and is unique (Closure law for addition). 

(4* A +- B = B -1- A (Commutative law for addition). 

(6) A +- l Ii -f C) = (.1 + B) 4 C (Associative law for addition). 

(6) There exist s a unique complex number, denoted by 0, such that. 
A f 0 = A for every A . We call 0 the zero complex number 
or, briefly, zero. [We have 0 — (0, 0) ] 

(7) For every A , B there exists one and only one 0 such that 
A ■= B + (\ Wc w r ritc C = A — B and call C the difference 
between A and B. The operation of obtaining C is called 
subtraction. We define — A as 0 — A and call it the negative 
of A. 

The corresponding laws for multiplication are: 

( 8 ) AB exists and is unique (Closure law for multiplication). 

(9) AB = BA (Commutative law for multiplication). 
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( 10 ) A(BC) = ( AB)C (Associative law for multiplication). 

(ID There exists a unique complex number, denoted by I, such that 
A1 = A for every A. We call I the unity complex number or, 
briefly, unity. [We have I = (1,0).] 

(12) For every A , B, provided B 0, there exists one and only one 
C such that A = BC. We write C — A/B orC — A-i-B and 
call C the quotient of A by B. The operation of obtaining C 
is called division. We call I B the reciprocal of B. 

Two laws connecting addition and multiplication are: 

(131 A(B + (?) = AB + AC (Distributive law). 

(14) AB = 0 if and only if A = 0 or B = 0 (Product law). 

The proofs of the above laws are quite simple. We illustrate by 
proving (12). 

Let A = (a, b), B = (r, d), C = (x, y). Then, by (2), A = BC 
if and only if (a, b ) = (rx — dy, cy + dx). This is true if and 
only if 

ex — dy — a 
dx 4- cy — b 

By hypothesis B 7* 0. Hence cither c or d is different fiom 
zero. Therefore c 2 -+- d~ i~> non-zero. Thus, solving the preceding 
equations for x and y, 

_ gr + bd hr — ad 

1 ~c-~d i> <•* + </* 

This shows that there is one and only one C. 

The laws (31 -(14) are not a eomnletc list of all the rules ordi- 
narily used in connection with addition, multiplication, subtiaction, 
and division (called the rational operations), but the others can be 
derived irom them. For instance, we show that if B t* 0 and 
C 0 then A/B — AC/BC. 

If A/B = D, then 

A = BD by (12) 

AC = (BD)C i»y (8) 

= D(DC) by (10) 

- B(CD) by (9) 

- {BC)D by (10) 

AC 

by (12) 
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Without actually stating or proving all the common rules, we 

shall use them throughout the text. 

Exercises 

1 Establish all the laws (3)— (14) above. 

2 Prove: A — B = A + (-B). 

3 Prove: A(B — C) — AB — AC. 

4 Prove: (— A)B = —AB and (— A)(— B) = AB. 

6 Prove: If B ^ 0, D * 0 then (A/I?) + (C/D) = (AD + BC)/BD. 

6 Prove AO 0 using only tlte laws (3)-(13), disregarding (1) and (2) 
and the fact that a complex number is an ordcied pair of real numbers. 
[Hint: Start with AO = A(0 + 0).l 

7 Using only (3)-(13) and the result of ex. 6 , prove that AB = 0 implies 
A = 0 or B = 0. 

8 In view of the definition (1) of (a, b ) + (r, d), it might seem natural to 
define (a, b)(c, d ) as (ac f bd). If this wcie done, which of the laws 
(3) -(14) would fail 9 

9 If w r e define (a, fc)(r, d) — (ac, ad + be) which of the laws (3)-(14) fail? 


3. Real and imaginary complex numbers We note that 

(a, 0) + (bj 0) = (a + 6, 0) 

(a, 0) - (6, 0) =■ (a — b, 0) 

(a, 0)(&, 0) = (ab, 0) 

(o, 0) *t" (fe, 0) = (a -h b, 0) if b 0 

Thus, if we wish to perform rational operations with complex 
numbers of the form (x, 0), we may disregard the zeros which appear 
as the second elements, perform the corresponding operations upon 
the first elements of the ordered pairs by treating them as real 
numbers, and then add a zero to the final result so as to make an 
ordered pair of the same form. Hence, as far as the rational opera- 
tions are concerned, the complex numbers of the form ( x , 0) have 
the same properties as the corresponding real numbers x . 

This resemblance to the real numbers is increased if we define 
(a, 0) to be greater than (b, 0) if and only if a > b. Then not only 
w r ith respect to the rational operations but also with respect to the 
relationship “ greater than” do the complex numbers ( x , 0) behave 
like the corresponding real numbers. 

Because of this, a complex number of the form (x, 0) is called a 
real complex number. For convenience we shall denote it simply 
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by x even though for the moment there will be some ambiguity 
because x may denote either a real number or a real complex number. 

We call (0, 1) the imaginary unit and denote it by i. We have 
i 2 = (0, 1)(0, 1) = (—1, 0; = — 1. Thus, in the complex domain 
the real complex number —1 (not the real number —1) has a 
square root. 

We have (a, 6) - (a, 0) + (0, 6) - (a, 0) + (6, 0)(0, 1) * 
a + bi. Thus, every complex number is representable as the sum 
of a real complex number and a real complex number multiplied by i. 
Furthermore, this representation is possible in only one way. For 
if Ui, b) a x + yi, where x and y are real complex numbers, then 
(a, b) = (x f 0) + (y, 0)(0, 1) = (x, y), so that a = x and 6 = y. 

Hereafter we shall always write a + bi instead of (a, b). Fur- 
thermore, wc shall never again deal with real numbers as such; 
instead we shall deal with the corresponding real complex numbers. 
There is no loss in doing this since the real complex numbers behave 
exactly like the real numbers. For brevity we shall hereafter refer 
to real complex numbers simply as real numbers. 

To distinguish a complex number a + bi where b t* 0 from a real 
one (for which b = 0), we call it imaginary, if a = 0 and 6^0we 
call it a pure imaginary. 

Exercises 

1 Express in a 4* bi form (Note: ( a + bi)/{c +- di) can be simplified 


qu ; ckly by maltiplying 

nun erator and denominator by c — di) : 


3 - 4t 

a) (3 + 40* 

2~i 

b) i" 

. 1 1 
tJ 3 + 4i ' l ' 3 - 4» 

x 6 

c) 1 - 2% 

g) <L±A 4 
g; (l - o* 

d) t-» 



2 Find all real numbers x and y so tha' 
a) + x + yi = (x + yi){ 1 4- t) 


b) (* + »)* + (I/O = (t - x) 1 + y 4- 1 

c) y* — — 0* + yi + 3 =• (y + »)* — ** — 2ar — 3* 


d) 


x-yi 1 x 1 
1 + 1 + < - 2 + 1 - i 



6 


THE COMPLEX NUMBER SYSTEM 


[CH.1 


e) y* + (x- i)* + = ** + (v + 2t) 2 + 

f) (® - yi){\ + i) + 2 - i - (l + yi)( 3 + t) 

3 Express in the form stated, where a and b are real numbers: 

a) 5 — i in the form a(l *+ i) + 5(1 — i) 

b) 1 in the form a(‘2 + 3?) + 5(i + 2 0 

c) i in the form a + 5(3 — 4i) 

d) t + 1 in the form a(i + 0) + b(i — 0) 

e) 2 — t in tlie form o(l + 2i) + b{l — 2i) 

4 Prove: If A and B are non-zero complex numbers whose ratio is not a 
real number, then for every complex number C there exists one and 
only one pair of real numbers x and y such that C = xA +- yB. (The 
fact that every complex number is uniquely representable in the form 
x + yi is a special case with A = 1 and B = i. Exercise 3 shows other 
special cases.) 

5 We call a — bi the conjugate of a + hi and write a — hi = a + 5». 
Prove: 


a) T+~B = 3+5 d)Q=? ifB^O 

b) 15 = 15 o) if .1 -- 5 then Ji = A 

c) A — B = A — B f) AB + AB is real 

Extend (a) and (b) to A\ + A 2 + • • ' + A n and A t A 2 " * " A*. 

6 Prove: If A 1 * - 4B 2 + 1 - 0, then A lb - 4 B l + 1=0.^ 

7 Prove* If r ^ 0, T) ^ 0, then A/B = C/1) if and only if A/B - 

8 Prove: A complex number is real il and only if it is its own conjugate. 

9 Pro\e: A non-yen) complex number is a pure imaginary if and only if 
it is the negative of its conjugate. 

10 Imaginary complex numbers A and B are conjugates of each other if 
and only- if their sum is real and their difference is a pure imaginary. 

11 If A is an imaginary complex number then B is the conjugate of A if 
and only if A 4- B and AB are real. 

12 Is — 2i real, imaginary, positive, negative, odd, even, rational, irrational? 

13 Find two complex numbers whose squares are 

a) i c) 5 + 12i 

b) 3 - 4i d) 24 - 7 i 

14 Prove: A lion-zero complex number has two square roots. 

15 If to — iaC — 1 -t i V3) show that w 2 = J£(— 1 -f i \/3) and that l, <a, 
<a 2 are all the cube roots of 1. 
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4, Modulus We recall that ordered pairs of real numbers are 
used in the familiar method of setting up a rectangular coordinate 
system in a plane. Each point in the plane is represented by an 
ordered pair of real numbers (x, y ) called the coordinates of the 
point. 

Since complex numbers have been defined as ordered pairs of 
real numbers, this suggests that vve may represent complex numbers 
by points in a plane. We do this m the obvious way of associating 
w ith every complex number a + bi , where a and b are real, the point 
whose coordinates are (a, 6). Tn this manner every complex number 
is represented by a unique point and, conversely, every point in the 
plane represents a unique complex number. We have what is 
referred to as a one-to-one correspondence between the complex 
numbers and the pom* s in the pldiie 

In this correspondence, the real numbers are represented by the 
points on the x axis and every point on the x axis represents a real 
number The x axis, theiefoie, is called the real axis. 

Pure imaginary numbers conespond to points on the y axis 
which, therefore, is filled the imaginary axis. 

If a 4 hi is a complex number, with a and b real, the real non- 
negative square root of a 2 -+- 6 * is called the modulus of a + bi and is 
denoted by \a + hi |. Wrtli the usual agreement that when x ^ 0 
the symbol \ x demotes the non-negative square root of x, we may 
write (a b bi\ = -v " 2 f b\ 

Geometrically, \a -j bi I *> the distance from the origin to the 
point {a* b) which represent'* a + bi. 

The following theorems will oe u^k! frequently. 

THEOREM 
\AB\ = \A\\B\. 

Proof: Let = a -4- bi, B = c + di. Then 

\AB\ ~= |(<zr — fed) + (ad -f bc)i\ = \ac — fed) 2 + (ad -f fee) 2 

= V aV + b 2 d 2 + a 2 d~ + fe 2 c 2 
= Wa T -t Wc 1 + d>) = \/a r + b* - |A||B| 

COROLLARY 

\AiAt • • • A n | « |A,||.4,| • • • |ii.! 



8 


THE COMPLEX NUMBER SYSTEM [CH. 1 

This follows from the theorem by mathematical induction. 
(See Appendix I for a discussion of mathematical induction.) 

THEOREM 

If B 5 * 0 then 

Proof: Let C — A/B. Then A = BC. By the preceding 
theorem \A\ = |B||C|. Hence |C| - \A\/\B\. 

THEOREM 

\A + B\ g \A\ + \B\. 

Proof: Let A ~ a + bi, B = c + di. Then 

\A + B\ = |(<H-c) + (6 + V(a + c) 2 + (b + d) 2 
\A\ + |B| = \/a 2 +7> 2 + vc 2 ‘+ d l 

If \A + B\ g |*4 1 + |B|. then y/lfi + c) 2 + (6 + rf) 2 S Va* + 6 2 
+ Vc* + d~. Squaring both sides, canceling common terms* and 
dividing by 2, we obtain 

ac + bd S \/a 2 + 6 2 y/c l + d? 


A_ 

B 


Conversely, since all the steps are reversible, if we establish the 
last inequality we shall have proved \A + .B| ^ \A | + \B\. 

If ac + bd is negative or zero, the inequality is obvious, since 
the right side cannot be negative. 

If ac + bd is positive, then, squaring both sides and canceling 
common terms, the inequality holds if and only if 

2 abcd^aWtf- 6 2 c s , 

or, by transposing, if and only if 0 ^ (ad — be)*. 

Since this last inequality is obviously true, the desired result is 
established. 


COROLLARY 

\Ai + At + • • • + A„| ^ |Ai| + |A 2 | + • • • + |A„|. 

This follows from the theorem by mathematical induction. 
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THEOREM 

\A + B\£ \A\ - \B\. 

Proof: Let C «■ A — S. Then A = B + C. By the preceding 
theorem \A\ = \B + C\ £ \B\ + \C\. Therefore \C\ £ \A\ - \B\. 

Exercises 

1 Prove: A complex number is zero if and only if its modulus is zero. 

2 Prove: (a) |— A| = \A\ (b) |A| = \A\. 

3 Prove: \A\ - |/i| ^ | A - B\ £ |A| + \B\. 

4 Prove: | A + B\ = \A\ + \B\ if and only if there exists a real non- 
negative number X sucli that A = \B or B = XA . 

6 Prove: If r is real then \x\ - x if x ^ 0 and \x\ = — x if x < 0. (Thus, 
the modulus of a real number is the same as its absolute value ) 

6 Interpret geometrically the theorem that | A + B\ £ \A\ -f |2?|. 

7 Prove: If A, B are represented by the points Pi, P 2 respectively, then 
| A — B\ is the distance between Pi and P 2 . 

8 Prove: If the complex numbers A, B , C are represented by the points 
P, Qy It respectively, and if P and Q are not on a line with the origin 0, 
then A + B — C if and only if OPKQ is a parallelogram. 

9 Locate geometrically the points for which the corresponding complex 
numbers z satisfy: 

a) |zl = 1 d) \z + 1 1 - \z\ + 1 

b) |* - 2| s! l e) \z - 1[* +\z+ II 2 = (|s - 1} + | z + 1|)* 

c) \z — 2| = |z — 1 

10 Prove: If A ^0 then A and B are conjugates if and only if AB *= |A| 2 . 

11 If z - x + yi , where x ami y are real prove |z| ^ (|x| + |yl)/V2. 

12 Prove: |4| =- |A + 1| = l if and only if A 2 + A + 1 =0. 

13 Find the modulus of each of the following from the moduli of the 
factors: 


a \ (1 - v frf)» 

1 »(- 2 + 2 t ) 4 


»[■ 


c) 


— 3 t (2 -1 2 t)(— V 3 - i)Y 
3 - 3 » J 

(t - t)* 


(2 + 2 i)*(i - V 3 )‘ 


d) (t + (KV 3 + t)» 

(1 - V3 0* 

, (» - mVi - w 

’ (2 + 2t)« 
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5.* Polar form If o + bi ^ 0 wc define an angle 0 to be an 

amplitude of a + bi if cos 0 = ^ and sin 0 = | 0 ' qj 

Geometrically, an amplitude is any angle (measured clockwise or 
counterclockwise) whose initial side is the positive part of the x axis 
and whose terminal side is the ray w hich emanates from the origin 
and which passes through the point (a, b). 

If 0 is an amplitude of a + bi, then a = |o + bi\ cos 0 and 
b = |o_+ bi\ sin 0. Hence a -f bi — \a + bi\ (cos 0 + i sin 0) = 
Vo* + b 2 (cos 0 + i sin 0). This expression is called a polar or 
trigonometric form for a + bi. 

Example Express 1 — i in polar form. 

Here a — 1, b = — 1, |«r -f 6*| = s/ a 2 + b 2 = s/2, cos 0 = 

— sin 0 = — Thus 315° is an amplitude of 1 — i. Ilence 

1 — i = s/2 (cos 315° + i bin SIS 0 ). 

THEOREM 

I/O is an amplitude of A and <p an amplitude of B, tfun 0 + <fis an 
amplitude of AB. 

Proof: 

A = |j 1 | (cos 0 + i ,-.in 0), B — |B| (cos <p + i sin <p) 

AB = |A|j/?| [cos 0 cos <f — bin 0 sin <p + »(sin 0 cos <p 

-f cos 0 sin ^)] 

= |Ai |/J| [cos (0 + >p) + i sin (0 + <pf\ 

— a + bi 


where o = |A||B| cos (.0 + v) and b = |Ai|/l| sin (0 + v). 
An angle a is an amplitude of AB if and only if 

o | .4 1 1 if | cos (0 + . 

008 “-psr — m «*(•+*) 

b |A||B| sin (0 -h <p) • to \ \ 

sm “ “ ]3 b] “ LJLJ -mb| ( ® + 

Obviously, a = 0 + <f> satisfies these conditions. 

COROLLARY 


(de Moivre’s theorem) If n is a positive integer and 0 an amplitude of 
a + bi, then (a + bi) n = |a + Jn|“ (cos n0 + * sin nO). 

* §5 and $6 are not used elsewhere in the text. 
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Proof: This follows from the theorem and the first corollary in §4 
(using mathematical induction on n) by considering A\A 2 • * • A„, 
where each of the A’n is o + bi. 


Example Express (1 — *) J * in a + In form. 

We have 

1 - i = y/2 (cos 315° f- i hin 315°) 

(1 - i) x* -= (V2) 12 (cos 12 • 315° + i sin 12 • 315°) 

= 2®(cos 180° f i sin 180°) 

= 61 ( — 1 + Oi) = -64 

Exercises 

1 Prove: A complex number has an amplitude of 0° if and onlv 7 if the 
number is real and positive. 

2 Prove. If 0 is an amplitude of A and f an amplitude of B , then 0 — <p 
is an amplitude oi \/B. 

3 By finding the modulus and an amplitude of the result from the moduli 
and amplitudes of the fa< tors, simplify. 


(1 - t v'3'P 
if —2 f 2t) 4 5 6 7 8 9 10 


M 


-3if2 + 2»H- V? 
3 — 3i 


P) <»-«! - 

(2 + 2i)*(i - V3 )•» 



d) 

e) 


n + »)(a/ 3 ■+ j)» 

‘(1 -V3t)» 

(» ^iy(>/3 - tV 
(2 -f 2 j)< 




4 Express cos 0 — f vn 9 in polar iorm. Show that (cos 0 — % sin 0) n = 
cos 'i0 — i sin «0, vvlieie n is a positne integer. 

5 Prove. If n is a potdti.e mteger, (cos 0 + % &n 0) w = cos (— n0) + 
i sin (- nd ). 

6 Using de Moivre s theorem and the binomial them cm, express cos 50 
and sin 50 in terms of sin 0 and cos $. 

7 Trove. If A ^ 0, B * 0, then | A + B\ - \A\ + |^I if and only if A 
and B have a common amplitude. 

8 Provo: If 0 L an amplitude of -1, then all the amplitudes of *1 aie given 
by 0 + n360° where n is any integer. 

9 Prove: If A »= r(cos tf -t t sin <p) where r is positive, then r(cos if + 
i sin ip) is a polar form for A. 

10 Prove. If 6 is an amplitude of A and A = r(cos 0 + t sin 0) where r is 
a complex number, then r(cos 0 4* % sin 0) is a polar form for A . 
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6. Roots of complex numbers If n is a positive integer and 
B n = A, B is called an nth root of A. 

If A is real and positive, it is shown in the theory of real numbers 
that there exists a unique positive nth root of A. It is usual to 
denote this root by \^A. 

It is natural to inquire whether, for a given », a complex number 
has nth roots and, if so, how many. For the number 0 there is 
obviously a unique nth root. For other numbers these questions 
are answered by: 


THEOREM 

If n is a positive integer and A ^ 0, there are exactly n nth roots of A. 


Proof: We consider first the special case when A — 1. 

If B is an nth roof of 1, then j/i n | = ll| = 1. lienee (§4), 
|B| n = ]. Therefore |/J| = l. Thus, the nth roots of 1 are to be 
found among the numbers expi'xs&ible in polar form as cos 0 + 
i sin 0. 

We can always choose the amplitude 0 so that 0° ^ 0 < 360°. 
Suppose this done. 

By de Moivre’s theorem tyos 0 + ? sin 0)” = cos nO + i sin n$. 
Therefore, cob 0 4? sin 0 is an nth root of 1 if and only if cos «0 = 1 
and sin nO = 0. This will be true if and only if nO is an integral 
multiple of 300°. 

Since 0° ^ 0 < 3(50°, 0 nO < n • 300°. Therefore, cos 0 + 

1 sin 0 is an nth root of 1 if and only if nO is one of the angles 0°, 360°, 

2 • 360°, 1 )300°; hence, if and only if 0 is one of the 


angles 0°, 


300° 2 - 300° 
n ’ n 



, ... k • 300° . . . k- 300° . . n . 0 

Letting = cos — f - 1 sin - - for k = 0,1, 2, 


» — 1, it follows that « 0 , »!,■•*, »n-i are nth roots of 1 and that 
there are no others. To complete the proof for A = 1 we have only 
to show that no two of «o, on, * • • , co„_i are equal. 

Suppose, contrariwise, that u P — u> 9 where, to be specific, p > q. 
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w 

n 


N 


p • 360° _ q • 360° ^ 


n 


p-3f>0° g * 300° , . p • 300° . g-360° 

= cos coft - + sin sin 

i in n n 

. p • 3G0° . . , p • 360° , 

n n 

(since cos 2 <p sm s <p = 1 for all angles) 


Thus, ^ — 9)360 intcgml multiple of 300°, that is, — — — is 
an integer. But, 0 q < [> < n; hence, 0 < p — q < n and 
0<* < 1, so that - ^ cannot be an integer. 

Now, returning to the general oas-p, let A = |A| (ios«e> + 
i sin #>). Then a = y/\A\ ^cos ^ + i sin ^ ib one nth loot of A. 

l'or, by do Moivro’s theorem, a n = |A| (cos <p + i bin <p) - A. 

If B is any nth root of A, then {B, a) n = B n /a' = A' A — 1, so 
that B/a ih an nth root of 1. Conversely, if B is a complex number 
such that B/a is an nth root of 1, then B n /a n - (B/a)'' — 1 , so that 
B" = a n = A. Thus, B is an nth root of 1 if and only if B/a is one 
of the numberb w 0 , on, • • • , hence, If and only if B is one of 
the numbers a too, aa>i, • • • , ato,._i Since a»o, an, • • * , a>»_i are 
distinct, f he.se n nun hers arc distinct, and the theorem is proved. 


COROLLARY 

If <p zs on amplitude of -1, the vth roofs of A are v |A| [cos {<f> + 
L360°)/(nl + i nn (*> + A300°)/(n)] k = 0, t, • • • , n - 1). 

Proof: The nth roots of .1 are 


a wit 


» , , i ( v, ■ <p\( * ‘ 360° , . I • 360°\ 

= ^ \A ^oo.s tsin -j^cos - +,sm- n -j 


(k - 0 , 1 , 


n/m ( <P + k* 00° ..." L A'360°\ 
" V[A|(eo, — - + ism--~ ) 


t n — 1 ) 


Example Find the fourth roots of —1 + i \/3. 

In polar form, —1 {- j V3 = 2(cos 120° 4- i sin 120°). Hence, 
the fourth roots are \/2 (cos (120° 4- Zr360°)/(4) + i sin (120° -f 
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A360°)/(4)) for k = 0, 1, 2, 3. For these values of k we obtain 

y/2 (cos 30° + t sin 30°) = y/2 (% + V 2 i) 

\/2 (cos 120° + i sin 120°) = y/2 (-*£ + %,i y/l) 
y/2 (cos 210° + i sin 210°) = \/2 (-J$ v'3 - V 2 %) 

^/2 (cos 300° + i sin 300°) - </2 ()£ - \/3) 

Exercises 

1 Find the 

a) cube roots of —27 d) cube roots of 27£ 

b) sixth roots of 64 e) square roots of 2 + 2i \/3 

c) fourth roots of —16 f) eighth roots of 1 

2 If co = cos (360°/ n) + t sin (360°/n), show that co° = 1, o>, w 2 , • • • , 
co n_1 are the nth roots of 1. Hence show also that if B is an nth root 
of A 7 * 0, then /?, co/? f • • • , co" -1 # are the nth root's of A . 

3 Prove: The reciprocals of the 7*th roots of 1 are the nth roots of 1. 

4 Prove: If n is odd, the squares of the nth roots of 1 are the nth roots 
of 1. 

5 Piove: If 0 is an amplitude of A and e = cos (0/n) + £ sin ( 0/n ) and 
ct \ , a 2 , * • ' , otn are the nth loots of \A\, then €ai, tot 2 , • • • , caf B are 
the nth roots of A . 

6 Prove: The conjugates of the nth roots of A are the nth roots of the 
conjugate of A . 

7 Provo: If A 0 has exactly one real ?ith root, then A is real, n is odd, 
and the real nth root has the same sign as .4. 

8 Prove: If A has more than one real nth root, then A is real and positive, 
n is even, there aie exactly two real nth roots, and they are the nega- 
tives of each other. 

9 If 0 is an amplitude of A and p + 1, p + 2, • • • , p + n are any n 
consecutive integers, the nth roots of A are \/\A\ [cos (0 + &360°/n) + 
% sin (0 + fc3G0°/n)l (A = p + 1 , p + 2, • • • , p + n). 

10 Prove: If A and A + 1 are nth roots of 1, then n is divisible by 6 and 
A is an imaginary cube root of 1. 
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POLYNOMIALS IN ONE VARIABLE 


1 . Definition of polynomial If r and y are variables and to cadi 
value of x there corresponds in some prescribed manner a definite 
value of y , then y is said to be a (one-valued) function of a\ Foi 
example: 

(a; If x denotes any real number, then y = x' 2 is a function of rr. 

(b) If x is any positive integer and y the number of positive prime 
integers less than x y then y is a function of x ; in this case there is 
no simple way to expiess y in terms of .r. 

We use a symbol like f(x) and <7(.r), to denote a function of x . 
We use the same symbol to stand for the number which corresponds 
to a given value of x. Thus, in example (a),/(x) = x 2 ,,/0) * l 2 = 
1,/(2) = 2 2 - 4, etc. 

When there is no danger of misunderstanding we shall often 
write /, <7, etc., in place of the complete symbols f(x) } g(x), etc. 

If fix) is a function of x , where x may be any complex number, 
and if there exists an integer n > 0 and complex numbers o 0 , «i, 
• • • , a n such that 

(1) f(x) as a»x n + aix n ~ l + • • • + a^ix + a n 

(where the identity sign s indicates that the equality holds for all 
values of x), then f(x) is said to lie a polynomial in x or, briefly, a 
polynomial. 

The numbers «o, cri, • • • , o» are called the coefficients. a» is 
called the coefficient of x"~*. a n is called the constant term and a 0 
the leading coefficient. 

Examples of polynomials are. 

(a) (1 + ?)x !i — y/2 x 1, with n - 3, o 0 = 1 + i, at * 0, o 2 =* 
— V2, a 3 = 1 

(b) 7, with n = 0, a 0 = 7 

(c) 0, with n = 0, a 0 = 0. 


15 
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If do 0 in (1), /Or) is said to be of degree n. Thus (a) is of 
degree 3 and (b) is of degree 0. 

A polynomial which has the same value for every value of x is 
called a constant polynomial or, briefly, a constant. If f{x) = 0 it 
is called the zero polynomial. 

A polynomial of degree 1 is called linear; of degree 2, quadratic; 
of degree 3, cubic; of degree 4, quartic or biquadratic; of degree 5, 
quintic; etc. 

It is conceivable, until we have proved otherwise, that two 
different expressions of the form (1) may have equal values for all 
values of x and, therefore, represent the same polynomial. Thus, 
for the present, we have no light to speak of the degree of a poly- 
nomial but only of a degree. 

Throughout the remainder of the text all symbols for functions 
denote polynomials unless otherwise stated. 

2. Sums and products of polynomials If 

/ F- aox n + aiJ n ~ 1 + • • • + cin-iX + a H 

g = ba m + bi2 771-1 + • • " + kn- \x + b m 

it is evident that / 4- <7, / — g , and fg are also polynomials. 

In particular, fg ajjox ™'' n + + «i6o)ff m4 W “ 1 + • • • + 

a n b m . Thu,-, if J is of degree n, i.e., a 0 7* 0 and g of degree tn, i.e., 
60 7* 0, t hen fg is of degree m + n . 

If a 0 5* 0, bo 7* 0, and m and n are unequal, / + g has a degree 
equal to the larger of m and n. But if m = n, / + g may be the 
zero polynomial, since conosponding terms in / and g may cancel 
each other; otherwise it will have a degree not exceeding n. 

These remarks about two polynomials extend to any number of 
polynomials. If /1, / 2 , ■ • • , f v are of degrees m, n 2 , • • • , n p 
respectively, then 

(a) /1/2 • • • /,, is of degree r?j + n 2 + • • • n p 

(b) If /1 + / 2 + • • • + /,, is not the zero polynomial it has a 

degree not exceeding the largest of jr/i, 7Z 2 , • • • , n p . If one of 

ni,n 2 , • ■ • , n p exceeds all the others, f\ + / 2 + • • • +/ p has 

a degree equal to that one. 


3. Factor theorem A value of x for which the corresponding 
value of f(x) is zero is called a root or zero of /. For such a value of 
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x the polynomial is said to vanish. A root of / is also called a root 
of the equation /(x) = 0. 

If /(a-) ss (x — r)g(x), where r is a complex number, then 
f(r) = (r — r)g{r) = 0, i.e., r is a root of /. We now establish the 
converge, called the factor theorem. 

Lemma* If n ^ 1 and r is a complex number , then x n — r" m 
(x — r)g(x) where g(x) is of degree n — 1. 

Proof: If g(x) = x B_1 + rx n ~ 2 + • • • + r B-2 x + r n_1 , direct 
multiplication shows that (x — r)g(x) = x n — r n . 

THEOREM i* 

If r is a root of /(x) then f(x) = (x — r)g(x), and if f is of degree n 
then g is of degree n — 1 . 

Proof: If / is the zero polynomial, we may take g as the zero 
polynomial. 

If / is not the zero polynomial, it is expressible in the form (.1) of 
§1 v r ith at least one non-zero cocfhciont. Hence we may and do 
suppose that o o ¥ 0. 

If n — 0 then f(t) a n . Hence /(r) = a 0 ¥ 0. Thus, this 
sil uation is impossible. 

For n > 0, /(x) «= f(x) - f(r) = n 0 (x B - r n ) + a x {x n - 1 — r"" 1 ) 
+ • • • + an-i(x — r). By the lemma, f(x) =s a 0 (x — r)g Q (x) + 
a,(x - r)gi(x) + • • • + a«-i(x - r)g where g 0 (x), gi(x), 
■ • • , g n -i(x) are of dogr ‘s n — 1, n — 2, • • • , 0 respectively. 
Hence /(x) (x — r)laoj/o(j j + aigi(x) + • • • + On-tf^x)] = 
(x - r)g(i). 

Since a 0 ¥ 0, Oo{/o(x) is of degree » — 1. Since each of Oi^i(x), 
• • • , dn-iOn-iix) is either the zero polynomial or of degree less than 
» — 1, p(r) is of degree n — 1 (§2), and the theorem is proved. 

Remaik The factor theorem gives no information concerning the 
existence of loots of a polynomial. It mi «al> states that a poly- 
nomial may be expressed in a ccrta o way if it lias a root. 


4. Uniqueness of representation Not every polynomial has a 
root. Thus, il f(x) — o ( ¥ 0, there is no xaluc of x for which 
/(x) =0. A linear polynomial Oox + Oi, a<> ¥ 0, has exactly one 


* A lemma is a preliminary theorem. 
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root. A quadrat ic poly nomial Oox* + an + at, Oo ^ 0, has two 
roots, (— Oi ± \/a\ — 4ana 2 )/2a 0 , if of — 4ooOj ^ 0; but if of — 
4ooa 2 = 0 then there is only one root. These observations illustrate 
the following theorem. 

THEOREM 

A polynomial of degree n cannot have more than n roots. 

Proof: Wo have already seen that this s true for n *= 0 and 
n ~ 1. Proceeding by mathematical induction, we assume that a 
polynomial of dcgiee k has at most k roots. 

Let f(x) — ooP hl + an? + • • • + an + o*n, ®o ^ 0. Sup- 
pose it has at least k + 2 roots ri, rt, • • • , ri +2 . 

By the factor theorem, /(.r) == (a: — where g(x) is of 

degree k. Letting x = r», where i is any one of the integers 1, 2, 

• • • , k + 1, 0 = /(r.) = (r, - n k i)g(r t ). Since r, ^ r*+ 1 , there- 
fore y{r,) = 0. 

Thus, g(r) i« a poljTiomial of degree k with k + 1 roots ri, r 2 , 

• • • , r# t i. This contradicts the hypothesis of the induction. 
Therefore j cannot lia\e more than k + 1 roots. 

By the principle of mathematical induction, the theorem is 
proved. 

THEOREM 

If aoi n + aix n_1 + • • • + o«_iX +• a n vanishes for infinitely many 
value* of x, then a 0 = a t — • • • = <i„_ 1 = a„ — 0. 

Proof: If not all the coefficients are zero, let a* be the coefficient 
with smallest subscript which is different from zero. Then the 
given polynomial is of degree n — k and, therefore, cannot vanish 
for more than n — k values of x. This contradicts the hypothesis. 
Hence, all the coefficients must be zero, and the theorem is proved. 

COROLLARY 

If aex n + OiJ" -1 + • • • + a»-ia: + o„ as 0, then <x 0 = Oi = - • • 

= o„_i = a» = 0. 

Proof: Since the polynomial vanishes for every value of x, the 
theorem applies and gives the desired result. 

Remark The corollary shows that there is no way of expressing the 
zero polynomial in the form (1) of §1 with a non-zeio coefficient. 
Therefore, the zero polynomial has no degree. 
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THEOREM 

If f{x) is a polynomial other than the zero polynomial , there is an 
expression a<# n + aix n ~ l + • ■ • + a^ix + a„ with a 0 j* 0 such 
that f = aoX n + a#"- 1 + • • • + a n -i.c + a n . If also f = boX m + 
fax m ~ 1 + • • • bm-ix + b m , then m ^ n and 6 0 = 6i = ■ • • = 

bm—n—l = 0, btn—n “ 6m— nfl ” fllj 9 6m == On* 

Proof: By definition, / can be expressed in the form (1) of §1. 
Since f is not the zero polynomial, at least one of the coefficients is 
different from zero. If a L is the coefficient with smallest subscript 
which is non zero, then / ~ a K x n ~ k + • • * + a n , a* ^ 0, which 
proves the first part of the theorem. 

To prove the second part, suppose 

«ox" + - * box m + • • • + b m , a 0 7* 0 

As before, not every b can be zero. Let In be tlie b w r ith smallest 
subscript which is non-zero. Then, by subtraction, (a^x* + • • • 
+ a n ) — (b,y m ' 1 +••*+/>,)- 0. 

If n > m — /, the left side is of degive n whereas the right side 
is the zero polynomial which has no degree. This is impossible. 
Similarly n < m ~ l is impossible. 

Therefore, n = m — Z, so that l = m — n. Hence m — n ^ 0 
and 60 = 61= • • • 6n._T._i = 0. Also 

(aox w + • • • + a„) - (6 t/1 _«.r M + 6m_ n si.T M “ 1 + • • - + 6 m ) = 0 
(uo 6 m - «)*r w d - (c j 6 W i't** 1 ~b ~b (u» 6 m ) = 0 

By the preceding coiollnrv, all the coefficients in the last expres- 
sion are zero, so that the theorem v pro\ed. 

Remark This theorem and the pieceding corollary show that a 
polynomial can be expressed in the form (1) of §1 in essentially 
only one way. It follows that the degree of a polynomial is unique. 

Example J If fg — fh and / /- 0, then g --- h. (Cancelation law 
for polynomials) 

(From the given equality it follows, by division by /, that g = h 
for every value of .r for which / 5^ 0. But there may be values of x 
for which / does vanish, so that w r e cannot immediately conclude 
that g s: h) 

Proof: By subtraction, fuj — 7 /) el 0. Since / 5^ 0, / has a 
degree, say n. If g — h 0, let its degree be m. Then fig — h) 
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is of degree n + m, which is impossible since the zero polynomial 
has no degree. Therefore, g — h s 0, so that g = h. 

Example 2 To every complex number x make correspond \x\. 
Show that this function of x is not a polynomial in x. 

Suppose it is a polynomial /(x). Since /( 1) = 1, / ^ 0. Let its 
degree be n. Since /( 0) = 0, / is not a constant. Hence n ^ 1 . 
Therefore f(x) — 1 is of degree n and cannot, vanish for infinitely 
many values of x. Since \x\ = 1 for infinitely many values of x, we 
have a contradiction. 

Exercises 

1 To every complex number x make correspond one of the square roots 
of x . Show that this function is not a polynomial in x . 

2 To every complex number x = a + bi make correspond the real part a. 
Show that this function is not a polynomial in x . 

3 The conjugate of x is not a polynomial in x. 

4 There is no polynomial /(x ) such that /(x) = p whenever x — p/q 
where y and q are integers, p positive, and the fraction is in itsHowest 
terms. 

5 If / and \/J are polynomials m x, then / is a non-zero constant. 

6 If P — 1 then eithei f = 1 <»i / =- — 1. 

7 There exists no polynomial f(. r) such that f(x) = \x\ for every real 
value of x . 

8 If/ and g are both of degree n, have the* same leading coefficients, and 
are equal for n values of x, then / n g. 

9 A function f(x) is said to be periodic if there exists a number h j* 0 
Ruch that/(j + h) s= /(x). Piove: A polynomial is not periodic unless 
it is a constant. 

10 If /(x) is a polynomial in x, /(|x|) is not a polynomial in x unless f(x) 
is a constant. 

11 Prove: If /(x) ^ /(— x), then the coefficients of the odd powers of x 
in f(x) are zero. 

12 State and establish a result similar to that in ex. 1 1 if /(x) = — /(— x). 

13 If/(x) 5= /(2x) then /(x) is a constant. 

14 If the sum of two polynomials is identical with their product, then 
each is a constant. 

15 HP(x) + g 2 (x) is a non-zero constant, then/ and g are constants. 

16 If f(x) and g(x) are polynomials, then f{g(x)) is a polynomial in x 
obtained by replacing x wherever it appears in f(x) by g(x). Prove: 
If f(g(x)) ss 0 then cither £ is a constant or/= 0. 
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*17 Let/o, /i, *•*,/» be of degrees 0, J, • • • , n respectively. Prove: 
If F is identically zero or of degree at most n, then F is uniquely 
expressible in the form c 0 /o + cj\ + • ■ • + c«/„ where c 0> c if • • • , r« 
are constants. (The unique express! bility of a polynomial in the form 
Co -f CiX + - • • + c n x n is a special case with / 0 = 1, f L = x t • ■ • , 
/» = *")• 

18 If Xi, X 2 , * ■ • , Xn+i are distinct complex numbers, show that con- 
stants Co, Ci, • • • , c n can be so determined that c 0 + rj(x — x{) + 
c**(x — Xi)(x - x») + • • • + c B (r — Ti)(x — x m ) ■ • • (x — x») shall 
have the values a i, a 2 , - • ■ , respectively for x = X,, x», * • • , 
x n+ i. Show also that there is no other polynomial which is identically 
zero or of degree at most n which lias the values a t for x — x x (i — 1, 
2, • • • , n + 1). (Tliis is called Newton’s interpolation formula.) 

19 Find a formula for a» in terms of n so that <ii = l 2 , a 2 = 2 2 , a 3 = 3 2 , 
a 4 = X, where X is any given number. (Thus, it is absurd to say 
“determine the next number” or “find the general term” when a 
few numbers at the beginning of a sequence are given.) 

20 Fiml a polynomial f(x) such that f(x - f 1) — /(x) s x 2 . Hence find 

l* + 2*+ ‘ • ■ + « 2 - 

*21 If f(x) is a polynomial, a a complex number, X a ]>ositive number, 
show that there is an M ^ 0 such that |/(x) — f(o)\ ^ \x — u\M for 
every x satisfying \x — a| < X. Ilcnce show that if e is a given posi- 
tive number there exists a positive number 5 such that \f{x) — f(a)\ < e 
whenever \x — a| < 5. (A function with the last property is said to 
be continuous at x = a.) 


5. Number fields With polynomials, as with numbers, the most 
frequently used operations are addition, multiplication, subtraction, 
and division (the so-called rational eperations). How poljTiomials 
behave under these operations depends upon how the coefficients 
behave. For instance, if it be true that whenever we add or 
multiply numbers of a certain type we obtain a number of the same 
type, then it will also be true that \\henc\er we add or multiply 
polynomials with coefficients of tliai type we obtain a polynomial 
with coefficiei Ls of the same typo. 

If we wish to extend the last statement to make it true whenever 
we perform any of the four rational operations, we should like to 
consider polynomials whose coefficients are of such a type that 

•Results contained in the starred exercises are used in proving later 
theorems. Outlines of proofs will be found in Appendix II. 
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whenever we add, multiply, subtract or divide numbers of that type 
we obtain a number of the same type. Such a set of numbers is 
called a field of numbers (briefly, a field) or a domain of rationality. 
More precisely, a field of numbers is a set of complex numbers such 
that 

(a) There are at least two numbers in the set 

(b) Whenever a and b are in the set then a + 6, a — 6, ab are in 
the set, and if b 5^ 0 then a/b is also in the set. 

The set consisting of the number 0 by itself satisfies (b) but 
not (a). Thus, requirement (a) rules out this trivial situation. 

The rational numbers, that is, the numbers expressible as ratios 
of integers, form a field. So do the real numbers and the complex 
numbers. There are other fields besides these, as we shall pres- 
ently see. 

By introducing the idea of a field we can study at once many 
properties of polynomials concerned with the rational operations 
regardless of what the coefficients may be as long as they belong to 
some specified field. Thus, for example, we frequently a\«id the 
necessity of establishing a result for polynomials with rational 
coefficients and then having to establish it again for polynomials 
with real coefficients. Furthermore, the result, once established, 
will apply not only to polynomials with rational coefficients and 
polynomials w r ith real coefficients but also to polynomials whoso 
coefficients belong to any one of infinitely many different fields. 

Example 1 l)o the positive rational numbers form a field? 

No, since a — b may not be a positive rational number wffion 
a and 6 are. 

Example 2 Do the numbers of the form ( a + bi)/(c + di ), where 
a, 6, r, el are integers, form a field? 

Yes. We leave it to the reader to verify that the sum, product, 
difference, and quotient of any two such numbers is a number of 
the same type. 

Exercises 

1 Which of the following sets of numbers are fields? 

a) -3, -2, -l, 0, 1, 2, 3 

b) The non-zero real numbers 

c) The complex numbers of the form a + bi where a and 6 are integers 
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d) The numbers of tlie form a + hi where a and b are any rational 
numbers 

e) The numbers of the form a + b \/2 where a and b are any rational 
numbeis 

f) The integers 

g) The numbers of the form a b \/ 7 wliere a and b are any rational 
numbers 

h) The numbers uf the mini a + M where n and h are any rational 
numbers 

i) The numbers of the lorm a + b \ 2 where a and b mo any rational 
numbers 

j) Tlie numbers of the form a + h \ /% 2 4 - c \'3 when 1 ft, b , c are any 
rational uumbeis. 

*2 Prove: Every field contain** all the rational numbers. 

3 Then' aie only two liel Is which contain all the real numbers: (a,) the 
field of all real uumbeis (bl tlie field of all complex numbers. 

4 The number* common to tw r o fields form a field. 

6 \ / 3 not m the field 'o) of c\. 1. 

6 A field containing an imaginary cube root of 1 contains all the cube 
rnot*> of 1. 

7 11 \ i> a loot of a quadratic equation with rational coefficients, the 
totality of numbeis expressible in the form a + h \ , where a and b aie 
jationab form a field. [Exercise 1 (o), v 'g;, (h) are special eases.] 

8 Tf X is given, the numbers expressible in the foi m (rt«X" f UjX” 1 4 * • • 
4- tf*-]X + u T .)/ (b Ki \ m bi\ m ~~ l + * • * + iX + /> rn ), where m and n 
arc any non-noght \e integers mid the u, and b 2 any integers, form a 
field, 

*9 If u 0| a lf • " , h 0 , hi, * * ■ , />„, X, are in the field O', then 

(uoX 1 4-UiX w ’ l + • • 4- fl»)/(fci.X m b/iiX"" 1 4- • * * f b m ) is in 0. 
10 If a set of numbers is sm h that <; - / is in the set whenever a and b are, 
then a 4* b is in tlie set whenever u and b are. 


6. Division algorithm Let 

J(jl) = a 0 r* + aix"- 1 + • • • l c n -ix + a n 

flr(x) = btf m -f b x x m 1 + • • • + bm - ix + b m , 6 ( , 0 

Tf n ^ m then / — ( aQ/b [i )x n ~ m g is a polynomial /i which is either 
zero or of degree s n. 

If ni ^ m and fi = coX ni + • • • + c nu then fi — (r 0 / bv)x ni ~ m g 
is a polynomial /« which is either zero or of degree a 2 < Hi. 
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If » 2 ^ m we can continue in a similar way, choosing a so that 
ft — ax n *~ m g is either zero or of lower degree than ft. 

Evidently the process can he continued until we obtain a poly- 
nomial fk which is either zero or of degree less than m. We then 
have 

/■.J-V-j j + h^Qig + fi 
where Qi is a polynomial, 

/ = Qi9 + * ~ x nx ~™ l g + /* = Q^g + /a 

where Q 2 is a polynomial and, finally, 

/ 3 Qkg + fk 

where Q k is a polynomial. 

The reader ill recognize what we have done as exactly the 
steps in the usual procedure for dividing f(x) by g{x). 

We arrived at our final result on the assumption that n ^ m. 
If n < m the final result still holds if we take Q — 0 and f K ~ f. 
Thus, in all eases, we ha\e proved : 

THEOREM 

If f and tj arc g irm polynomials , g ^ 0, then f ^ Qg + R where R is 
cither zero or of lowtr d< grcc than g. 

We now show: 

THEOREM 

The Q and R of the preceding theorem arc unique. 

Proof: Suppose Qg -f R ~ Q'g + R' v here each of /?, R' is 
cither zero or of lower degree than y. Then (Q — Q')g ^ R r - R 
is either zero or of lower degree than g . But if Q — Q* ^ 0 then the 
left side has a degree at least as great as that of g. lienee, we must 
have Q — Q' 0 and, therefore 4 , also 7? — 72' = 0, which proves 
the theorem. 

The Q and R are called the quotient and icmainder respectively 
in the division of / by g . 

We note that in obtaining Q and R the only operations per- 
formed upon the coefficients of / and g are the rational operations. 
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Hence, if the coefficients of / and g lie in a field SF, the coefficients of 
Q and R also lie in £F. 

Exercises 

1 Find the quotient and remainder when the first polynomial is divided 
by the second: 

a) 2s 8 + x 2 + x - 1, x 2 + x + 1 

b) x 3 - 7x - 1, x - 2 

c) x 4 - 2x 2 - 1, x 2 + 3s - 1 

d) 2x’ - 3 r 2 + 1, x 

e) x 5 + 7x 4 - 3x 2 + x - 2, x 3 - 3x + 4 

f) a- 2 + x + 1, 2 

g) 3x 2 - x - 1, x 3 - 2 

h) x b +- x 4 4 1, x 4 4- x ? -f 1 

2 Prove: The remainder in the division of f(x ) by x — r is /(r). (This 
is called the remainder theorem; the factor theorem is a special case in 
which f(r) = 0.) 

3 Find, without actual division, the remainder when the first polynomial 
is divided by the second: 

a) x 3 — x + 4, x — 2 

b) x 4 8 9 10 - 7x 3 + 5x 2 - x + 1, x 4- 1 

c) x 12 — r*x e + r, x — r 

d) x 40 - 1, x 4 - 1 

4 Prove: When / is livided by ( r — a)(x — ft) where a and 6 are dis- 

tinct complex numbers, the remainder is x\f(a) — f(h)]/(a — ft) + 
WV>) - bf(a)\/(a -ft). 

6 If* is of degree n and has n roots ami / vanishes for each of these roots, 
determine the remainder when / is divided by g. 

6 If the remainder when /(x) is divided by x 2 — 3x + 2 is 2x — 3, find 
/( 1) and/(2). 

7 When / is divided by (x ? — 4)(x + 1) the remainder is x 2 + 3x + 5. 
What is the remainder when / is divided by a 1 — 4? 

8 Show that there exists no polynomial which gives the remainders x — 5 
and 2x + 3 respectively upon division by x 2 — 1 and x 2 — 3x + 2. 

9 If the remainder when / is divided by x + 1 is 3 and the remainder when 
it is divided by (x — l) 2 is 2x + 5, find the remainder when / is divided 
by (x + l)(x - l) 2 . 

10 If the remainder when / is divided by x 2 -I- 1 is x and the remainder 
when it is divided b> x 2 — 1 is 2x, find the remainder when / is divided 
by (x* + l)(x 2 - 1). 


o X 60 - r, X 20 - 1 

f) x 203 - 1, x 4 - 1 

g) x l0Q + l,x* + r 
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7. Divisibility of polynomials Whether one integer is divisible by 
another depends upon what kinds of numbers we admit as factors. 
Thus, 5 is not divisible by 2 if we make the usual requirement that 
the factors be integers. However, if we admit all rational factors, 
then 5 is divisible by 2, since 5 = 2(5 2)* 

To discuss divisibility of polynomials we must first agree upon 
a suitable definition. We say polynomial / is divisible by poly- 
nomial g if g ^ 0 and there exists a polynon ial h such that / &- gh. 
If / is divisible by <7, we also say g divides /, or g is a factor of /, or g 
is a divisor of /. 

If R = 0 in the division algorithm f = Qg + 7?» then g divides /. 
Conversely, if g divides / then / -s <7//, so that Q - h and It “ 0. 
Thus, g divides / if and only if 7? — 0 in the algonthm. Jt follows 
also that if / s= gh then the coefficients of h lie in every held which 
contains the coefficients of / and g . 

If/ is a non-zero polynomial and a a non-zero constant, af is 
called an associate of /. If g is a factor of /, then every asocial o 
of g is a factor of every associate of /, since / =~ gh implies af ~ 
(bg)(h/b) if 6 5^ 0. Thus, as far as divisibility pioperlies ifro con- 
cerned, a polynomial and its associates play identical roles. 

Exercises 

1 By means of the factor theorem, determine whether the first polynomial 
is a factor of the second: 

a) 7 - 3, x 4 - x* - bx 2 - Ax f 3 d; 2x - 1, 2s* - - 2x + 2 

b) x + 1, 2z 8 — 7a- 2 — Ax + 5, e) x — 2, x r — 3r + 2 

e) x + 2, 2x* - 3r 2 + a: + 1 

2 For what values of k is the first polynomial a (actor of the second: 

a) x - 1, kH* + 3 kx 2 + 2? 

b) x — 2, x 4 — 3x 2 +- (k + 2)x + k 2 — 16? 

e) x - k, x* - kx 2 — 2x + k + S? 

d) x — k + 1, x* — kx 2 — 2x + k — 3? 

e) x + k f x z + kx 1 — 2x — 2k + 3 ? 

f) x + 2k , s 4 + 2A\r 3 - z 2 - fa- + 2fr*? 

3 For what valuers of k and l is the first polynomial a factor of the second: 

a) x 2 - '6x + 2, x* - (fc + 7)r 7 - 2fr? “ 

b) Or — k)(x *r /), a: 3 — (2k + l)x 2 +■ kr ? 

4 Prove:/ and g are associates it and only if each divides the other. 

5 Prove: If / is an associate of g , then g is an associate of /. 

*6 Prove: If / is an associate of g and g is an associate of h, then / is an 
associate of h. 
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8. Highest common factor We shall denote by 5[x] the set of all 
polynomials with coefficients in the held $. 

Any two polynomials have factors in common, since every non- 
zero constant is a factor of both, llut they may or may not have 
other common factors. What factors they have in common 
depends upon what domain 5{jr| we require the factors to lie in. 

For example, if / = x 4 + x 3 + 3 x 2 + 2.r + 2 and g as z* + 
3:r 2 + 2, then 

(a) If $F is the field of complex numbers, / and g have i, z + i \/2 , 

x — i \'% s 2 + 2 as common factors, 

(L » If $F is the field of real numbers, only x 2 + 2 of the previous four 

is a common factor. 

If / and g are in fdr], it would be convenient to be able to speak 
of a common factor in 3|.r] which in some sense includes all their 
common factors in * T [.r] For this purpose we define a polynomial D 
in 3 |j| to be a lnglnvl common factor of/ and g o\cr J (abbreviated 
II. C F.j if it ^s a common factor which is divisible by every common 
I act or in tf[.r]. 

We show, by means of the so-called Euclidean algorithm, that 
if / and g are in t?T[.r|, not both zero, a ll.C\F. in \s[x] exists. The 
algorithm provides a method for obtaining such a Jl.C.F. 

Suppose 1 g ^ 0. For convenience in notation denote / by Ro 
and g by A’i. 

Ev the division algoritl m, QJtx -J- It* where A*2 is either 
zero or of lower degree than It A . 

If R» ^ 0 then similarly It i ss Q*R* + where Ri is zero or of 
lower degiee than R>. 

The process may be continued as long a* the remainder obtained 
is not the zero polynomial. Hut, since the dc grees of the remainders 
keep diminishing and can ne\ er become negative, the process cannot 
cont inuc indefinitely. That is, the zero polynomial must eventually 
be obtained as a remainder. 

If Ro, R\, • • • , Rk are non-zero *-nd Zfo+i i& zero, the algorithm 
is 

Ro QiRi + R2 
lC\ — Q2R2 d- /? 3 


A*-i — QJti + R %+ 1 
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Rk-2 = Qk-iRh-i + Rk 
Rk - 1 = QkRk 

We say that 22* is a H.C.F. of 72o and 72j over $F. 

If 5 is a field containing the coefficients of / and g, then all the 
quotients and remainders arc in fV[j]. Thus, the coefficients of Rk 
lie in every field which contains the coefficients of / and g. 

The last line of the algorilhm shows tint Rk it> a factor of Rk- 1- 
Since Rk is a factor of Rk and R k - 1, the next to last line shows that 
it is also a factor of Rk Working up the algorithm, we see suc- 
cessively that Rk is a factor of Rk-i, Rk- 2 , • * • , 22*_n, 2?,, 72*. i, 
• • * , 72 j, 722, 72 1, 72o. 

Thus, 72* is a common factor of 72 0 and 22j. 

If (? is any common faetoi of /2 0 and 7?i, the first line 72 2 = 72 0 — 
Qi22i shows that Q is a factor of 72 2 . Fiom the second equality 
72 3 s- 72i — we see that it is a factor of 72 1. Working down 

the algorithm we see finally that Q is a iactor of 72/. 

Thus, by definition of a ILC.K, 72a ^ a Il.C.F. of 72 0 and 72i 
over 

If a polynomial is a H C.F. of/ and <7 oxer n </ y field which con- 
tains the coefficients of/ and 0, we generally refer to it meiely as a 
II.C.F., omitting mention of any field. We have seen that 72* is 
such a 1 1. C.F. 

Example Let 7? 0 — tw: 4 + Hr’ — 342, 72i = 2 3 — 3j 2 — *la; 

+ 12 . 

The Euclidean algorithm is 

72o - + 3-r 2 + 7.r + 21)/2i + 0G(x 2 - 9) 

^ X -g 3 7?, + 5(x - 3) 

7i 2 - °««(x -+ 3)72. 

Thus, 5 (j — 3) is a H.C.F. It follows (ex. 1, §9) that x — 3 
is also a ll.C.F. 

Remark If, at any .stage of tho Euclidean algorilhm, instead of 
applying tho division algorithm to 7?, i and 7f, we apply it to a72,_i 
and bR,, where a and b are non-zero constants in IF, the only effect 
on the final remainder is to alter it by a non-zero constant factor 
in 5. This, however, does not change the fact that the final 
remainder is a II.C.F. over 5 (ex. 1, §9). 
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Thus, in the example the cumbersome fractional coefficients 
may be avoided as follows: Dividing Hi by x 2 — 9 instead of by 
66(x* — 9), Ri = (x ~ 3)(x* — 9) + 5(x — 3). Then, dividing by 
* — 3 instead of by 5(x — 3), x* — 9 = (x + 3)(x — 3). Hence, 
x — 3 is a H.C.F. 


9. Form for H.C.F. 

THEOREM 

If Rk is the 1I.C.F. of f aiul g obtained by the Evclideav algorithm, 
then Rk = Af + Tig where A and B are polynomials whose coefficients 
he in every Juld which contains the coefficients of f and g. 

Proof: We show that every one of the /£, is expressible in this 
form. 

For Ra and R\ this is obvious with .4 1, B = 0 and A = 0, 

li — 1 respectively. 

If Z?,_i = A, -if + lii-ig and R, sr A,f + Bg, then 

Rt-i i — Ri-i — QiRi ~ (-1*— i f + B,-\g) 

— Q,(A,f + B,g) = d, + i/ + B,+ig 

where - ,4,„i — Q,s\„ />,h *= B t - 1 — Q B,. 

Thus, proceed in* by successive slops down the algorithm, we 
sec* finally that 7£* is expressible in the desired form. 

Exercises 

1 If 0 is a II.C.F. of / and g over ST, tie n every associate of D in Iff®] is a 
H.C.F. of / and g over T. 

2 Any two H.C.F. 's off and g over 3 are associates. 

3 A H.C.F. of / auo p over 3 is a H.C.F. ovei ff of any associates of/and g 
in SFlxl. 

4 Find a H.C.F. for each of the following pairs of polynomials: 

a) ® b + 7® 5 + 17x‘ + 18r* + 13x 2 4 |2x + 0, 

® b + 4s* A 4x* + Sx 1 + 3x + 1 

b) x* + x* + 1, x* + x 2 + 1 

c) x b + 2x* - 3x* - 2x + 2, 2x‘ + x* - 4x 2 + I 

d) 2x< - x* - 8® 1 } 3x — 2, Ox' - Sx 1 - 16x* + x + 2 

e) 2x» + ®* - 9, 3x< + 6x» + 8x 2 - 2x - 3 

f) x s — 2®* — 3x* + 6, x* -1- x* — X s — 2x — 2 

g) 4®* + 16®* - 9x - 36, 2®* - x* - 22x - 24 



30 


POLYNOMIALS IN ONE VARIABLE 


[CH. 2 


h) x 8 - 6x 2 + 3x - 4, x 3 - 15x - 28 

i) 8x B + 20x 4 - l Ox 8 - 45x 2 + 27, 4s 4 + 8x 3 - 3x 2 - 9x 

5 If ft is the field of real numbers and r is in ft, then x 4 — 10x 2 + r 2 x and 
x 2 — x + r 2 have a common factor in ft[x] other than a constant if and 
only if r = 0. 

6 2x s + 5x 2 + 3x — r and x 3 + 2x 2 + 4x — r have no common quad- 
ratic factor in ft[x] where ft is any field containing the coefficients. 

7 If x 8 + x 2 — ax + b, x 3 + 2x 2 + bx — a have a common quadratic 
factor, find a and b. 

8 Determine r so that x 4 — x 3 — fix 2 — Sx — 2 and x 3 4 3x 2 + 4x 4* r 
shall have a common quadratic factor. 

9 If / and g are distinct polynomials in ft[x], then a IT.C.F. of / 4 g and 
/ — g over ft is a H.C.F. of / and g over ft, and conversely. 

10 Let/, g , 7) be in ft[xl, 7) a common factor of / and g. Then 7) is a 
H.C.F. of / and g over ft it and only if / and g have no common factor 
in ft[x] of higher degree than /). 

11 If D is a II.C.F. of / and g over ft, it is a TT.O.F. of / and g over every 
field wliicli contain^ the coefficients oi all three polynomials. 

12 Let/, <7, D be in ft[x], 7) a common fuitor of / and g. 'Then D is a 
H.C.F. of / and g over ft if and only if 1) Af + By where#! and B 
are in ft[x]. 

13 For each of the paiis of polynomials / and g in ex. 4 find A and B so 
that Af + Bg shall be a II.C.F. 

14 If 7) is a II.C.F. of / and g over ft and h / 0 is in ft[x], then Dh is a 
H.C.F. of fh and gh over ft. 

15 If D(x/) is a H.C.F. of f(x) and g\x) ovei ft and v is a positive integer, 
then D(x v ) is a H.C.F. of f{x n ) and g{x n ) over ft. 

16 If /and g are in ft[x], g ^ 0, consider ail polynomials expressible in the 
form Af + Bg where A and B aie in ft[x]. Let f ) be one of these of 
lowest degree. Prove I) is a II.C.F. of /and g over ft. 

17 Define a H.C.F. ol /, g , h over ft. If h ^ 0 slu w that one exists and 
describe a method for obtaining it. Extend this to any number of 
polynomials. 


10. Relatively prime polynomials If / and g arc non-zero poly- 
nomials in JF[.r], they are said to be relalively prime, or prime to each 
other, over 5 if their only common factors in £F[ar] are constants. 
In this case /?* in the Euclidean algorithm is a non-zero constant in 
SF. From Rk as Af + Bg we obtain, by dividing by Rk, 1 = A'f + 
B'g where A' and B' are polynomials whose coefficients lie in every 
field which contains the coefficients of / and g. 
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If ft' is any other field containing the coefficients of / and g, and 
C any common factor of / and g in ft'[.r], then C, being a factor of 
A'J + B'g , is a factor of 1 and, therefore, a constant. Thus, / and g 
are relatively prime over ft'. 

Thus, if / and g are relatively prime over one field they are rela- 
tively prime over every field which contains their coefficients. For 
this reason we generally speak of polynomials being relatively prime 
without referring to any specific field. 

Exercises 

t Determine whetlici the following pairs of polynomials arc relatively 
prime: 

a) -r*+ 1 , 4 2 

1>) a - 2, 2jl ' - r f 1 

c) r* - x 4-1, 2s' - j 1 - 4 3x - 2 

d) 2s' - r 2 - fu* - 2, ^ f r 2 - 2x 

vj 2 1 '-.r’-IliM 2:r - 2, /** — a* 11 + — 2x — 2 

l) s' 1 to 1 -I- 2.r' - 7 -4- f 2/ 2 + 1 

2 If / - -IF / 0, <7 “ -Ur ^ 0, where A, F* G are in ft[xl, then 4 is a 
IJ.r.F. of / ‘iiid g ove) ft if and only if F and G are Relatively prime. 

3 If/ and g are nlatively piime, they have no common rout. 

4 If / and g are relati\ely prime, every associate of / is prime to every 
associate of 

*5 If / and g are relatively piime, n and m ]>ositive integers, then/* and 
(f n are relatively ,>rime. (Hint : First show /*, g relatively prime.) 

6 II D is a ll.C.F. ol / am I g oM.r ft, then is- a H.C.F. of/* and g n 
over ft. (Hint: l se exs. 2, i>.) 

7 If h is prime to / and g y it is prime to fg. 1 Extend tliis to the product 
of any numbei ol polynomials. 

8 I) / is divisible by g ami by h n and g .iiid h are ielati\ elv prime, then / is 
divisible by gh. Show by an example that the conclusion may not 
follow' if g and h are not relatively prime. 

A d If Jg is divisible by h t and / and h are relatively prime, then g is divisi 
hie by h. Extend this to the product of ai v number of polynomials. 
Show by an example that the conclusion may not follow if / and h are 
not relatively prime. 

*10 If Af + Bg = 0, where / is of degree n ami B of degree n — p or less, 
then / and g have a common factor of degree at least p. 

11. Irreducibl 0 polynomials If / in in ft[x] and c is a non-zero 
constant in ft, 1 hen / i.** di\ i.-oble by c. If / is itself a constant, there 
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are no other divisors of / in ff[x]. But if / is not a constant there 
may be polynomials g and h in SF[ar], neither a constant, such that 
/ ms gh. If this is so, / is said to be reducible or composite over $. 
If, however, / is not constant and / =s gh , where g and h are in Sfc], 
implies that one of g and h is a constant (and the other then is an 
associate of /), then / is said to be irreducible, indecomposable, or 
prime over 9F. 

For example, / = x 2 + Ox + 7 is: 

(a) Reducible over the field of real numbers, since / == (x + 3 + 
y/ 2 ){x + 3 — \/2) and neither of the factors is a constant. 

(b) Irreducible over the field of rational numbers. For if / s.- gh 
where g and h have lational coefficients and neither is a con- 
stant, then g and h are of degree one or more. If either were of 
degree higher than one, the degree of the product would exceed 
two. Therefoie, each is of degree one. If g = ax + 6, a 7 * 0, 

then — - is a rational root of g and therefore also of f. But 
a J 

neither of the roots — 3 + \/2 of / is rational. 

Evidently, ah this example shows, a polynomial may be reducible 
over one field and irreducible over another. 

Exeicises 

1 Show that the following poljmomials are reducible over the given 
fields: 

a) x 4 + 4x 2 + 3, rational numbers 

b) x 4 + 1, numbers of the form a -f hi where a and h are lational 

c) x 3 — 2x 4 1, rational numbers 

d) x 4 — 2 x 2 — 1, real numbers 

e) as* + jr — 1, numbers of the form a + b V5 where a and b are 
rational 

f) 2 x* + x* + x — 1, rational numbers 

2 Show thal the following are irreducible over the given fields: 

a) x % — 2. rational numbers 

b) x 2 — Ax + 2, rational numbers 

c) x* — fir 2 ■+■ 13, leal numbers 

d) x 1 — 3, numbers of the form a + b y/2 where a and b are rational 

e) x b — 7, rational numbers 

3 If r is a real number, ft the field of real numbeis, x 1 + rx + r 2 is 
reducible over fF if and only if r = 0. 
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4 If r is an integer, ft the field of rational numbers, then 

a) x 2 + (r + l)x + r is reducible over ft 

b) x 2 4 4rj? + 1 is irreducible over ft. 

5 Every linear polynomial in SF[z] is irreducible over SF. 

6 If / is irreducible over ft and has a root in SF, then / is linear. 

7 If a cubic polynomial is reducible over SF, it has a root in SF. 

8 If f(x) and g(x) are in ffjjr] and f(g(x)) is irreducible over SF, then / is 
irreducible over SF. 

*9 If / is irreducible over SF, every associate of / in $F[ar] is irreducible 
over ft. 

10 If / is irreducible over SF and g ^ 0 is in SF[j], then either / is prime 
to g or / is a factor of g. 

*11 If / and g are iriedueible over SF, they are either prime to each other 
or they are associates. 

12 / is irreducible o\ei ft if and onl> il it is prime to eveiy polynomial in 
SF[j] of lower degree than /. 

*13 If /, jfi, • ' * , fn are in $V[aj, / irreducible over ft, and / divides 
fif« * * •/„, then/ Ji\ ides at least one ot/ 1 ,/ 2 , •••,/„ (Hint: Use 
ex. 9, §10) 


1 2. Factorization into primes If / is reducible over ft then / = gh 
where neither g nor h is a constant. Therefore, both g and h arc of 
lower degree than/. If cut her g or /? is reducible, we may continue 
the factorization and obtain oilier factors of still lower degrees. 
This can be continued a* lo* g as we gel factors which aie not primes. 
But, since at each stage we obtain polynomials of lower degree than 
before and the degree of a polynomi* 1 is positive or zero, the process 
cannot continue indefinitely. We it 1 st, therefore, eventually reaeli 
a stage wdiere f = /i/ 2 ■ • • /» and oaedi of the factors is irreducible 
over ft. 

To illustrate*, let f ^ x 6 + 4r 4 + x 2 — 6, ft the field of real 
numbers. This is reducible over SF since/ == (x 4 + x 2 — 2)(.r 2 4- 3). 
The second factor x 2 4 3 is irred n ihlc, but the first factor is 
reducible, and by factoring it we obtain / s (.c 2 — l)(x 2 4- 2)(x 2 4“ 
3). The last two factors are now irreducible, but the first is not. 
(Continuing the fact orizat ion, / s* ( x — l)(a: 4* 1)(£ 2 + 2)(.r 2 4" 3). 
All the factors are now irreducible over SF. 

These remarks lead to the following theorem. 
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THEOREM 

A non-constant polynomial in S'frr] is either prime over $ or a product 
of polynomials each of which is prime over SF. 

Proof : Since a linear polynomial cannot be the product of two 
polynomials each of degree one or more, a linear polynomial in ff[;r] 
is prime over 5. Therefore, the theorem is valid for polynomials of 
degree one. 

Proceeding by mathematical induction, suppose the desired 
result established for polynomials of degree 1, 2, • • • , k. Let / 
be of degree k + 1- 

lf / is irreducible over there is nothing more to be proved. 

If / is reducible, then / ~ gh where g and h are in flffj] and each is 
of degree less than I: + 1. By the hypothesis of the induction 
applied to g and h % f is a product of polynomials irreducible over 

By the principle of mathematical induction, the theorem is 
proved. 

Factorization of a polynomial into piime*. can be accomplished 
in more than one way. For we can intioducc a non-zt to constant 
multiplier info one of the prime factors and compensate for it m 
some other factor; ihls does not alter the fact that the factors arc 
primes. 

For instance, in the example above, we also have / ~ (2x - 
2)(x + 1 )(*j.r 2 + H(/ 4 3). 

The second factorization, however, is not essentially different 
from the first, since m the second thi factor^ are associates of those 
in the fust. If wi regard such factorizations as the ‘'same/’ then 
we do have unique faetmization, as the following theorem shows. 

THEOREM 

If P 1 P 2 ••• Pi = Q)Q> • • • Qm, when each of the J*'s and Q’s is 
irreducible over T, then l = m and we can numb r tin Q's in such a way 
that , for each /, 1\ and Q, arc associates. 

Proof: If l =■ L then Pi « Qi • • • Q m is a prime over 3r. Hence 
m = 1, Pi s Q lm 

The proof is similar if m = 1. 

Hence suppose / > i, m > 1 and proceed by mathematical 
induction on /, supposing the desired result established wdion there 
are i — 1 or fewer P’s. 
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Since Pi divides QiQz •••(?»,, it divides some Q (ex. 13, §11), 
say Q m . Then P t and Q m are associates (ex. 11, §11). If Q m = eP h 
t a constant in S, then 

P 1 P 2 • • • Pi = Qi • • • Qm-^Pi) 

Pi • • • Pi - 1 = (tQi)Q* * • • Qm - 1 (cancelation law of example 1, 

§4) 

s= 01^2 • • • Qm— 1 

where Q[ is a prime over (ex. 9, §11). 

By the hypothesis of the induction / — 1 = m — 1, so that 
/ = m, and P 1} • • • , P/-i are as*- )ciales of Q£, <? 2 , • • • , Qm-i in 
some onlor. 

Since ail associate of Q r , is also an associate of Qi (ex. 0, §7), the 
desired lesult i^ etUid Wished. 

By tlie principle of mathematical induction the theorem is 
proved. 

Tf we r'*st net ourselves to primes w it H leading coefficient 1, then: 
THEOREM 

A non-constant 'polynomial in is uniquely expressible in the form 
aP\P 2 • • • P n where a is a constant and tack P t is prime over SF and 
has leading coefficient 1, 

If we combine like factors we have: 

THEOREM 

A non-constant polynomial in 7[.r] is vniqndif expressible in tht form 
aP\ l P7f • • • P\ k iviiLH a ts a constant, the t's an positive integers, each 
P is prime our and has fcadinc, coefficient J, and the P's are all 
distinct . 

In a vacuous way, i.c., with no primes, the last two theorems 
hold also foi non-zero constant polynomials. 

Exercises 

1 Factor into prnies over tlic ejiven fiei i-* 

a) x 4 — 5 jt- + 6, rational numbers 

b) x 1 — 5x 2 + 0, real numbers 

c) x 4 — 5x 2 + 6*, numbers of the hum a (•!> \^2 where a and b are 
rational 

d) x 4 — 5x 2 H d, complex numbers 

e) x** — 2x 2 -| 1, rational numheis 
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f) x 9 — 2x 9 + 1 , real numbers 

g) x * — 2x* + 1, complex numbers 

h) x 9 + x 2 + x + 1, rational numbers 

i) x 9 + x 2 + x + 1, real numbers 

j) x 9 + x z + x + 1, complex numbers 

k) x 4 + 5x 2 + 2, rational numbers 

l) x 4 + 5x 2 + 2, real numbers 

2 If / s oPpP? • • • P?, where the P’s arc distinct primes over 3 with 
leading coefficient 1 and a is a non-zero constant in 3, then g 0 in 3[x\ 
is a factor of / if and only if g 6PJPJ 9 # * PJ* where b is a constant 
and 0 ^ s t ^ r t . 

3 Let f = dPpPy • • • P**, 0 — bP* l P% * * * PIS the P’s distinct primes 
over 3 with leading coefficient 1, a and b non-zero constants in 3, the r’s 
and s ' s non-negative integer*. Let U be the smaller of r % and a*. Prove 
that P^Pg* • ■ • Pjf is a ILC.F. of / and 0 over fF. 

4 Prove:/ and g are relatively prime over 3 if and only if their factorizations 
into primes ovei 5 have no prime in common, assuming each prime has 
leading coefficient 1. 

1 3. Factorization of integers Essentially, the entire discussion of 
factorization of polynomials stemmed from the existence of the 
division algorithm (§0). We show that a similar algorithm exists 
for integers and, therefore, a similar factorization theory. 

THEOREM 

If ft and n art integer n 0, there ex i\t integers q and r such that 
k = qn 4 ;• where 0 ^ r < |?i|. 

Proof: If k is an integral multiple of n, the desired result is 
obvious, with r — 0. Suppose, therefore, k is not an integral 
multiple of n . 

Let m - |n|. 

If k > 0, lot (<7 + \)m be the fust of 0m, 1 m, 2m, • • • which 
exceeds ft. Then qm < k < (q + l)m, so that 0 <k — qm < m. 
If r - k — qm , then k = qm + r - </|n[ + r = (±g)n + r, which 
establishes the desired result in this ruse. 

If ft < 0 and —ft = qm + r, where 0 < r < m, then ft = —qm 
— r = —tfm — - ra + (ra — r) = — (q + l)m + (w — r) = 4 (q + 
1 )n + r' wrhere 0 <m — r = r'<7?i = |n|, which establishes the 
theorem in this case. 

Remark Actually there is only one such pair q and r (proof left to 
reader). We shall not, however, need this fact. 
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From the similarity of this result to the theorem of §6, we see 
that the absolute value of an integer plays the same role in the 
theory of factorization of integers that the degree of a polynomial 
plays in the corresponding theory for polynomials. 

In §7 we defined a polynomial f to be divisible by a polynomial 
y 0 if / se gh where h is a polynomial. Similarly, an integer n 
is said to be divisible by an integer m ^ 0 if n = mq where q is an 
integer. 

Just as we noted that the non-zero constants are the polyno- 
mials which divide all polynomials, we note similarly that 1 and — 1 
ire the integers which divide all integers. Thus, 1 and — 1 play the 
same role in the factorization of integers that the non-zero constants 
do in the corresponding theory for polynomials. For instance, we 
define non-zero integers m and n as associates if rrt = n oi m = —n. 
Exercises 4, 5, 6 of §7 then apply to integers. 

A JI.(\F. for integers is defined, as for polynomials (§8), as a 
common factor which is divisible by ('very common factor. It then 
follows, as in §8, that there exists a Euclidean algorithm for deter- 
mining a II.C.F. (I for any two integers m and ??, not both zero, and, 
as in §9, that d — am + bn where a and b are integers. 

It follows also that if m and n are non-zero relatively prime 
integers, i.e., with only 1 and —1 as common factors, then there 
exist integers a and b such that am -f- bn = 1. Exercise 9, §10 
(also, for later us«% ex. 51 also applies to integers. 

Paraphrasing the deti it Ion of a prime polj nomial in §1 1. w T e say 
integer m 0, 1 , — 1 is a prime if m = rs, where / and # are integers, 
implies that r or s is 1 or — 1. F\ereises 9, 11, and 13, §11, then 
apply to integers. 

We can now obtain, as in §12, a unique factorization theorem for 
integers. If w r e use only positive primes, we have . 

THEOREM 

An integer different from 0, 1, and —1 is uniquely expressible in the 
form ap\p 2 * * • p n where the p’s an positive prime integers and a is 
1 or —1. 

Exercises 

1 A non-zero rational number is uniquely expressible in the form m/n 

where m and v air relatively prime integers and n is positive. (When 

so expressed the fraction is said to be in its lowest terms.) 
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2 There are infinitely many positive prime integers. (Hint: If pi, p 2 , 
• • • , p n were all the positive primes, consider pip 2 • • • p„ + 1.) 

3 If q is a positive integer which is not the nth power of a positive integer, 
where n is a positive integer, then \ is irrational. 

4 Let w 1 be an nth root of 1, w d the smallest positive power of w which 
equals 1. Show d is a factor of n. (Hint: lot n = qd + r, 0 ^ r < n, 
and show w r — 1.) 

*6 If « 1 is a pth root of 1, p a positive prime integer, show that w° = 1, 

w, w 2 , • • * , w p_1 are distinct and arc all the pth roots of 1. From this 
show that if a is a pth root of a 0, then a, aw, aw 2 , • • • , aw p “ l are 
distinct and are all the pth roots of a. 

*6 If r is a factor of aia 2 • * • a„, then r = bj) 2 ' ' ' b n where 6, is a 
factor of o, (i = 1, 2, • • - , n ). 



POLYNOMIALS IN THE COMPLEX DOMAIN 


In this chapter, unless otherwise stated we shall be considering 
polynomials whose coefficients may be any complex numbers. 


1. Factorization into linear factors Since Iho complex numbers 
form a field, every non-constant polynomial is the product of a con- 
stant ami irreducible polynomials with leading coefficient 1 (§12, 
rh.2). For further knowledge concerning the nature of the factor- 
ization we must detennine, if possible, what polynomials are 
irreducible. 

We have already seen (§12, Ch. 2) that every linear polynomial 
is irreducible. 

A quadratic polynomial / - a 0 x 2 + a\X + a 2 , a 0 0, is neces- 
sarily reducible, since 

/=«.(* + ? i +-M-I - (, + - - V £~ 4a *°') 

Wo shall see (C’h. 8) that evert cubic and every quartic also 
has a root in the complex, domain. By the factor theorem, there- 
fore, all third and fourth degree polynomials are reducible. 

Whether the same is true for polynomials of higher degree is far 
from obvious. It is a fact, however, that every non-constant poly- 
nomial has at least one root. This remarkable result is known as 
the fundaments* theorem of algeb. .. Its proof depends upon 
methods generally considered to be outside the domain of algebra, 
belonging rather to the domain of analysis in which the concept of 
limit plays a fundamr ntal role. We shall not give a proof here, but 
we shall use the theorem whenever convenient. 

It follow Iroiu the fundamental theorem and the factor theorem 
that every polynomial of degree one or more is reducible. Thus, 
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the only polynomials irreducible over the complex field are the linear 
polynomials. 

By the unique factorization theorem (§12, Ch. 2) it follows that 
a polynomial of degree n ^ 1 is the product of a constant and n 
linear polynomials with leading coefficient 1. If, for convenience, 
we express these linear polynomials in the form x — r, we have: 

THEOREM 

If fix) is of degree n ^ 1 it is uniquely expressible in the form a(x — 
ri) (x — r 2 ) • • • (x — r n ) where a is a constant . 

If we combine like factors, we have* 

THEOREM 

If fix) is of degree n ^ 1 it is uniqndy expressible in the form a(x — 
Si) mi (x — S 2 ) m * • • • (x — Sh) mk where Sj, s 2 , * * • , s* are distinct 
complex numbers, a is a constant, and mi, m 2l * • ■ , ?au are positive 
integers whose sum is n. 

These theorems hold also in a vacuous way, i.e., with no linear 
factors, if n = 0. 


2. Multiplicity of roots Let fix) =s a(x - Si) w >(x — s ? ) w * * * * 
(x — fl^O. Since f(x) = 0 if and only if one of the linear 
factors is zero, each of the numbers Si, *j, is a root of fix) 

and there are no other roots. 

St is called a root of order m», or an m t -fold root, or a root of 
multiplicity m.. 

If 7Wt — 1, s» is called a simple root; if m x = 2 it is a double root ; 
if nit = 3, a triple root ; etc. A root which is not a simple root is 
called a multiple root. Although not every root need be a multiple 
root, every loot has some multiplicity. 

From the unique factoiization into linear factors we see that if 
fix) is of degree n 1 the sum of the multiplicities of its roots is n. 

By “the roots” of fix) we mean all the roots of fix) each counted 
as often as its multiplicity. More precisely, we mean numbers 
fi, r 2 , • • • , r» such that 

r t - Si for exactly m i values of i 
r, = s 2 for exactly m 2 values of i 
«•••••• 

n = «* for exactly m* values of i 
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Because of the unique factorization into linear factors, “the 
roots” of f(x) are unique. That is, if ri, r t , • • • , r« are “the 
roots” and fr, t«, - tn are also “the roots,” then the t’8 can be 
renumbered, if necessary, so that ri = h, r t = h, • • • , r, *= U. 
We can now state: 

THEOREM 

If f(x) is of degree n 2s 1, the roots of f(x) are n in number. They are 
the numbers ri, r 2 , • • • , r„ in the factorization f{x) as a(x — r{)(x — 
r-i) • • • (x - r„). 

In order t o determine the multiplicity of a root r of /(x), it is not 
necessary to factor f{x) completely. It is necessary only to see 
“how many times” r -- r is a factor. That is: 

THEOREM 

The mnl tipi icily of a root r of f(x) is mif (x — r) m is the highest power 
of x - r by which f(x) is divisible. 

Proof: Let f(x) = (x — r) m g(x). Since f(x) is not divisible by 
(x — r) m+1 , g(x) is not divisible by x — r. 

Let the factorization of g(x) inlo linear factors i>« a(x — Si) m » 
•••(*- Then f(x) — a(x — r) m (x — • • • (x — 

Since r, *i, • • • , s k are distinct, ns a root of /(x) of multi- 
ple ity in. 

Example Determine the multiplicity of the root 2 of x 3 4 — 3x* + 
x* + 4 

Direct te.sl shows that the poly oinial is divisible by x — 2 and 
by (x — 2) 2 and not by (x — 2)" Thus, 2 is a double root. 


3. Synthetic division Because of the frequency with which we 
have to divide a polynomial by on '*f the form x — r it would be 
convenient 4 o be able to do so with a minimum of effort. The 
method of synthetic division, which we are about to describe, 
enables us to perform such a division quickly. 

If f(x) = oox n ■+• aix— 1 +•••-} On_iX + a», then, by the 
division algorithm (§6, Ch. 2), /(x) = (x — r)g(x) + c, where c is a 
constant. 
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If g{x) m bo£ n ~ l + bix n ~ 2 + • • • + bn-iX + then 

aoX" + OiT" -1 + • * • + dn-iX + ff„ 

= (x — r)(froa: B-1 + friar 11-2 + * • • + b n - 2 x + fr» . 1 ) + c 
= box" + (fri — rb 0 )x n ~ 1 + (b 2 — rbi)x n ~ 2 + • • • 

-I- {b n -1 — rb,^,)x + (c - rfr n _ 1 ) 

Equating coefficients, and transposing, 

i»o = o 0 , fri = fli + rfro, fra = a t + rfri, • • * , 6*_i = On-i + rfr«_ 2 , 

c = d n + rbn - 1 

This can be arranged eonvenienlly as follows: 

do di di • • • a„ 1 a„ |r 

rfro rfri ■ ■ • rfr„ ^ rfr„_i 

fre fri fra * ’ • fr» 1 c 

We first wiite on a horizontal line the coefficients of the power* 
of x in f{x), ananged aeeording to descending powois oi x (Zero 
coefficients must be written down and not o\ei looked ) Skijr 
ping a bpacc, we diaw a line. Below the line we wutt (which 
is also fro) directly undei the a a . W e mult lply fr 0 by r and place rfr 0 
on the second line underneath m. We add ai and rfr 0 and write the 
result, which is fr lf directly underneath. We continue in the same 
way, multiplying fri by r and placing the result rfri on the second line 
directly underneath </■>. We add a 2 and rfri and write the result, 
which is frj, directly underneath Etc. 

For example, to divide 'Sx* — 2x 2 + 4 by x + 2 (here r = —2), 

3 -2 0 4 \-2 

-6 16 -32 

3~ - 8 16 - -28 

On the first line w r e have w ritten the coefficients of f(x). On the 
third line w r e write 3 directly under the 3 on the first line. Multiply- 
ing 3 by —2, we place — G on the second line below —2. Adding 
— 2 and —6, we place —8 on the third line. We multiply — 8by —2 
and place the 16 on the second line beneath the 0. Adding 0 and 
16, we place the result on the third line. We multiply 16 by —2, 
place —32 underneath the 4, and add. 

The quotient and remainder are read from the third line, the last 
term being the remainder. Here the quotient is 3x 2 — 8a: -f 16 and 
the remainder is —28. 
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As another illustration we work the example of §2 by successive 
synthetic divisions. To determine the multiplicity of the root 2 of 
x* — 3x* + x* + 4 we divide by x — 2, 

1-3 1 0 4 |2 

2 -2 -2 -4 

1 -1 -1 -2 0 

2 2 2 

1 "I 1 ‘ 0 

2_ _ b 

1 3 ‘ 7 

Thus, /(xl == (x — 2 1 (/ ! — .c" — x — 2) =z (z — 2) 2 (x 2 — x + 1), 
and X s + x | 1 e n< i divisible bj x — 2 since the remain ler is 7. 

The remaining roots of are the roots of j ’ 4- x + 1 =0, i.e., 
1 *i( — 1 + i \/3). Thus the roots ol/(xj are 2, 2, 1 ->(— 1 + i \/3), 


Exercises 

1 Petciininc whether the given numbers are .oots of the given poly- 
nomials and, if they are, find their multiplicities. If possible, factor 
into lineal f u tors. 

a) 2, x 4 - x' - LSx 2 4 o2x - 40 

b) S 9c 4 - 12x’ + 13x 2 - l2x 4- 4 

0 - T i, 4 I Ir** f 13a 2 4- 6x 4 1 

d) 2f, Ox" d 12x 5 4- 40x 4 t- 4S^ oLr 2 + 4Sx + 16 

e) — i. 4 jt 4- 4j4 4* 9js 4 4- 8x s 4- Ox 2 t 4x + 1 

2 Foim an equation of which the roo* are: 

a) 0, 0, 2, 2, 2 ') 1 +■ V'3, l - V*, J - V3 

b; t, i, 0, 1, 2t e) -'i, 'j, 1, 0 

c) 1 - 3i, 1 - W, 1 + 3t, 1 4- 3i 

3 ox 2 4“ bx 4 r = 0, a 0, has a multiple root if and only if b 2 — 4oc = 0. 

4 0 is a root of aoX n 4* (*i% n 1 * ’ * 4“ a n _ , + a n , a<> ^ 0, of multi- 
ple ity Jfc if and only if a n = a»-i = • • • = a n -i + i - 0, a a -k 7* 0. 

6 A polynomial of degree n cannot ha* nioie than multiple roots. 

6 If r is a p-iold loot of /(x) and a g-fold .oot of g(x) t it is a (p 4- ?)-fold 
root oif(x)g(x). 

7 f(x) ^ 0 and g(x) 0 have the same roots if and only if /(x) as cg(x) 
where c is a constant. 

8 If f(r) and ^0) are factors of h(x) and have do common roots, then 
f(x)g(x) is a factor of h(x). 
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9 If there is a number M such that |/(x)| ^ M for every x , then /(x) is 
a constant. 

10 If every root of f(x) ss x K + ax* + bx 2 + cx + d is a multiple root, 
then there exists a polynomial g(x) such that f(x) = g 2 (x). 

11 If 1 is a root of 2x 4 — ox 3 + (2a + 3)x 2 — (a + 2)x + 1, show that it 
is a multiple root and find the roots. 

12 Show that —2 cannot be a multiple root of x 3 + x 2 — ax — 4 = 0. 

13 For what values of a is a a root of 2x i — Sax 3 — a 2 x 2 + 3a 3 x — a 2 = 0? 
What is its multiplicity? 

14 If the nth power of every root of f(x) is a root, where n is an integer 
greater than 1, show that every root of f(x) is 0 or a mot of unity. 

16 Determine a and b so that —1 shall be a multiple root of 2x h + Sx h + 
9a; 1 — + ax 2 — 12x + 6 = 0. 

16 Determine a and b so that 1 shall be a double root of x 4 + ax 3 + 
(a - fcU* + bx + 1 - 0. 

17 Show that a is a multiple root of x 4 + 2 ax 3 — 3 a 2 x 2 + (6 + 2 — 4a 3 )x 
+ 4a 4 = 0 if and onlj if h — —2. 

18 If there is a number M such that \f{x)\ ^ M\g(x)\ for every x , then 
f(x) ^ cg{ x) where c is a constant. (Exercise 9 is a special case with 
F U 

19 From the fundamental theorem of algebra and the factor theorem 
(without using the unique factorization theorem of §12, Ch. 2), estab- 
lish that eveiy non-constant polynomial is uniquely factorable into 
linear factors. 

20 Assuming that every non-constant polynomial with real coefficients 
has at least one complex root, prove that every non-constant polynomial 
with complex coefficients has at least one root. [Hint: 11 the coefficients 
of g{x) are the conjugate's of those of /(x), show that f\x)g(x) has real 
coefficients.] 


/f. Relations between roots and coefficients Lot n 1, 

f(z) as x n + aix n ~ l + • • • + a n -ix + a n 

s (x — ri)(x — r 2 ) • - • (x — Tn) 

By multiplying the linear factors and comparing the resulting 
coefficients with ai, a 2 , • • • > a n , we obtain relations among the 
roots and the coefficients of f(x). 

If n = 1 then/(x) = x + a h so that n = — a\. 

If 7i = 2 then /(x) = x 2 +- aix + a 2 = (x — ri)(x — r 2 ) = x 2 — 
(r i + r 2 )x + rir 2 , so that n + r 2 = — oi, rir 2 = a 2 . 
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If n = 3 then 

f(x) = x* + CL& 2 + aix + a 3 
= (x — ri)(x — r 2 )(x — r 3 ) 

== x z — (ri + r 2 + Tz)x 2 + (rir 2 + rir 3 + r 2 r 3 ):c — rir 2 r* 

bo that ri + r 2 + rj = — Gi, rir 2 + + r 2 r 2 = a 2 , rir 2 r 3 = — a 3 . 

To express the general result, denote by Si the sum of all the 
roots taken singly, that is, n 4- r 2 + • * • + r«, S 2 the sum of all 
the products of the roots taken tv o at a time, that is, 

/■i *2 + riTi + • • • 4- nr* 4 r 2 r 3 -f r 2 r 4 + • • ■ + i + • • • 

+ r«_ir», 

So the sum of all the products of the roots taken three .it a time, 
that is, 

rir 2 r* + r L r 2 n -+•••+ r 2 r A u + * * * + rn. 2 r n «ir» 

etc. 

In gen< ral, let S t be the sum of all possible products r, r, * * • r i% 
vh<Teji,j>, • • • , j" are an} rdr-tind numbers from 1, 2, • • • , n. 
The greatest ^ aluc that ? can have is n and, in particular, S n =■ 
rir 2 • • • r H . 

THEOREM 

jSl — “fllj /So — G*, * * * * /\ ~ ( 1 /*Ufj ) Sn = ( 1^ W G»». 

Proof: We have alread v proved this for n = 1,2, 3. Proceeding 
by mathematical inductun, suppose it true for n = k and let 
n = k + 1. 

If £br) {x — n)(x — rd • (x — r*) - x k + 6ix A_1 +■ • • 

+ th^n 

x^ 1 + aix k + • • ■ 4 m., i ^ (r — ri)(jr — r 2 ) • ■ • (r — r fc+1 ) 

- (4 + 6ir A - J + • • • + 6 a)(^ — rji+i) 
^ x k ^ 1 + (6i — 

+ (&2 - n .+ J > i ) x h ’ 1 + ( 6 3 - n +1 & 2 )**- 2 
+ " + (^a — r* + i6/-i)x — r^ibk 

Hence, «i = bi — n+i, «* = &» — t*a nbt-i for i = 2, 3, • • • , k, 

By the hypothesis of the induction applied to q(x), 6* = (— l)*^ 
(i = 1, 2, • • , k) where is the sum of the products of ri, r 2 , 

• • • , r * taken i at a time 
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Therefore, 

oi * bi - r^+x = -(ri + r t + • • • + n) - rt+i = -Si 

ot+i = —ri+ih = — rni[(-l)*rxr 2 • • • r*] = (— l)* +1 rjr 2 

• • • Vj+i ** ( — l)* +1 (S*+i 

a, = 6. — r* + ib,_i (* = 2, 3, • • • , k ) 

= (-l)'S: - r i+ x(-l)-*5L, - (-i)'(-s: + n+xSU) 

5£_i contains all the products of ri, r 2 , • • , r A taken i — 1 at 

a time. Therefore rx rl iS' j contains all those products of ri, r*, 
• • • , r A , n t 1 taken i at a lime which have n +J as a factor. All the 
products of ri, r 2 , ■ • • , ra, n taken * at a time which do not have 
i as a factor arc in S[. Thus S' 4 rx+uS’,'.! is the sum of all the 
products of ri, i >, • • • , rv, r? 4 i taken i at a time. Hence S' + 
rjfc + i(S”_i = Sr. which proves the theorem lorn = k + 1. 

By the principle of mathematical induction, the theorem is 
completely proved. 

Remark The theorem stales that the roots of f{x) satisfy the n 
equations S, = ( — 1 )'a, (/ = 1,2, • • • ,«>. Conversely? if n, r 2 , 

• • , r n are numbers satisfying these equations, then they are the 
roots of f(r) Tor if g(j) s= (x — r )(x — r 2 ) • • * (x — r») s 

x n 4 b\x’ 1 4 * * * + b n _ix + b„, then by the theorem 6» = 

( — 1 ) S, for i — 1, 2, • • • , n. Bv hypothesis S, = ( — l)*a,. 
Theiefore b. = (—1)^—1) a, = ( — 1 ) ~‘<h =• a,. Thus g(x) ==- f{x), 
so that ri, ri, • • * , r« are the roots of f(x). 

Example 1 If r, s, t are the roots of x' — ar 2 \- bx 4- <* = 0, 

evaluate ■>* 4* & 2 + t 2 . We have r 2 + s 2 4- 1 2 — (r 4 6 -(- l ) 2 — 

2(r? + ri 4- = a 2 — 2b. 

Example 2 Determine a so that one root of a- 1 — <u 2 f ax — 4 = 0 
shall be the reciprocal of another, and find the roots. 

Let the roots be r, 1/r, ?. By the relations among the roots and 
coefficients, 

r + - + « = a 

T 

l , , l 

r - + rs 4- s = a 
r r 

1 . 
r-i = 4 

r 
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From the last equation, s = 4. The first two become 

r + 1 + 4 = a 
r 

1 + 4 ( r + *) = « 

Solving the first oi Ihese for r + * and substituting into the second, 

gives 1 f 1) = a, from ^hieh a = 5 

Thus, // one loot is the reciprocal of anothei, then a =■ 5. Con- 
v sely, suppose a = 5. Then (lie ilnee equations above aie 

, I - 

r 

1 + /V + ' S = 5 

7 

S = 1 

If (here c\rt valuer of r and s satistMiig all three of these, then, 
bv the Itennuk above, r, 1//, * ‘ire the too s oi ilw polvnoir^il am l h 
a - o We leave it to the rcad( i to \en1y that v = 4, r - 1 ± 

i \ /f 3) are (he sol at ions of these equations. (Vote tint each of the 
valuer of r is tlu lecjpiocal of Uie other.) lienee the loots are 4, 
l 2(i + 1 V»h *2(1 - I V3). 

Exeicises 

1 Dctcimine the roots and the unknown coefficient- unde i the given 

conditions 

■i; One loot oi r - 2 j 2 4* ar — 1 s 0 ^ t lie neiittive of anothet. 

b) One loot of 15 1 * — 1 1 »• t a - 0 is double mnlhe’ 

c) The loot*- of jl ' +- 3z f f li 4 a =- 0 ‘no m anthmelio pi egression 

d) The ioot*> of 5 m 1 — ih\c y \ 21 1 *4 a =- 0 aie in iron metric progression. 

e) The mots ot r* 1 + («r ? ■+ nx 4 b = 0 are in the latius 1 .2 3. 

f) One mot (if x' 4 Sj: 2 - 2U 4 « ”0 is tire* times another. 

g) x A — 4a 1 4 ax 2 4 Ax f b = 0 h i two pans of equal loots. 

li) x 4 - 4jM tu 2 H ax + b - 0 lias ; \ » pans of roots with one root in 
each pah equal to the other in the pair increased by 2. 

i) One root >f t 4 4 2r 3 4 <*x — 1 = 0 is the mipiocal of another. 

j) Every root of j' (- 4a, 4 + 4.^ + ax 2 4 lu 4 c = 0 is a multiple root. 

k) x 4 - 3<w s 4 l&r ? — 1 2«ar + b = 0 has two pair of loots with one 
root in each pail the double of the other in the pair. 

l) The reciprocal of every root of a* 8 + ax 2 + bx — 2 « 0 is a root. 
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m) Whenever r is a root of x* + 3x 2 + ax + b = 0, (r + 3)/(r — 1) is 
a root. 

n) Every root of x s + ax 2 + ax + a = 0 is an integer. 

o) The product of any two of the roots of x 3 + ax 2 + bx + c *= 0 equals 
the third. 

2 If r, s , t are the roots of x 3 + ax 2 + bx + c = 0, evaluate 
a) rht + s 3 rt + tbs 

w >+i +1 * ifC7£0 

c) (r - l)(a - 1)« - 1) 

d) rs 2 + rt 2 + r 2 s + st 2 + r 2 t 4- sH 
r + s , r_±t + *_±t if c ^ o 


a) 


£ 


0 J3 + Ji + ^ c ** 0 

g) r(s + 1)* + r« + 1)* + s(r + 1)' + art + 1)’ + + l) 2 + + I) 2 

h) r 3 + s’* + t 3 

3 If r, s, f are the roots of t 3 + ax 2 + b x + c - 0, then: 

a) One root is the negative of another if and only if ab = c. 

b) One root i& the ieeiproeal oi another if and only if c(a — c) - b — 1. 
e) The sum of two of the roots is 1 if and only if r =■ (« + \)(a + b 4 1). 
d) The negative of every root is a root if and only if a c = 0 or 

b = —a 2 , i = — a 3 . 


e) 1/r, 1/s, 1/f, when r 0, are the roots if and only if r — I, a = b 
or c = —1, n = —6. 

f) r, s, ty taken in some order, are in geometiie progression if and only 
if b 3 - a 3 c. 

g) If a = 0, there is a multiple root if and only if Ab 3 + 27c 2 = 0. 

4 Show that x 4 + ax 3 -f- bx 2 + r x + d = 0 has two pairs of roots such that 
in each pair, 

a) One root is the negative of the other if and only if a = c =■ 0. 

b) One root is the reciprocal of the other if and only if d = 1, a == r. 

5 The sum of the squares of the roots of x n 4 a ix" -1 + • • • + a» - 0, 
n s~ 2, equals the square of their sum if and only if a 2 = 0. 

6 If a is positive, at least one root of x 4 4 ax 2 + bx + c = 0 is imaginary. 

7 If ft ^ 2, under what conditions on a, by n will all the roots of x n — nar 
4- b « 0 be equal? 

8 If r X y r 2 , r 3 are the roots of a? 3 — 3x 4- 3 = 0 and *i, s 2 , 83 the roots of 
x 9 — x 2 — 1 = 0, find the sum of the nine numbers (r* 4- s,) 2 . 


5. Transformations of the roots The problem sometimes arises 
of finding a polynomial whose roots bear a specified relationship to 
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the roots of a given polynomial f(x) without first finding the roots 
of f(x). For instance, suppose we seek a polynomial whose roots 
are 2/r, 2/s, 2/i, where r, s, t are the roots of f(x) m -f- ax * 4* 
6r + c = 0, c 0. 

First solution From the relations among the roots and coeffi- 
cients, we have 

2 . 2 , 2 0 si -+->$■(- rs_ 26 

r s + i rsi '-^c 

= s + r _ 4 

r 8 ~ r t ~ s t rst —c 

222 = 8 ^ = _ 8 _ 
rst rst -c 

Therefore, one polynomial with the desired roots is x* + \2b/()x * 
-j- (4a/c)r + 8/r. Mult inlying by c, we obtain another, cx* + 
26r* + 4ax + 8. 

Second solution Let y — 2/r. Then x = 2/y. In f{x) = 0 
replace x by 2 y and multiply through by j/’. We obtain cy l + 
26y* + 4ay + 8 =-- 0. 

To justify this method, denote the polynomial in y by g(y). 
Then, from the way in which it was obtained, g(y) — y*f(2/y) for 
y 0. 

Since /(r) -= (r - r){x — s)(r — t), therefore for y ^ 0 
g(y) = y 3 -- r) - *) (^ - tj - (2 - ry )( 2 - sy)( 2 - ty) 

” -’*(<' - 3 ) (»-?)(»- ■') 

The last expression is a polynomial in y. So is y(y). Since they 
are equal for all values of y except possibly y = 0, they are equal for 
infinitely many ’ alues of y. Hence t’ <. k are identical (§4, Ch. 2). 

From the factored form for g(y), we see that 2/r, 2/s, 2/t are the 
roots of g{y). 

Exercises 

l If r, s, t are the roots of *• + ax* 4 bx + c =■ 0, find an equation for 
which the loots are: 
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a) 3 r, 3 $, 3 1 

b) -r, —t 

c) ra, rf, st 

d) r 2 , a 2 , t 2 

e) 1 /ra, 1/rtj 1 /st if c ^ 0 

f) r 4 2 , a 4 * 2 , £ 4 ~ 2 

ft) ( 2 /r) - 2 , ( 2 /s) - 2 , ( 2/0 - 2 if c ^ 0 

li) (r - l)/(r + 1), (s - 1)/ (s + 1), (f - «/« + 1) if r ^ “M * -1, 
£ -1 

i) rs 't, rt/s , af/r if c 5^ 0 

j) r -f 8, r + £, a + t 

k) r + s — £, r 4 “ £ — s, a 4 - £ — r 

l) V**, — y/r t Vs, — Vi, VO — V* where Vr, V«, V* arc any 
square roots of r, s, £ 

2 Pi ove. The loots of f/oJ? n — Oir n-1 + a 2 z n ~ 2 — fl d :r w " 3 + • ■ • + (“!)*«» 
ate the negatives of the roots of cioX n +- aix n ~ x 4- o 2 a* n “ 2 + • * • + o». 
lienee, find a polynomial whose roots are the negatives of the roots of: 

a) .i' - 3 j* 2 - Sj- 4 5 — 0 d) 2x 4 * 4- - 3 x 2 4 - 4 a* = 0 

b) 3 -r 1 4 .r 1 - 7x 4 - 4 =- 0 e) 3x J — 3 x 2 — 2 = 0 

e) 4a- 6 7 8 4- 2jr fc - j 2 -t t - I - 0 

3 l*ro\e: If (/„ 5* 0 , a n 5* 0 , the roots of a n x n + dn-ix*- 1 4 - • * # 4 <i\X 4 - 

<io — 0 me the reciprocals of the roots of a ox* 4- ciix n ~ l + • • • + a n 

4 r o n =- 0. lienee, find equations whose roots are the reciprocals of the 
roots of the equations in ex. 2 

4 Pio\e* The roofs of uoX n + <u kx n 1 4 - u?fr 2 a: n 2 4 * * • • 4 - a n ^k n ~ l x + 

a H k n =- 0 aie the loots of a 4- 1 4 - * • • 4 - a n ,iX 4 - — 0 each 

multiplied by k. Ilence, find equations whose roots are the roots of the 
equations in ex. 2 each multiplied by (a) —2, (b) (e) t. 

6 For each of the equations in ex. 2 find a k so that an equation whose 
roots are the loots of these equations multiplied by k shall ha\e integral 
coefficient* and leading coefficient 1. 

6 Show, by the second tiansformation method above, how to find a poly- 
nomial whose roots are those of f{x) each meieased by h. 

7 If ri, r 2| * • * , r„ are the roots of f(x) = 0, and cr, ft 7, S are constants, 
not both a and 7 zeio, and none of the numbers 7 r t 4- 5 (t = 1, 2, 
• • • , n) is zero, show that the second method above is applicable to 
finding an equation for which the roots are (or. 4- 0)/(yr% + 5) (i = 1, 
2, • * • , n). 

8 Find an equation the roots of which all differ from the roots of x % 4 - ox 2 
4- bx 4- c =• 0 by the same number and in which the coefficient of x 2 is 
zero. 
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9 Let f(x) z=fi(x) +/ 2 O&) where /i(x) contains the terms oif(x) involving 
odd powers of x and / 2 (x) those involving even powers. Write /(x) = 0 
in the form /i(x) = — / 2 (x) and squaie both sides. Show that in the 
resulting equation only even powois of .r appear. In this equation 
replace x 2 by y. Show that the loots of the equation in y an* the squares 
of the roots of /(x) = 0. [Hint: Show fl(x) — f\(x) s f{x)f(—x).] 


6. Common roots To find the common roots of tw o polynomials 
it is usually not necessary to lmd all the roots of either one, as the 
following theorem shows. 

THEOREM 

If 7)(.r) is a I1.C.F. of f(x) and g(x), r is a tommon root of f(x) and 
</(x) if and only if r is a root of D(x ). 

Froof: By the factor theorem (§3, Oh 2), if r is a common root 
of fix) and 0 (x), u - r is a common fa< tor. But every common 
factoi is a factor of D{x ), by definition of a II. C F. (§8, Ch. 2). 
Hence, if r is a common root of /(. 1 ) and g{x) it is a root of D(x). 

Comersely, if r is a root of D(x), x — r is a factor of D{x) and, 
therefore, also of /(x) and of g(x). Hence, it is a common root. 

Example 1 Find the common roots, if any, of x 4 — x 3 + 3x 2 — 
2x + 2 and x 3 — 2jl 2 + 2x — *4. 

By the Euclidian algorithm, x ? + 2 is a H.C.F. Hence, the 
common roots are 4 i v 2 . 


Example 2 Show, without finding all the roots, that Hie negative 
reciprocal of one of the roots of f{x = x A + (14 i)x 4 1 is a root. 

We first find a polynomial whose roots are the negative recip- 
rocals of the roots of f(x). Using the second method of §5, we let 

y = 1 and obtain g{y) ^ y' - (1 f i)y 2 - 1 . 

H 


If r, a, l me the roots of f(x), tho loots of (/(//) are 



-1 


t 


Thus, one of - -> — -j is a root of f{x) if and only if f(x) and g(y) 

r s t 

have a common root. Further, every common root is a root of f(x) 
whose negative reciprocal i* a root. 

By the Euclidean algorithm we find that x — i is a II.C.F. of 
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fix) and gix). Thus, i is a root of fix) whose negative reciprocal 
—4 = i is a root. 

i 

Exercises 

1 Prove: A common root affix) and gix) is a root of every remainder in 
the Euclidean algorithm. (Thus, when we arrive at a remainder 
whose roots can be iound easily we can determine the common roots 
without cauying the algorithm to its conclusion.) 

2 Find the common roots, if any, of the pairs of polynomials in ex. 4, §9, 
Ch. 2. 

3 Show, without finding all the roots, that one root of 

a) 4a: 4 + 4x 3 — 5x 2 — 9x — 9 =■ 0 is the negative of another 

b) 2x 4 — x 3 + 5x 2 — x + 3 =■ 0 is the reciprocal of another 

c) lKx 3 + 9x 2 — 5x — 2 - 0 is twice another 

d) 4x 3 — 13x 4- 6 -- 0 differs from another by 1 

e) 2x 3 — x 2 — x — 3 = 0 is the square of another 

4 Find the -value* of k lor which there is a common root: 

a) x 5 — 2j 3 — 3x- + 4 — 0, x 4 + x 3 — x 2 — kx — k = 0 

b) X 3 - 2x 2 + k = 0, x 3 - 3x 4 2k - 0 

c) x* 1 - 2x 4 k - 1 - 0, x* - 2 j 2 - lx. 4- 2k - 1 = 0 

d) x 2 — Cu 2 4- 3x — 2 a* = 0, x 5 — bxr — 14 A* =■ 0 

e) x l + kx " -1- A 2 — 1 ■= 0, x* 4- lx — 1 -=0 

f) x 3 - ik 2 + l)x 4 k =- 0, x 3 - (k 4- l)x 2 + A; 2 - 0 

g) x 3 -f CMc - 2\i <? 4- (Mr* - 4/4x 4- k 2 (k - 2) = 0, x 3 4- (3fc - l)x 2 
4- (M 2 - 2k - l)x 4- (A' 2 - \){k - 1) - 0 

5 Show that there i* no common loot if k is real: 

a) x 3 4- x* 4- (A* - l)x h k - 2 - 0, x 2 4- x 4- k = 0 

b) x 3 — A'j 2 — Ax — k — L = 0, x 8 — kx 2 + kx — k 1 = 0 

6 For what values of a and b is there a common root? 

a) x 3 4- ox 4- b - 0, x n 4- x* 4- ux + b = 0, n > 3 

b) x 3 4- ax 2 4- b =■ C, x 4 4* (« 4- J)x’ 4- (a + l)x 2 + bx + b = 0 

c) x 3 + (a 4- l)x 2 4- (« 4- 1 — 6 2 4- ab)x 4- oh — 6 9 4* b « 0, x 3 4“ «x 7 
4- (1 - b 2 + ab)x 4- & = 0 

7 If a 0 and x 3 — 3o 2 x 4- & = 0 and x 3 — 2a 2 x 4- b — a 3 = 0 ha\e a 
common root, then the Hist equation has a multiple root. 

8 fix) and gix) have a common root if and only if they are not relatively 
prime. 

9 If fix) and ^(x) are in $F[x] and /(x) i& irreducible over £F, and fix) and 
gix) have a common root, then fix) is a factor of gix). 

10 If fix) and gix) are in ^[x] and have exactly one common root, regardless 
of its multiplicity for either /(x) or g(x), then that root is in 
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11 lif(x) and g(x) are in $[x] and f(x) is irreducible over SF, and every root 
of each is a root of the other, then g(x) s c/ n '(x), where m is a positive 
integer and c is in ff. 

12 If f(x) is irreducible over it cannot have two distinct roots whose 
difference is in ff. 

13 If f(x) is a cubic polynomial in ff[xl and has a non-zero root which is 
twice another root, then all the roots of f(x) are in ff. 
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1 . Derivatives When the values of x and f(x) are real numbers, 
the derivative of f{x) for any value of x is defined in the calculus as a 
certain limit. To extend this idea when x and fix) have imaginary 
values first requires the extension of the concept of limit. For poly- 
nomials, how ever, we can avoid this by defining the derivative in a 
purely algebraic way. 

Lot ,/V) - a, ».r M + a L x n ~' -!-*••+ a n -i-r + where the co- 
efficients ma> l>e any complex numbers. 

If // > 0 we define the derivative of f(x) to be ti(iox n ~ l + (n — 
l)a\X n ~ 2 +-**d 2a, *r + i. 

If n = 0 we definite the deii\ativ T e of fix) to be the zero poly- 
nomial. 

We denote the derivative of f{x) bv/'(.r). 

If f[x) is of degree n 5 1, f'(x) is of degree n — 1 and if f(x) is a 
constant its derivative is zero. 

The derivative of f\x) is called the second derivative of f(x) and 
is denoted by /"(.r). The derivative of is called the third 

derivative of fix) and b denoted by Etc. 

The /fth derivative f a 'ts) is also called the derivative of order l\ 

It is sometimes convenient to refer t o /(.r) itself as its Oth deriva- 
tive and to denote it by f { '"(x). 

To differentiate a polynomial is to obtain ils derivative. To 
differentiate it I: times is to obtain its /fth derivative. 

From the purely algebraic definition we can obtain the usual 
rules for operating with derivatives. 

THEOREM 

Thv (hrimlh't ± g(r) ibj\x) ± y f (x). 


The proof is immediate. 
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COROLLARY 

The derivative of a sum of 'polynomials is the sum of their derivatives . 

THEOREM 

The derivative of f(x)g(x) isf{x)g'(x) + f'(ji)g(x). 

Proof: If either f(r) 0 or j/(a ; - 0, the' desired result is imme- 
diate. I fence, suppose' neit her vanishes ident leally . Let the degree 
of f(j)g(x) be v . 

If w = 0 them f(x) and g(x ) are constants and again the desired 
resul I is obvious. 

Proceeding by mathematical induction, suppose the desired 

result established for n = 0, 1, « • • , A. Lei u = A + 1 and 

f(x) — ax p + /iU), a * 0, /i(a*» “ 0 or of degree at most p — 1 

g^x) - hx 11 + y\(s), b 0, (/iU) E - 0 or ol degree at most q — 1 

Then 

f[.r)(j(x) - abj p 1 *' | ax p g iK x) + bs^fiix) + Mx)gi(x) 
the' the' ne'in abo\C\ 

[/(.e)e/(.r)]' =. 1 f ■+ + [(h"*)fi(jt)\' h [f\U)gi(x)Y 

Kach of the last three te'rius either vanishes identically or else 
the hypothesis ot the induction applies to it. In either case 

L/VM-01' 3 (P 4 q)alH' r r- 1 f- cu '</[(/) f pax*~ l gi{x\ 

. bx“f[{x) d qhx • Vila*) d 
^ \ax p d- /i^)JM« # 1 v ffi'Oul 

+ \p<u"’ 1 + flU + 0 i(.r)] 

- f(r)g'\x, + f\x)g{x) 

Thus, the de'sire'd result is established ior w — J + 1. 

By the principle ol mathematical induction, the theorem is 
proved. 

Exercises 

1 If /'(a") 0, f ( x) is a constant. 

2 If f'(x) - / 1 r), then f(x) ■== g(x) + c where c is a constant. 

3 If /( x) is of degree n 'll l, then f a (x) is of degie* 1 n — A* (k =* 1, 2, 

• • • , w). In particular, / tB ( r) n Vf w here a is the leading coefficient 

in /(r). 

4 If f (k) (x) = 0, then /(a;) is identically zero or of degree less than &. 
(Exercise 1 is a special case with k - 1). 
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*6 If m is a positive integer, the derivative of /"(x) is mf m ~ l (x)f'(x). In 
particular, the derivative of (x — a) m is m(x — a)* -1 . 

6 The derivative of f(g(x)) is f(g(x))g'(x). (This is called the com- 
posite function, or function of a function, formula.) 

7 If the coefficients of /(x) are in field ST, the coefficients of all the deriva- 
tives of /(x) are in (F. 

8 If g(x) and A(x) are relatively prime, neither a constant, and /(x) s* 
g(x)h(x), /'(x) is not divisible by g(x) or h(x). 

9 If Co, Ci, • • • , c* are constants, c 0 ^ 0, and Co/(x) + cj'(x) + • • • + 
c */ ll '(x) = 0, then /(x) s 0. 

10 If /(x) = g(x)h{x), then g(x)f'(x) — f{x)g’(x) = g%r)h'(x). 

11 If g(x)f'(x) — f(x)g'(x) is divisible by g\x), then /(x) is divisible by 
g{x). (Hint: Let 7) be a H.C.F. of / and g,f=DF,g = 7)6’.) 

12 If f{x)g'(x) — g{x)f'{x) = 0, then tlieie exist constants a and b, not 
both zero, such that <i/(x) + %(x) — 0, and conversely. (Hint: Use 
ex. 11.) 

13 If /(x) = g(x)h(x), g(a ) - 0, g'(a) 9* 0, then h(a) = f{u)/g'(a). 
(This is a sj>ecial case of l’Hospit.d’s rule.) 

14 Find all polynomials f{x ) such that: 

a) /"(x) ^ 0 

b) x/'(x) - 2/(x) - x - 2 

e) f"(x) — x/\x) + 2/(x) =- 0 

d) (x 2 + li/"(x) - 2 xj'(x) + 2/(x) *r 0 

e) x(x - 1)/"(x) - (2x - l)f'(x) -I- 2f(j) - 2x 6 - 3x* 

16 Under what conditions will [/(x)j(x)]' - f(x)g'(x)'l 


2. Multiple roots 
THEOREM 1 

If r is a root of /(x) ^ 0, ils multiplicity is the smallest vahtc of i for 
which / (, '(r) 0. 

Proof: If the multiplicity of r is m, then /(x) — (x — r)”V/(x) 
whore g(r) ^ 0 (§2, Uli. 3). 

By the rules for differentiation (§1 and ex. 5, §1), 

f(x) sz (x — r) m g'{x) + m(x — r) m - ] g(x ) == (x — r) m_1 yi(x) 

where gi(r) = mg(r) 0. 

Differentiating again, we obtain in the same way 

/"(x) - (x - r)-’0 S (x) 


where g t (r) j* 0. 
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Continuing in this way, we finally obtain 

/‘"'"Or) * C* - r)g m -i(jc) 

where g^-iir) 0. 

Differentiating once more, 

+ (x - r)(/ m _^x) 

from which f m) (r) = g m i(r) ^ 0. 

Hence, / w (r) = 0 for i — 1, 2, • • • , m — 1 and/ lm) (r) 5 * 0, 
and the theorem is proved. 

THEOREM 2 

r is a multiple of /(. r) 0 if and only if it is a common root of f(x) 

and f{x). 

Proof: Apply theorem ! . 

THEOREM 3 

r is a multiple root affix) if and only if it is a root of a 1I.C.F. affix ) 
and f'(jr). 

Pioof: Apply theorem 2 and the theorem of §0, Oh. 3. 

THEOREM 4 

If r is a root affix) of multiplicity m, it is a root of fix) of multiplicity 
711 — 1 ( where to lain care of th" cose m ■= 1 , a root of multiplicity zero 
is understood not he a root). 

Proof: Apply theorem 1 to f\j ). 

THEOREM 5 

If r is a root affix) of n> dtiplleily m, and D(x^ is a H.C.P. of fix) and 
fix), then r is a root of D{r) of multiplicity m — 1. 

Proof: litl f(x) s. (x — r) m g{x) \\ hero g(/) is not divisible by 
x - r (§2. Oh. 3). 

By theorem 4, fix) = ix — r)”* -1 / i(x) where h(x) is not divisible 
by x — r. 

Since (x — r)” 1-1 is a factor of both f(x) and fix), it is a factor of 
D{x). Hence r is a root ot D(x) of multiplicity m — 1 or higher. 

If r were a root of D(x) of multiplicity m or higher, D{x) would 
be divisible by (x — r) m . Since D(x) is a factor of fix), fix) would 
also be divisible by (x — r) m , which is impossible. 
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Thus, r is a root of D(x ) of multiplicity m — 1, and the theorem 
is proved. 

THEOREM 6 

If f(x) is of degree n ^ 1, D{x) a H.CF. of f(x) and f'{x), f(x) s 
D(x)g(x), then g(x) = ctx — n)(x — r 2 ) ■ • - (x — r*) tcAerc c is a 
constant and ri, r 2 , • • • , n are the distinct roots of f(x). 

In other words, g(x) has the same roots as /(x), but each root is 
simple. 

Proof: Let f(x) = a(x — ri) mi (x — r 2 ) Wi • • • (x — n) m *, where 
7*1, r 2 , • • • , r* are the distinct loots of /(x) of multiplicities t??j, m>, 
■ • • , ^ 1 *. 

By theorem 5, each r» is a root of Ah r) of multiplicity m t — 1. 
Hence J)(x) == (x — riV" r '\x — tu)"* 1 • ■ • (x — and 

none of the r, is a root of A(x). 

Every root of A(xJ is a root of /(.r), since 7)(x) is a factor of jf\x). 
Since none of the )\ is a root oi A(x ), and f(.i) lias no roots besides 
these, A(x) has no roots. Therefore, hU) ifc a non-zero constant, so 
that />(. i) -= fax — — O* - 1 • • • (x — n) wl *“ 1 . 

Thus, if /(.<j “ 1){j. )f/(x) then #/(x) -r (u/A)(x — ri)(x — /\.) • • • 
(x — n) y and the theoiem is proved. 

Example Test j\x) = x 6 f x 1 + 3x 2 -f- 2x + 2 for multiple roots. 
fix) - Or* + 4.r 3 f fix + 2 - 2[3x' 4 2x 3 4- 3x + 1) 

By the Euclidean algorithm, a 2 4~ x 4- I wa Tl.C.r. of f(x) and 
/'(x). The roots of tliis II (’ F. are 1 — 1 ± i a/ 3), each simple. 

Hence, each of these i- a double root of f(x). 

Since J (. — l J i \ 3» are double roots of f(r), [c — ( — 1 4" 
i v / 3)/2] , [x - f-l-fv 3) 2] 1 “ (x 2 f x 4- l) 2 - x 4 + 2x 3 + 3x 2 
4- 2x 4- I i*» a factor. The other factor is .i 2 — 2x + 2, with 1 4~ i 
and 1 — i as roots; these aie the remaining two roots of /(x). 

Exercises 

1 Test foi multifile root*- : 

a) x 6 4- 80x 2 4- 24CU f 192 - 0 

b) x® — 12x 4-5 = 0 

c) x® - Ox 6 4- I.ur 4 - 20x* 4- 12x 2 -1 = 0 
(1) x 4 - 9x 3 4- 23x 2 - 3x - 30 = 0 

e) x 4 - 9x 2 4- 4x 4* 12 = 0 

f) x 3 — 6ix — 4i 4-4 = 0 
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g) 27x 8 + 45s 2 - 36s + 20 - 0 

h) x 5 - 5s 3 + 10s + 4 = 0 

i) x 6 - Os 4 + His 3 - 9x 2 + ] =0 

2 Find all the values of k, if any, for which there is a multiple root: 

a) x 3 + 3A*x +16 — 0 

b) x 3 + Mi* + GAx + 4k - 0 

c) s 4 + 2s 2 + 4kx + Qh* + 1 =0 

d) x 3 - Mx + k = 0 

e) x* + 4 kx + Sk — 0 

f) x 4 + (k — 3)x 2 — 2 (h — I )x j- A* = 0 

g) s 4 + 4A;x 3 + 27/r 1 = 0 

h) x 6 - ok*!' + lOA^x + A 6 - 0 

i) x & + 5fcx 4 + 4 k* = 0 

j) x J - 3A:x 2 + (M* - 9 )x 4 9A; - V =- 0 

k) x 4 + 4A:x 3 + 27 - 0 

3 x 3 + 3 ax + 6 — 0 has a multiple root if and only if 4« 3 j* 6 2 = 0. 

4 If x 3 + Sax 2 + 36x + c - 0 has a multiple root, then either 6 = a 2 and 

—a is a triple root, or b t* a* and ^ is a double root. 

5 If fix) is of degree n , /( j ) and/'(x) cannot have more than l 2 n distinct 
common roots. 

6 If /(x) is iuedueiblc over all its roots are simple. 

7 li f\i) is in ^[.rj and has a smgle multiple loot, the other roots, if any, 
being simple, then that io*#t is in .T. 

8 II f[x) is a cubic pol> uomial in .T[xJ and has a multiple rout, then ail the 
Toots of fix) are in ;7. 

9 if fix) is not a i Oxietant a* J e n iy root of/\x) is a root of fix), then all 
the roots of /-a) arc equ il. 

10 If p 7*~ 0, x* d Tipx' -j Sp'x 4 2</ - 0 has no root who^-c multiplicity 


e\ceeds two. 

11 Show that l is u simph* »oot of j M t N2 1 - n» n - 1 — 0, t? > 2. 

12 a; Show tint i is a simple root of x n + r 2 — x — l - 0, n > 2. 

1>) For what vilaes of w is —1 a multiple root 7 

13 Show that the following ha\e no multiple roofs. 

a) (l 4 x)' 4 + 1 1 — xy = (),/?- 1 

b) x n + ~nj "- 1 -+ 1 -- 0, n ^ 2 

c) x n + x H " y f I = 0, ?i S 2 

14 If 7i > 1 then x" n 4 2nax n + nb — 0 lias a multiple root if and only if 
6 = 0 or 6 — 7ia\ 

15 Find a 9 b and n so that 1 shall be a triple root of x n + n(n — l)nx* + 
n6x — 3 = 0, 7i ^ 3. 

16 If n > 2, find all values of a for which x n + nax 2 — (w — 2)a = 0 has a 
multiple loot. 
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17 If n > 1, (n — l)x n — ridai"" 1 + 6 = 0 has a multiple root if and only 
if 6 = 0 or 6 = a*. 

18 Find all integral values of a for which x n + n(n — l)x 2 — 2 n(n — 2)ax 
+ (n — l)(n — 2 )« 2 = 0, n > 2, lias a multiple root. 

19 If n > 1, Or + l) n — ,r n — 1 = 0 has a multiple root if and only if w — 1 
is divisible by 6. In this case the multiple roots are the imaginary cube 
roots of 1 and each is a double root. 

20 Let fix) l>e a non-constant polynomial in $[*], V\i*)Vz 00 * * * 74*0*0 
its factorization into primes in £T[jp], no two of the primes associates. 
Prove: 

a) The multiplicity of each root of f(x) is one of the numbers i\, i 2y 
• • • , I*. (Hint: Use cx. 6 above and ex. 9, §6, Ch. 8.) 

b) If r h r 2 , • • ■ , r p are all the distinct roots of fix) of mulitplicity i 

(where ? is one of i i? i 2 , • • • , n), then ( x — — r 9 ) • • • (x — r z ) 

is in ft[.r]. 

21 If f(x) is in fT[.r] and one root has a multiplicity different from that of 
ail the others, then that root is in ft. (Hint: Use ex. 20. Kx. 7 is a 
special case.) 

22 If fix) is in and fU) ~ gKa*), where m is a positive integer and ^(jt) 

has leading coefficient 1, then g[x) is in ft[j*]. (Hint: Use cx. 20.) 


3. Expansions of polynomials Let fir) be a polynomial whose 
degree, if any, does not exceed the integer n > 0. Let r h r 2 , • • • , 
r v be n complex numbers, not ucrcA-arily all distinct (if n = 0 there 
are no r’s). Then (ex. 17, §4, Ch. 2) f(x) is uniquely expressible in 
the form 

f{x) SC 0 + Ci(x - Ti) + c 2 (x - Ti)(x — r 2 ) + • • • 

+ c n (x - r i)(x - r 2 ) • • • {x - r n ) 

where Co, ci, • • • , c n are constants. 

One way to obtain the c t is to multiply out the expressions on the 
right side, collect terms involving like powers of x, and equate 
coefficients of like powers of x on both sides of the equation. From 
the resulting equations we can then determine e n , Cn- 1 , • • • , Ci, r 0 
successively. This is straight forward but laborious. 

Another and simpler way is by successive application of the 
division algorithm (§6, Ch. 2). Observe that if fix), as expressed 
above, is divided by £ — r± the quotient is /i(x) = c\ + c 2 ix — r 2 ) + 
c*ix — r 2 )(x — r 3 ) + • • • + c n ix — r 2 )ix — r 3 ) • • • (x — r n ) and 
the remainder is cq. 
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If /i(*) be divided by x — /* 2 the quotient is f 2 (x) « c 2 + CsGr — 
r-i) + • • • |- c n (x — n)(x — n) • • • (x — r n ) and the remainder 
is ri. 

Continuing this, we see that r 0 , ri, • • • , r n -i are the successive 
remainders as we divide f(x) and the successive quotients by x — r*i, 
x — x — r n respecti\(*lv. By comparing the x n terms, 

we see that c u is the leading coefficient of f(x). 

Example Expiess f(x) — 4r* — 7a* 2 + 2a; — 1 in the form Co + 
CiJ* + c&(x — 1) + c ar(r — 1 j(a* — 2). 

IIcic h = 3, n = 0, r* = J, r 3 « 2. 

If wo peitoTin tlu indicated opeijtions in the desired expression 
and collect loims involving like povveis of x, then 

tx 1 — 7x 2 -h 2a — 1 < ji ( -3c» f r^r 1 

+ (2 c\ — C 2 + C\)x + Co 

By equating (ocflnionts, ( \ — 1, —3 Cj + r 2 = —7, 2 c 3 — c 2 + 
2, e (( - - 1 1 loin tln^e we obt un ( > = 1, c 2 = 3, ci •= —I, 

c o = —1, so that 

/(O - - l — x f- Sf\r — 1 ) 4- 4r'c - 3 )(r — 2) 

If \vc pioceed 1>> the second method above, we have 

4-7 2-1 |0 

0_ ° 0 

4 2 - l — .’o [L 

1 - 3 

4 -3 -1 - ci [2_ 

8 

4 5 = r 2 

4 = 0 


4. Taylor expansion One of the most useful expansions of a poly- 
nomial is the tvpe in which the ri, • • • , r n are all equal. In 
this case the expansion has the form 

/(a*) as co f ci(r — h) + c 2 (x - 7i) 2 + • ■ ■ + c n (x — h) n 

wdieieco, n v • • • , c n are constants 

This is called the 'Taylor expansion of f{x) in powers of x — h. 
For h — 0 it is the usual form in which a polynomial is written. 
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As before, the constants are most quickly determined by suc- 
cessive synthetic divisions. 

Example Expand f(x) = 4x® — 7x® + 2x — 1 in powers of x — 2. 


We have 4—7 2—1 [2 

8 2 8 

4 1 4 7 = Co 

8 18 

4 9 22 = ci 

8 

4' 17 - c 2 

4 — C3 

Hence, /(r) «7 + 22u - 2) + 17(4; - 2)* + 4(x - 2) s . 


One of tlie reasons for the import sinee of the Taylor expansion 
is the fact that the coefficients ol' the powers of x — h are related 
to the values of the dem nines of f(x) for x — h. This fact, 
demonstrated in the follow ins, theorem, shows that f(x) is completely 
determined by the values ol its derivatives (including the zero th 
derivative) lor a single value of x. 


THEOREM 


In the Taylor expansion 

„ _foi) _nh) . . 

1 ~ l! ? ~ "2! ’ 


of fix) in powers 
/<■'(/») 
i! 


of 


c, 


x - h, Co — f(h), 
f"\h) 

n\' 


» c„ = 


Proof: By successive different iation, 

f{x) - Co + cit.x — h) -f c 2 tx — h) i + • • • + c,(x — A) 

-f • • • + r„(x — h) n 
f'(x) - ci + 2c 2 fx — h) 4- 3c, (x — //i J -)- • • • 4 — hf- 1 

4 - • • * 4 * or n (x — h) u - 1 
f'(j ) 2r 2 4- 3 • 2( ,(x - h) f 1 • 3ci(.c - h) ’ 

4 •••!(/ — l)c,(x — /O’- 2 4- • * • 4 «(.» — l;c„(x — /O” - * 


f u, (x) ss i(i — 1)(? — 2) • • • lc, 4- (i 4- l)*(f — 1) • • • 

2c,+i(x — h) 4- ' * ' 4- »(n — 1) • ■ ■ (» - » 4 — h) n ~ i 


/ ( " _,) (x) sz n(n — 1 )(ft — 2) • • * Jc„ i 

4- n(n — l)(/t — 2) • • • 2c n (x — h ) 
/<*>(x) s «(« — l)(n — 2) • • ■ lc» 
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The desired result now follows immediately by letting x = h in 
these equations. 

Exercises 

1 Expand in powers of x — A : 

a) 2x* + x 2 -bx + 2,h= -1 

b) a* 4 - 12x a + 216x - 405, A = 3 

c) a: 3 4 13a; 4 2, A = 2i 

d) a; 4 + (Si* - 4)a* 3 - (18 +■ 24i> 2 + (44 - 6i)js + 2*i - 7, ft - 1 - 2t 

e) 9a; 3 — 9a; 2 , A = 

2 Express the given polynomial in the specified form: 

a) a; 3 ; e 0 4 CiJ? 4 r*r(a; +1)4 <vU + IK* 4* 2) 

1)) x z - l;c 0 + fi(.c 4-1)4 c»{x + ])(x — 2) 4- c A (x + l)u — 2)(x — 3) 

c) a* 4 - 2a* 3 - a* 2 :r 0 f c Jx — 1) + r.(x 4 ljfx — 1) + c*(x 4 l) 2 (a? — 1) 

4 H 2 (a* - I) 2 

d) a- 1 — a* 3 4 3a; 2 — 2a* 4 1 ’ r 0 -|- Cja* + ry* f cy(x — 1; 4 c^Hx 7 — 1) 

e) x 4 — a: 3 — J ; c 0 4 r,(j 4 i) -+- r/a*- 4 1)4 e„(a* 2 4 l)(ar 4 i) 4 
r^x* -h l) 2 

3 Trove: Jf /(a*) rr r 0 4 t’jfa: — A) 4 c»(x — AV + ■ • • + c u (x — A) n , 
then the roots of c 0 4 tv T c y £ j- • • ■ 1 c n x n are the* roots of f(x) 
each diminished !>v A. (See ex 15, §5, Di. 3 ) 

4 Using the result of ex. 3 find (by Mircc-sive synthetic divisions) a poly- 
nomial whoso roots are the roots <4 the given polynomial each diminished 
or increased ns indicated: 

a) x x — x* -| 2a* 2 4 1, diminished by 3 

b) a* 1 — a* 3 4 2a* 2 f 1, increased l.j 1 
r) 2a* 1 — x 2 - 2x 4 3, m« fist .] by 4 
d) 2a; 3 — a* 2 — 2a; + 3, diunni+ied by 2 

c) x 4 — 2a* 3 + 3a* 2 - 2a* f 2, diminished by i 

f) 2a* 4 — 3a* 2 + 7a: — 1, increased In 2 

6 If g(x) is of degree n, evtiy polynomial of degree n or less is uniquely 
expressible in the form r<#' n (a*) + c x g • “ l (a*) + • ■ * -p Cn-i^tar) 4 
c n g (Q) (x). [The Taylor expansion ii powers of x — A is a special rise with 
g(x) ^ \x - A)"-] 

6 Let g(x) x z — a* 4 2. Express Oa* 3 4 3a: 2 4 *1 in the form described in 
ex. 5. 

7 If Ao. Ai, • ■ * , A n arc complex nuuibers, h n ^ 0, there is a unique 
polynomial /(a?) of degree n such that f{x),f\x), • • * ,f {n \x) are equal 
to Ao, Aj, • • • , A„ respectively for a; = A. 

8 If f(x) is of degree a and has real coefficients, A is real, and /(A) ^ 0, 
/'(A) £= 0, • • • 9 f ini i A) = 0, then f(x) has no real root greater than A. 



POLYNOMIALS WITH REAL COEFFICIENTS 


Unless otherwise stated, all polynomials considered in this 
chapter will be understood to have real coeflieicnts. We denote the 
field of all real numbers by (ft. 


1. Factorization We have seen (§12, Ch. 2) that a polynomial 
with coefficients in a field (T is unique^ factorable into polynomials 
with coefficients in ST and irreducible over For further informa- 
tion concerning the factorization of polynomials in (ft [a], we should 
like to know what polynomials are irreducible over (ft. 

We have already .seen that every linear polynomial is irreducible 
(§12, Ch. 2). A quadratic polynomial over 01 is reducible o\er (\\ if 
and only if it has a linear factor with real coefficients; hence if and 
only if it has a real root. Thus the quadratic polynomials irreducible 
over (ft are tlio.se which have no real roots. 

Are there anj r othci polynomials irreducible over (ft? We shall 
show that the answer is no. To do this tvc shall first prove two 
other theorems lvhich are useful in several connections. 

THEOREM 

If f(x) -/■ 0 and g(x) are in SF[.r] 7 g(r) irreducible over ST, and f(x) and 
g(x ) have a common root , then f(x) g n (x)h(xj where n is a positive 
integer , h{x ) is in 5VJ, and g{j. ) and h(x) have no common root . 

Proof: IiCt D{x) bo a II.C.F. of j f(r) and g{x) in $[s]. Every 
common root of f(x) and g(x) is a root of D(x) (§0, Ch. 3). Since 
f(x) and g(x) have a common root, D(x) is of degree at least one. 
But g(x) is irreducible over ST, so that its only factors m $[x] are 
constants and associates (§11, Ch. 2). Since D(x) is not a constant, 
it is an associate of g{x ). 
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Since D(x) is a factor of f(x), g{x), which is an associate of D(x), 
is also a factor of /(x). 

Let n be the highest power of g(x) which divides f(x). Then 
fix) ss g n (x)h(x) where h(x) is in $[x] (§7, Ch. 2). 

g(x) and h{x) have no common root, for if they did have, then 
the same argument as before would show that h(x) is divisible by 
g(x). But, by the definition of n, this is impossible. 

THEOREM 

If fix) ^ 0 has real coefficients and a root a + bi, where a and b arc 
real aial b ^ 0, of multiplicity k, then a — bi is a root of f(x) of 
multiplicity k. 

Proof: g(x) [x — { a + bi)][x — (a — ?>?'] s- x 2 - 2ax + a 2 + 
6° lias real coefficient and, since it has no ical root, is ^reducible 
over (ft. 

Since /U) and g(j) ha\c the common root a + bi, by the pre- 
ceding theorem 

f(x) “ g\x)hx) = [x — (a + bi)] n [x - (a - fa')] n //(x) 

where h(x) has n\d coefficients and ha& neither a ~r bi nor a — bi as 
a root. 

»Since a + bi i- a root of /(.r) of multiplicity k f therefore n ■= k. 
Hence a — In is also a root of ,/(x) of multiplicity L, and the theorem 
is proved. 

THEOREM 

If f{x) of d(grc( n > 2 has real coefficients , fix) is reducible over (Ft. 

Proof: By the fundamental the rem of algebra/!/) has a root r. 
By the factor theorem, x - r is a -actor of f(x). 

If r is leal, then fix) has a factor witli real coefficients. If 
r = a + bi is imaginary, then by the preceding theorem [x - 
(a + bi)\[x — (a — ?>z)l, which has real coefficients, is a factor of 

fU). 

In either caso/(x) has a factor i<h real coefficient? and of lotver 
degree than /u). Hence fix) is reducible over (Ft, and the theorem 
is proved. 

THEOREM 

If fix) / 0 has real coefficients, it is uniquely expressible in the form 
a/i(x)/ 2 (x) • • • f P (x) where a is a real constant and each of the f % (x) 
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has real coefficients with leading coefficient 1, and is of degree one or 
two , and is irreducible over (R. 

Proof: This follows from the unique factorization theorem 
(§12, Ch. 2) and the fact that a polynomial irreducible over (R cannot 
be of degree greater than two. 

Example 1 Find a polynomial with real coefficients having l + i 
as a double root. 

If 1 + i is to be a double root, 1 — i mu. t also be a double root . 
Therefore, the polynomial must have [x — (1 + i)] 2 [x — (1 — i )] 2 
5^ x 4 — 4x 3 + 8x 2 — 8x + 4 as a factor. Since this has real coeffi- 
cients, this will serve as the desired polynomial. 

Example 2 Find the roots of f(x) ^ x 4 + 2x l + 3x 2 + 2x + 2, 
given that i is a root. 

Since the coefficients are real and i is a root, — i is also a root. 
Hence (x — i)(x + /) -- x 2 + 1 is a factor. By division, 

fU) (x>+ lbx 2 + 2x + 2) 

The roots of x 2 + 2x + 2 are — 1 + i and — 1 — i. Thus the roots 
of Ax) are /, — z , — 1 f- /, — 1 — i. 

Exercises 

1 If /( t) of odd degree has real coefficients, it has a real root. 

2 If the conjugate of every loot of a polynomial with complex coeffi- 
cients is a root of the same multiplicity, the coefficients arc real. 

3 Solve, UMrig flic ghon information: 

a) x i + 4x 3 + Sx ? + 1<>x f H> =• 0, — 2i is a root 

b) 4x 6 — 4x r> — ISx 4 + 20x 3 - 34x 2 + 2Lr — 12 = 0, l i(l + f) is a 
root 

c) x* — 4x r 4 9x 4 — 12.r 8 + 12x 2 — Kx + 4 =- 0, 1 — tisa double root 

d) x® — 2x 5 -f 2x* — x 2 -4 2x — 2 = 0, 1 + i and — i are roots 

e) x 8 — (2 + i)x s — 2(1 — i)x + 2i = 0, i is a root 

4 Form a polynomial with real coefficients sucli that 

a) 2 + i is a double root 

b) 1 + i is a simple root and t is a double root 

c) — i is a triple root 

d) 2 is a double loot and 1 — i a simple loot 

e) 1 + \/2 i and 1 — y/\\ i are .simple roots 

5 II a and k are real, find them if: 

a) x 6 + 7x 3 + 2x 2 + kx + JS = 0 has a root at 

b) x 4 + ^•x 2 + 2kx + 4 = 0 has a root a — at 
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c ) jr3 — 2ax 9 + $x + k - 0 1ms a root a -f- 3t 

d) x A + x 2 + x + k =■ 0 has a root a + 3?‘ 

e) x* + lx 2 + 3jt + 4k =■ 0 lias a loot a + \/3 i 

f) x l — 4x* +- ax 9 + kx + 4 ■= 0 has a multiple imaginary root 

g) j 4 — 4 jt 3 4 lOej* 2 — V2ax + i — 0 ha« a multiple imaginary root 

6 If a, by a are real, j; 3 d ax 2 + b = 0 lias an imaginary root a + od if 
and only if b + 2 a 3 ■= 0. 


2. Rational roots We often have to find the roots of a polynomial 
f(x) whose coefficients are not only real but rational. If each of the 
coefficients be expressed in the fin in a 'b, where a and b are integers, 
a .<] c is an integer divisible by all the denominators, then g{x) = 
cf(x) hat- integral coefficients and the same roots as f(x). Hence, in 
seeking roots of polynomials v\ itli lational coefficients, it suffices to 
consider only polynomials with integral coefficients. 

The simplest roots to look for are those which are themselves 
rational. Hut even though f(x) may ha\e integral coefficients, it 
may not have any rational loots. However, if it has, they can be 
determined by means of the following theorem. 

THEOREM 

If /Or) = a 0 x n + aix"* 1 + • • • + a n -\X + a n , where an, a h • • • , 
a r ,-i, a n ore inUgers and a (i 0, a„ 0, has a rational root p f q, 
win re p and g an nlatmty prinu inkgi rs } then p is a factor of a n and 
q a factor of a 0 . 

Proof: Since pi q is a rooi oi f(x), 



Multiplying l>oth sides by q n and transposing terms, w*e have 

Hop* = —a x p' 'q — • • • — a n -ipq "~ 1 — a n q" 

= q{ — aiP n 1 — • • • - a*-ipq n ~ ‘ — a n q n ~ l ) = qr 

Since <?i, a., • • • , a,„ p, q are i-n^eers, r is an integer. Since 
a 0 p" — qr, q i a factor of a 0 p n . Since p and q are relatively prime, 
p n and q are relatively prime (o\. 5, §10. ( h. 2, for integers). Hence 
q is a factor of a 0 (ex 0, §10, Ch. 2, for integers). 

In a similar way. from a n q n — — ao p n — ai p n-1 g — • • • — 
a n -ipg w ~ l , it follows that p is a factor of a n . 
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Example 1 Find the rational roots, if any, of f(x) = 9x A — 6x 3 — 
53x 2 + 36a; - 6. 

If there is a rational root it has the form p/q where p is a factor 
of —6 and q a factor of 9. Hence p is one of the integers ±1, 4 2, 
±3, ±6 and q is one of 4 1, 43, 4 _9. Dividing all possible values 
of p by all possible values of q, the only possible rational roots are 
±1, ±2, ±3, 4 6, ±'3, ±2 3 ' t ±i( h ± 2 (Jm 

By trial [finding /(?•) as the remainder in the synthetic division 
of /(x) by x — r], we tind that } $ is a root and 

Ax) - 3(x - £)(3x 3 - a, 2 - 18.r + 6) 

Proceeding with g(x) ^ 3x 3 — x ? — lRx + 6 as we did with 
f(x), its only possible rational roots are i I, j 2, 4 3, ±6, i J £, 
±?a. Again, is a root ot r/(x), and f\x) ~ 9(x — 1 j)-(x a — 6). 
Thus, the roots of /(.tj are 1 j, \ 6, - y(i. 

Example 2 Find all integial valuer oi A for which j* — (/; + 1)x 4- 
2k = 0 lias a rational root. 

Since the eoclficients are integers, ourv rational root has the 
form pfq where p and <y are mtouei- and q is a factor of fi {) — 1. 
Therefore, q is t 1, so that e\ery lational loot is an integer. 

If x is a root, then 

2 L — Lx — x — x 3 
/. (x — 2) = a * — r 

If o’ = 2 then 0 - S — 2, which is impossible. Hence ,r ^ 2, 
so that 



If k and x are integer-.. (> (.r — 2) in an ii^eger. Hence, x — 2 is 
an integial factor of 0. Thcrefoie, .7 — 2 js one ol the integer* 41, 
±2, +3, ±0, so (hat a is one of the integers 1,3,0, I, -1,5, —1,8. 
For these \ allies of x the co responding \ allies of /■ are 0, 21, 0, 30, 
0, 10, 10, SI. 

Example 3 Prove that \ 2 + \ 3 is irrational. 

If a = \/2 ( \ 3, then x — \ /h 2 = j/3. Squaring both sides 
and transposing terms, a 2 — 1 = 2 \Z2.c. Squaring again and 
simplifying, x 1 — IOj* + 1 —0. 
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Thus, a* is a root of a polynomial with rational coefficients. 

The only possible rational roots are 4 I , and neither is a root. 
Hence, x is not rational. 

Exercises 

1 Find the rational roots and, if possible, solve: 

a) 9x 4 + 9x J 4- Hx* — x — 1=0 
1») x* - 7x- 4 2x — 3 = 0 

c) 9x< - 12x’ 4 13x 2 - 12r + 4 = 0 

d) Sx 1 + 12x 4 + 14x* 4- 13x’ + (>x 4- 1 =0 

e) 2x 4 - 2x 2 4 7x 2 - x -| 3 - 0 

0 9.r 6 f 12a- + 40a-' + 4 ‘•a 3 4 52x 2 + 4Sx 4 10 = 0 

ft) 4a' 1- 4^ 4 9x 4 4 Sa 1 4 Ox 2 4 4x 4 1 = 0 

10 2a. 4 - 7a ' - r 1 lx- - 2Sx f 21 = 0 

i) 4x 4 - 4x* f 37a 2 - Mr + !)--() 

2 If/(x) lias intefti.il coefficients and lea dim; coefficient 1, every rational 
root is an inloftcr and a fa. tor of the constant term. 

3 Find the hitefti.il i aim s of k, i( airy, lor which there is a rational mot, 
and tor these \alm ~ of A find the rational roots: 

■0 .r 2 4 /.x- t Ax 4 2 - 0 

hi a * 4 (2 - A ;X“ - (12/.- 4 X)r -0 = 0 

e) x 4 - 4a ' - Aa'4 <>/,a 1 (> =- 0 
d) x 1 - 3Ax 2 4 A-x 4 4 — 0 

c) x 4 - 3x' I- hr- - 4x - 1 4 k = 0 

f) xM x l 4 A-a 4 A, -- 0 
ft) 2X 1 — A-a 2 4 2x — I -- 0 

h) 2x-‘ - x 2 i 2t V - IV - k = 0 

i) A-x' 4 (A: - Dx 2 - I - 0 

j) A-x 1 — A-x — 1 -- 0 

4 If x s f <u 2 /h + where n, h , r ire intoi>eis, reducible over the 
field of jiitional numbers. it is the product of a linear ai d quudiatic 
factor each with intcjii il enofiirients. 

5 Prove the following irrational: 

\/5-3\ / 2 V2-\3 

b) V2 f \ 2 ' \/2 4 

cj \ /j 2 \ '< < \ / n : 1 I, n a non -zero integer 

6 If a and b an* inters, find them under the conditions given and solve 
the equation*: 

a) a; 3 -\- ax 2 ■+ bx ' 1 0 has a double rational root 

b) x i + ax 1 +■ bx .*> 0 lias a multiple rational :oot 

c) x s + cu 2 t ix - 3 — 0 ha* only intional roots 
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7 If a, b , c arc integers, find them, and the rational roots, under the con- 
ditions given: 

a) x h + ax 9 + bx 9 + cx + 4 = 0 has a rational root of multiplicity 
three 

b) x K + ax 9 + bx 2 + cx + 5 = 0 has only rational roots 

8 If a and b are rational, x 3 — 3x 2 + Zx — 3 and x 9 — 3a; 2 + ax + b 2 are 
relatively prime. 

9 Show that the following have no rational roots: 

a) x n — 3 kx 2 + x 2 — 1 = 0, n > 2, k an integer 

b) x n + 2kx + 2 = 0, n ^ 2, k an integer 

c) x n + Zx n ~ x — 18 = 0, n > 2 

d) x 4 + x 9 + 2 n =r 0 , n ^ 1 

10 If n ^ 1, x n + (1 + x) n + (1 — x) n =• 0 has a rational root if and only 
if « = 1. 

11 If x is rational and 2x A + + 1 is an integer, x is an integer. 

12 If fix) has integral coefficients and/(0) and /(l) are odd, /(x) has no 
integral root. 

13 If f(x) lias integral coefficients and p is a positive prime integer and 

none of/(0) ? /(l), • • • ,/(p — 1) is divisible by p, tfien/(x) has no 

integral root. [Hint: Suppose tfieie is an integral root r = qp + s 

wheie 0 ^ s < p and consider /u). Exercise 12 is a special ca$e with 
P = 2] 

14 Prove: If a is a piinie integer, x n — a is irreducible over the field of 

rational numbeis. (Hint: Suppose there is a factor with the roots n, 
f* 2 , * * * f Tm . Then r = rir 2 • • • r m is rational and r n = a n . Hence 

r is a rational root of x n — cr m , which is impossible if m < w. This 

result shows that over the rational field there are irreducible poly- 
nomials of all degrees.) 

*16 Let n be a positive prime integer, fF the rational field, a in $F, and no 
nth root of a in CF. Piove: x n — a is irieducible over $F. [Hint: As in 
ex. 14, r n - a m . If 0 < m < n then Xn + pm = 1 where X, p are 
integers (§13, Ch. 2). Show a = (aV) n .] Show that the proof 
applies if SF is any field. 


3. Conjugate square roots Analogous to the result of §1 which says 
that the conjugate of an imaginary root of a polynomial with real 
coefficients is also a root, we have: 

THEOREM 

If f(x) has rational coefficients and a root a + y/b of multiplicity k } 
where a and b are rational and y/b is not , then a — y/b is also a root 
of fix) of multiplicity k. 
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Here y/b may denote either square root of 6. 

Proof : g(z) = [x — (a + y/b)][x — (a - y/b)] b x* — 2 ax + a* 
— b has rational coefficients and, we say, is irreducible over the 
rational field. For, if it were reducible, it would have a linear factor 
with rational coefficients and, therefore, a rational root. But 
neither a + \fb nor a — y/b is rational; for if a ± y/b = r were 
rational then \/b = ± (r — a) would also bo rational. 

We leave it to the reader to complete the proof as in §1. 

Exercises 

1 Solve the following equations, u u in» the given information: 

a) 2x 4 — x 3 — \2x'~ - Ihx — S - 0, 1 -\ y/b is a root 

b) x b — 4x :> + 4a: 4 — 4a* 3 -4 ~>s 2 4 *Sr + 2 — 0, 1 — y/2 is a multiple 
root 

c) x* - 7x B + 5x 4 + 32a* 3 + a* 2 - Six + 21 = 0, 2 + \/3 and 3 + a/ 2 
are roots 

d) x G — 4x* + 4a* 4 — Sx 1 4 .'vr* -- lGx -f- S = 0, 2 — is a root 

e) x 7 — So; 4 * + 12a* 4 - 7. + 23a: 2 — t>x -- 42 — 0, v^and 3 -+ V^are 
roots 

2 Form a polynomial with rational coefficients Mich that 

a) 3 — V7 is a double root 

b) 7 + y/$ is a simple root and V^a double root 

c) — y/2 is a triple root 

d) 1 + y/b and — 1 + \/b are simple roots 

e) 1 -r y/% and (1 + y/2) 1 are simple roots 

3 Prove: If f(x) has rational oell dents and a root y/n +■ \/b of multi- 
plicity k y where a and b aie nlionaljind v y/b , y/ o y/b aie not, then 
each of \/ a — y/ 6, — y'a 4- \/b, — \/ a — \'b is a root of multi- 
plicity L 

4 Solve the following, using *x. 3 and tno given inform ition : 

a) x h — x 1 — 22x 3 f 22x 2 + 25x_— 25 = 0, 2 \/2 — y/$ is a root 

b) x fi — 171 5x 2 4 205S -- 0, Vl4 — y/7 is a root 

c) x n + x b — 3ox‘ — 30X* 1 + 36x + 30 = 0, y/b + y/\2 is a root 

d) x* - x 4 4“ 117x 3 - 2x 2 - 242x - 121 = 0, v 7 5 - ? y/(\ is a root 

e) 283x 5 - 144x 4 - SI Ox 3 + 40Sx 2 4 2x - 1 = 0, \/ 2 j 4- y/?l is a 

root 

5 Find a polynomial with rational coefficients having a root 

a) y/2 + \/5 d) i and a root \Zl0 + y/l 

b) 2 y/i + 3 V2 e) y/2 - 2i y/3 

c) y/(j — y/b and a root 1 
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6 If a and b are rational, find them and the roots if: 

a) 1 — y/b is a root of 2x 3 + ax 2 + bx — 4 — 0 

b) 3 + 2 \/3 is a root of 3 j; 8 + ax 2 + bx + 2b - 0 

c) a + y/2 is a root of x 3 — 3ax 2 + for — 2a = 0 

d) 2 + y/b is a root of x A + or 3 + ax f b = 0 

e) a y* 0 and 1 + a is a root of a; 4 — 76 j: + 6 = 0 

7 If a and 6 are rational and y/a is not, find a, b and the roots if: 

a) 3 + y/a is a root of 2a: 3 — Hx 2 — V2x + 6 — 0 

b) 1 + y/a is a root of x 3 + bx 2 + x + 26 2 -- 0 

c) a + y/a is a root of x 3 - ax 2 + box + 6 =- 0 

d) 6 + y/a is a root of x 4 - 2(6 + 3)j; 3 + 14a- 2 + 4(te + 7 (a - 6 2 ) = 0 

8 If a, 5, c are rational, a; 3 + ax 2 + 6x + r = 0 has a root p + \/<7> 

where p and q are rational, if and only if it has a rational root. 

9 If a and 6 are integers, find them and the roots if x 3 + ax 2 + 6 x + 1 =0 
has a root 1 2 + where a is rational and \/ a is not. 

10 If a is rational and x 3 + ax - 4 ■= 0 is satisfied by a + y/fi and 
j8 + y/a where a and f3 are rational and y/a and y/ (3 are not, find a and 
the roots. 

11 If p and q are rational, x 3 + px 2 + q - 0 has a root a + y/a, where a is 

ration al and y/ a is not, if and only if q — ?j 7 (p + 2) 2 (2p + 1) and 

\/( — t — 2/i)/3 is not rational. 

12 If a, 6, c, d are rational and V d is not , and c f y/'d is a multiple root of 
x i + 4j' 3 + ax 2 + 6jt + 4 — a =0, find a , 6, r, d. 

13 If a , 6, c are rational ami x h — 3^ 4 -+ a . r + bx 2 + rx + 1 =0 has a 
double root d + y/e, where d and ( are integers and y/ v is not rational, 
find a, 6, c, d , e . 

14 If f(x) has rational cocflirients, and a and b are rational and aX b is not, 
and a + aX& is a root of f(x), than a + r h a + rj, « -\ r t are joc>1« of 
f(x), where n, r 2 , r s are the throe enhe root* of b. 

15 If p and q are rational and vf is not, and p and p + \q are roots of 
x* + rtx* + bx + c = 0, where a, b , c are rational, then a = c = 0. 
(Use ex. 14.) 

4. Location principle If /(x) is a real function of a real variable, 
we can obtain some idea of the values of or for which J{x) vanishes by 
graphing the function and estimating the abscissas of the points 
where the graph meets the x axis. In general, it is impossible to 
plot all the points of the graph. The usual procedure is to plot 
enough points to obtain a good idea of the graph, and then to draw 
a smooth curve through them. 
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If the graph contains points on opposite sides of the x axis, we 
conclude that the graph crosses the x axis somewhere. 

This conclusion is not always justified, but it is for the so-called 
continuous functions (including polynomials; see ex. 21, §4, Ch. 2). 
A proof of the general result will be found in texts on advanced 
calculus. For polynomials, which are relatively simple functions, 
we give a proof based upon the fundamental theorem of algebra. 

We state the result as follows: 

THEOREM 

If f(x) has real coefficients and a and b are real numbers such that f (a) 
and f(b) have opposite signs, then f{s, has a loot between a and b . 

Proof: Since /(a) ? /(M, a ^ b Suppose, to be specific, a <b. 

Since /(.r) is not a constant, it follows (as a consequence of the 
fundamental theoum ol algebra) that J\x) ^ <fi(,x)f ? (x) • • • f p (x) 
where each of the f,i i ) is lineal or quadratic, with real coefficients 
and leading coeflu iont I, irreducible over the field of real numbers, 
and c is a non-zero ioal constant. 

Ufj(x) is quadratic, then (§1) its loot are conjugate imaginaries; 
lienee 

f,(x) = [x - (a 4- / 3 t)][z - (a - £0] s <x - a) ? + P 2 

Since M 0, fj(jr) is positive for every real value of x. 

If fj(x) is linear, we may vuite it in the form x — r, where r is a 
real root of /(a). hince f(<i) and fib) aie different fmm zero, r is 
neither a nor 6. If r < a tuon x - r has the same signs for x = a 
and x = 6. The same is true if r > 6. 

Let g(x) be the pioduct of the constant r, all the quadiatic 
factors in the factorization of f(x), and all tli'* linear factors x — r 
for which either r < a or r > b. Then 

f(x) s (:r — ri) • • • (x — r, )q{x) 

where ri, • • • , r f are the remaining real Toots of f(x ) f if any, i.e. f 
those which lie between a and b , an'* g^Jt) has the same signs for 
x = a and x = 6. 

For every j, a — r 3 is negative and b — r, is positive. Therefore, 
/(a) * (a - n) • • • (a - i k )g (a) = (- 1 )*X0(a) 
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where X is positive; 

/(&) = (& — ri) - - • (6 — r k )g(b) - /#(&) 
where is positive. 

Since X and /a have the same signs, and g(a) and g(b) have the 
same signs, /(a) and /(b) differ in sign if and only if k is odd. Hence, 
k is at least one, and the theorem is proved. 

Actually the proof above shows that k is odd if /(a) and /(b) have 
opposite signs and even (possibly zero) if /(a j and /(b) have the same 
signs. Thus, if each root be counted as often as its multiplicity, 
/(#) has an odd number of roots between a and b if /(a) and /(b) have 
opposite signs and an even number (possibly none) if /(a) and /(b) 
have the same signs. 

This highly useful result we shall refer to as the location principle. 


5. Sign for large values of x If f{x) has real coefficients, we ean 
try to determine whether it has any real roots, and to locale these 
roots, by seeking values of jc for w hicli the corresponding values 
of /Or) have opposite signs. Since 1 here are many values of x which 
we can try, any means of limiting the trials is useful. In this con- 
nection the following is helpful. 

THEOREM 

If A x ) 35 a ox n + airr"” 1 + • • • + dn-ix + a n , where a 0 , a i, - • • , 
a„_i, a n are real and ao 7 * 0, ihirc exists an M > 0 such that f(x) has 
the same sign as aoX n whenever x is real and |x| > M. 

Remark Specifically, as we shall show, M may be taken as the 
largest of 2|ai/a 0 |, 2 \/|a 2 /ao|, • • • , 2 y/\ajaj[. 

Proof: For x 5 ^ 0, 

f[x) = aox" ( 1 + — + ~ 2 - 2 + • • • + ~ 

' \ aox a& 2 aoX n / 

Taking M as defined in the remark, we have 



^ M for t =* 1, 2, • • • , » 



55] 


SIGN FOR LARGE VALUES OF X 


75 


so that 

For |*| > M 
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so that 1 + Wl + a “ . 4 • ■ • + -- i =t positn e, w hich establishes 
aujr Qoi * a ( j* 

Ine desired le-uit. 

Example Show that all Ihe roots ol /(il ~ x' + 3x* 2 — 3 are real 
and loeate them between sue. e**si\e mlegeis. 

By the ninaik uhmc, f(j ) h. - tin sign of x* 'when x is real and 
|.r| > 0. Hence, /u 1 is posit i\eioi x > band negative for a* < — fi. 

Since J\(b = —3 ai d JV - 321, by the location principle l(x) 
has a loot between 0 and f . Shice/(1) = l, there is a root between 
0 and 1 

Since /(()) and /( — (»; are negative by the location principle f(x) 
has two or no negative toots. But /( — 2) - i, so tiiat f(x) has a 
root between 0 and —2 and a root between —2 and — 0. Since 
/(— 1) and /( — 3) arc neg.it he, there is a root between —1 and —2 
and a root between —2 and —3. 

Thus, f(x) has three real roots, and w T e have located them 
between successhc integers. 

Remark The location principle by itself is usually not sufficient to 
determine the number or location of real loots. Thus, in the exam- 
ple, had wc not succeeded in finding a negative valve of x for which 
f{x) is positive, w T e would not have been able to decide whether f(x) 
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has two or no negative roots. Later (Ch. 6) we shall develop other 
means of locating real roots. 

Exercises 

1 Show that: 

a) a? 8 — 5x + 1 = 0 has two positive roots and one negative root 

b) x 4 — 3x* — x 2 + 5x — 1 = 0 has three positive roots and one nega- 
tive root 

c) a? 4 + 3x + 1 = 0 has two negative and two imaginary roots 

d) X s + ax 2 + 6 = 0 has one negative and two imaginary roots if a and 
6 are positive 

e) x 4 — 12x + 1=0 has two positive and two imaginary roots. 

2 If fix) see aox n + OiZ"- 1 +•■•+«» lias real coefficients, then: 

a) If n is even and a 0 and a„ have opposite signs, there is at least one 
positive root and at least one negative root. 

b) If n is odd and ao and a„ have opposite signs, there is at least one 
positive root. 

c) If n is odd and a 0 and a„ have the same signs, there is at least one 
negative root. 

3 If —11 < a < 97 then x 4 + 16t 3 — 4Ax 2 + 3Sx + a = 0 has an odd 
number of roots, counting mill tipi i cities, between —1 and 1. 

4 If x 2 — 3a; 2 + x + a = 0, a j*- 0, has exactly one root (counting multi- 
plicities) between 0 and 1 , then there is exactly one root between 2 and 3. 

5 If x* + ax 2 + 7 has exactly one root, counting multiplicities, between 
— 1 and 1, then that root is negative. 

6 If x 4 — 2x z + 6a: 2 — x + a has exactly one root, counting multi- 
plicities, between —2 and 2, then that root is lietneeii —1 and —2. 

7 If f{x) has real coefficients, prove fix) has the same sign for all real 
values of x 

a) between two consecutive real roots of f(x). 

b) greater than the greatest real root of fix). 
o) smaller than the smallest real root of fix). 

[Note: Real numbers a and 6 are said to be consecutive roots of fix) if 
a 7 s b,fio) = fib) = 0, and/(x) has no root between a and 6.] 

8 If fid) Jf(6) and £ is a number between /(a) and/(6), then there is a 
number xq between a and 6 such that /( xo) = £. 

9 If fix) has real coefficients, /(a) ^ 0 where a is real, then there exists a 
positive number X such that fix) has the same sign as /(a) whenever x is 
real and \x — a\ < X. 

10 Extend the result of ex. 9 in case /(a) = 0 to show that Uf (k) ix) is the 
first of the derivatives f'ix), f”ix), • • • which does not vanish for 
a? = o then fix) has the same sign as (a? — a) k f (k) (a) when x is real and 
\x — a\ < X. (Exercise 9 is a special case with k = 0.) 
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6. Rollc’s theorem In the calculus the tangent line at a point 
(zo, y») of the graph of a function of a real variable is defined and it 
is shown that the slope of the line is f(x n ). It is evident from the 
graph that if f(x) vanishes for x — a and x = b, where a ?*b, there 
is at least one value of x between a and b for which the tangent line 
at the corresponding point on the graph is horizontal. At such a 
point f'(x) vanishes. 


y 



Ibis result is essentially Rolle’s theorem. It is valid for func- 
tions which are continuous for all values of x between a and b inclu- 
sive and which are differentiable when x is between a and b. It 
applies, therefore, to polynomials with real coefficients. 

For a proof of the general result we refer the reader to texts on 
advanced calculus. For polynomials we prove it as a corollary of a 
more general theore n. 

THEOREM 

Suppose f(x), g(x), and h(x) have real coefficients, a and b are consecu- 
tive real roots of f(x), and g(a) and (j J>) have the same sijns. Then 
F(x) 3= g{x)f'(x) + h(x)j\x) has an odd number of roots between a 
and b if each root be counted as often as its multiplicity. 

proof: Since f{x) has no root between a and b, f(x) ^ 0. Let 
a and 6 be roots of f(x) of multiplicities p and q respectively. Then 

f(x) = (x — a) p (x — b) q k(x) 

where k(x) has real coefficients and has no root between a and b 
inclusive. 

By the location principle, k(a) and k(b) have the same signs. 
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By the rules for differentiation, 

fix) m p(x - a^Kx - b)*k{x)] + (.r - a)*[(x - 6) «*(*)]' 

= p(x — o)*’ - J (x — b) g k{x ) -f (x — a) v [q(x — />)« _1 A:(x)] 

+ (.r — a)"(x — b)"k'{x) 

= (x — a) p_1 (x — fc) g -V(.r) 

where 7(x) = p(x — b)k{x) + g(x — a)L(x) + (x — a)(x — b)k'(x). 
Thus, 

F(x) = #(x) (x — — 6)^'/(x) f h(x)(x — a) p (x — b) q k{x) 

= (x — a) p ~\x — b)' r '/«(. r) 

where m(x) ss y{x)l{.r) + (x — a)(x — b)li(x)k(x). 

We have 

m(a) ■= g(a)Ha) = p(a — b)(j(a)k(a) 
m(b) = ( i(b)l{b) — q[b — a)g(b)k(b) 

Since k(a) and k{b) have Hie same signs and g(a) and g(b) have 
the same .signs, and p and q are positive, and a — b and b — a have 
opposite signs, therefore m(a) and hi {In have opposite signs. 

By the location principle, m(x) lias an odd number of roots 
between a and b. Therefore, the same is true of Fix), and the 
theorem is proved. 

COROLLARY 

{Ro Lie’s theornn) Uctwicn two consecutive real roots of a polynomial 
fix) with real coefficients f\x) has an odd number of roots { counting 
multiplicities ) and, therefore, at hast one. 

Proof: Apply the theorem with g{x) = 1, h(x) s 0. 

Example Determine the number of roots of f{x) — 3x 3 + Cx 2 + 
lx + 2 between —1 and —2. 

Since /( — 1) is positive and /(— 2) is negative, /(x) has one or 
three roots between —1 and —2. 

But fix) b 9x 2 + 12x + 4 as (3x + 2) 2 has no root bet ween 
— 1 and —2. Hence (theorem 2, §2, Ch. 4) /(x) has no multiple 
root between —1 and —2 nor (by Rolle’s theorem) can it iiave two 
distinct roots between —1 and —2. 

Thus, fix) has exactly one root between —1 and —2. 
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Exercises 

f(x), g(x) y h(x) are polynomials with real coefficients. F(x) » g(x)f(z) 
+ h(x)f{x) m Rooto are to ho counted as often as their multiplicities. 

If a < by the interval [a, b] means the set of all numbers between a and 6 
inclusive, i.c., all values of x such that a ^ x ^ 6. 

1 If a and b are consecutive real roots of f(x) and g(a), g(b) have the same 
signs, then F(a) and F(b) do not have the same signs. 

2 If g{x) has no real root, then between two consecutive real roots of F(x) 
there cannot be more than one root of /(«). 

3 If /( r) has k real roots and 0(r) has no real root, then F(x) has at least 
k — 1 real roots. From this, or from Rollers theorem, deduce: 

(a) / u) (:r) has at least k — i real roots (b) the number of imaginary 
roots of / u) (:r) ^nnot exceed the number of imaginary roots of f(x). 

4 If f(x) has k roots which exceed a and g{x) has no root 'which exceeds a , 
then F(x) has at least k — 1 roots which exceed a. From this, or from 
Rolle’s theorem, deduce: Not more than one loot of f(x) exceeds the great- 
est real root of /'(/h 

5 If fx) has /,* roots in the interval [a, &] and g(x) has none, then F(x ) has at 
leatt k — 1 Toots in [a, 

6 If f[x) is of degieo n and has // distinct real roots, then all the roots of 
f'(x) are real and simple. 

7 fix) cannot have more than tv o roots between two consecutive real roots 

of /"(*). 


1. Monotoncity A real fund ion f(r) of a real variable x is said 
to be monotouically increasing in a domain if/(.t ) < /(.r 2 ) whenever 
Xx and o-o are \ allies of x in the domain such that x± < x 2 . Similarly, 
it is defined to be monotouically (leci asing in the domain if f(x{) > 
f(x 2 ) 'whenever Xi < x 2 . 

It is shown in the calculus that if f\x) is positive for all values 
of x in an interval Ikon fix) is monotouically increasing in the inter- 
val, and if fix) is always negative in the interval then fix) is 
monotonicallv decreasing. 

These theorems arc evident geom u really. For if fix) is posi- 
tive throughoi t an interval then the tangent line to the graph of 
fix ), for any value of x in the interval, ha* positive slope and, there- 
fore, slants upward and to the right; hence the graph rises as we 
move from left to right. A similar intuitive discussion applies if 
f{x) is negative. 
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Rigorous demonstrations can be given by means of the theorem 
of the mean (also called the mean-value theorem) which can be 
proved from Rolle’s theorem. We prove the mean-value theorem 
for polynomials and then establish the results about monotoneity. 

THEOREM 

///(*) has real coefficients and a and h are distinct real numbers, there 
exists an xo between a and b such that [f(b) — f(a)]/(b — a) = /'(*<»)• 

Proof: Let g{x) = f(x) — f(a) — - (x — a) 

0 rm CL 

g(x) has real coefficients and g (a) = g(b) = 0. Ry Rolle’s 
theorem there is an Xo between a and b such that g'(.i'o) = 0. But 


ITence 


g\x) = f\x) 


/(o) 

a 


g'(x„) = f’(x 0 ) 


- J(a ) 
— a 


Since g'(x o) = 0, tlic theorem is proved. 


Remark The mean-value theorem has a simple geometric interpre- 
tation. The points on the graph of /Or) with abscissas a and b are 
(a, /(a)) and ( b , f(b)) respectively. The slope of the line l deter- 
mined by these points is [ f(b) — /( r a)] / (b — a). The mean-value 
theorem says that theie is a point on the graph, with abscissa a* 0 
between a and 6, at which the tangent hue (whose slope is /'(.To)) 
has the same slope as l ; i.e., the tangent line is parallel to the chord. 


Y 
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Incidentally, an equation for line l, in the point-slope form, is 

V = /(o) + ~ ^ ~ a) 

Thus g(x) referred to in the proof above is the difference between 
the ordinate of any point on the graph and the ordinate of the point 
on line l with the same abscissa. 

THEOREM 

If /(r) has real coefficients and fix) is positive for every value of x 
between a and b, then /(j) is monofemie ally increasing in the interval 
a _ r i !). If f'{x) is negative for every x between a and b, f{x) is 
monotonically decreasing in the interval. 

Proof: Suppose /\x) positive for a < x < b. The proof is 
similar if /'(x) is negative. 

If a ^ xi < x 2 £ b then, by the mean value theorem, 

/(x 2 ) - JVj ' - (j-j - Xi)f'(x 0 ) 
where xj < x 0 < Xi. 

Smeo a < .To < b, f'(x o) is positive. Since x« — Xi is also posi- 
tive, /(x 2 ) > f(Xi), and the theoiem is proved. 

Example Find the domains in which f(x) — 8x b — 5x 4 + is 
monotonically increasmg and those in which it is monotonically 
decreasing. 

To apply the theorem we seek the domains in wdiich/'(x) is posi- 
tive and those in w Inch it is negative. 

We have f (x) = 40x* - 20x 3 = -0x 3 (2x - 1). 

The distinct real roots of /'( j) are 0 and 

For x < 0, 20x 3 is negative and so is 2x — 1, so that f{x) is 
positive. If xi < is S 0 then, by the theorem applied to tho 
interval [xi, x 2 ], f(x 1 ) < /(x 2 ). Hence /(x) is monotonically increas- 
ing for igO. 

For 0 < x < 1 4, 20x 8 is positive ai 1 2x — 1 is negative, so that 
f(x) is negative. Hence f{x) is monotonically decreasing for 
0 ^ x g M. 

For x > }£ each ° f the factors of jf'(x) is positive, so that f'(x) 
is also. Hence, as above, f(x) is monotonically increasing for 
* ^ 
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Exercises 

1 Find the domains in which each of the following is monotonirally in- 
creasing or monotonically decreasing: 


a) ®* — 6® 2 + 11 

b) 3® 4 — 8®’ + Or* — 1 

c) x 4 — 4® 3 + 1 

d) 2x 3 ~ Or* - 60® - 60 

e) 8®« - 24® 2 + 9 


f) 2® 3 - 9® s - 60 

g ) 6®* - 15® 4 + 10® 3 + 30 

h) x- — 5®‘ + 256 

i) ® 6 — 6®* + 2048 

j) 24® 6 + 15® 4 - 20® 3 + 1 


2 If /(®) and g(x) have real coefficients, g(a) f 4 g{b), g'(x) never zero for 
a < x < b, then there is an ®o between a and b such that 

/ttW(a) ^ f’M 

g(,b) - g(a) g'(xo) 

[Hint: Apply Rolle’s theorem to f(x)[g(a) — g(5)] -f- g(x)[f<h) — f(a) 
-tf(it)g(jb) — fib)g(i). The mean-vahie theorem is a special case with 
g( r ) ~ ®-l 

f 3 II f(x) and g(x) ha\e real coefficients and g{x) is never zero in [a, b], then 
there is an ® 0 lretween a and b such that 

f(b) _ f\'t) _ gfjnV'f®)) - /(Jn )g'(®o) _ . 

g(5) (/(«) (7Vo) ' U) 

[Hint: I^et 

V (x) =f(x) - g(x) + [Jgj - 0 (x) 

and apply tho theorem of §0 tog(x) — (p'(x) — g'(x)<p(r). Theihcorom 
of tho mean is a special case 'with g(x) 1.] 

4 If f(x) has real eoefhcients, r is jeal and /'(r) positive, then there is an 
interval [a, 6] such that a < r < b an df(x) is monotonically increasing 
in [a, h], Similarly, if f\r ) is negative, then f{x) is monotonically 
decreasing in [a, 6], 

*5 If/(J*) has real coefficients and is nowhere zero in [a, b], then there is a 
positive number M such that either /(.r) > M for every x in tlic interval 
or f(x) < — M for even’’ x in the interval. [Hint: By considering the 
possible real roots of f'(x) t divide [a, b] into smaller intervals in each of 
which /O) is monotonic.] 


8. Graphs One way to locate the real roots of f(x) is to observe 
where the graph of f(x) meets the x axis. For a close approximation 
to the roots a fairly accurate graph may be necessary. A rough one 
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suffices for determining merely the number of real roots. However, 
a graph should always be sufficiently accurate so as not to yield false 
or misleading information concerning the matters under consideration. 
Suppose, for example, the polynomial is/(x) ss 8x‘ — 5x* + 3^2- 
If we proceed to plot the graph in the usual way, we first make 
a table of values of x and the corresponding values of /(x). Doing 
this for x = —2, —1, 0, 1, 2, we obtain 


x 

~y 


-2 

-1 

_ 0 _ 

l 

I 2 

l075 < 33 

“ 41 $32 

h 2 1 

% 

56 h :,^ 2 


If we plot thebe points and draw a smooth curve through them, 
we obtain the graph in Fig. 1. 



Fig. 1 

This graph, however, is misleading. Wc note that f04) — 
—^ 32 , so that a truer picture ib given by Fig. 2. 

From Fig. 1 we would have said that j\x) has only one real root 
but from Fig. 2 we realize that it has three real roots. 

How can one be sure that a graph is not misleading? Plotting 
points, no matter how many, is not sufficient., since the behavior of 
the graph between the plot led points will always be in doubt unless 
one brings in other considerations. 
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If one is interested, as we shall be, only in the number and 
approximate location of the real roots, a sufficiently accurate graph 
can be obtained by determining those sections along which y 
increases as x increases and those sections along which y decreases 
as x increases. This tells us where the graph rises and where it falls 
as we move from left to right. It also gives us the “turning points ” 



of tho graph, that is, the “maximum” and “minimum” points such 
as A and B in Fig. 2. 

To obtain this information concerning a graph, we have only 
to proceed as in the example of §7. We saw there, for instance, 
that 8a: 4 — 5x 4 + } 32 is monotonically increasing for x ^ 0 and 
for x ^ and monotonically decreasing for 0 ^ x ^ If we 
plot the points for which x = 0 and x = 14> an d perhaps a few other 
points, we see that Fig. 2 docs give a fairly true picture. 

Exercises 

Hot the graphs of the polynomials in ex. 1, §7. 
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1. Introduction Wo continue the discussion of polynomials with 
real coefficients begun in Ch. 5. We shall be interns! od in ways of 
determining the number and approximate location of the real roots. 

By means of Sturm’s theorem we can determine the number of 
roots of a polynomial in any interval, provided each root is counted 
once regardless of its multiplicity. If we wish to take into account 
the multiplicities of the loots, Budan \s (lieoiem may be used. In 
general, Budan’s theorem does not give as precise a result as Sturm’s, 
as we shall see. However, it has the advantage of usually not 
icquiring as much computation. The use of both theorems will 
frequently give more information than either one by itself. 

2. Variations in sign Bet a o, a h ■ • • , a n ~ h a n be a sequence of 
real numbers, n > 0. Disregard any zeros whieh may appear. We 
define the number oi' variations in sign in the sequence, denoted by 
F[a<), <ii, * • • , a n -i, « w ], as i e number of times a (non-zero) number 
follows a (non-zero) number oi opposite sign. 

For example, V[Z 9 V2, 0, —1, 0, -4, 6, 0, 0, —1,0] = 3, since 
there is one variation in sign in \/2, 0,-1, and one in -4, 6, and 
one in 6, 0, 0, —1. 

Also, Y[0, 0, 1] = 0. 

3. Budan sequence Let 

(1) /oOr), /iOr), • • • ,/ p (x), p ^ 1, 

be a sequence of polynomials with real coefficients and [a, 6] a given 
interval. 

We call (1) a Budan sequence [for Mx)] in [a, 61 if 

(a) f p (x) has the same Bign for every value of x in [a y 6]. 
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(b) for every t, 0 ^ t | p - 1, and every value of x between a and 
b, f[(x) and ft+i(x) either both vanish or both have the same 
signs 

(c) if a <r and / 0 (r) = /i(r) = • • • = /,_ i(r) = 0,/,(r) ^ 0, 
for i = 1, 2, • • • , p, then r is a root of/o(x) of multiplicity i. 

For any non-constant / 0 (x) and any [a, 6] a Budnn sequence 
exists. For if /o(x) is of degree n > 0 then the nth derivative of 
fo(x) is a non-zero constant tex. 3, §1, Ch. 4). Hence fn{x), f(x), 
• • • , /rCO is surely a Budan sequence in every interval since 
condition (c) is satisfied by virtue of theorem 1, §2, Ch. 4. But 
for a given /#(:r) and a given interval there may be other Budan 
sequences. For instance, if //, p) (x) is any one of the derivatives of 
/o(x) which has no root in [a, b] ihen f 0 (x), f 0 (x), . . ., /$ p) (x) 
is a Budan sequence in [a, 6] 

For example, if /o(x) = x 6 — x 4 + r* + 3x4-1, then 

f 0 (x) ^ Gx s - lx 3 + 2x + 3 
f 0 '(x) = 30x 4 - 12x 2 + 2 

Since f"{x) — 0 is satisfied only by imaginary values of x$, f"(x) is 
never zero when x is real. Hence, by the location principle, f"(x) 
has the same sign for every real value of x. Thus, /a(x), fo(x), 
fa (x) is a Budan sequence in every interval. 

However, for /„(x) = 5x® - 3x s - GOx* + 60x + 1 in [-1, 1], 
not until / 0 V[) (x) do we obtain a derivative which does not vanish 
anywhere in the interval. Tims, the simplest Budan sequence we 
can get by this method is fo(x), f n (x), • • • , ft vn (x). However, in 
this example, as in some otheis, the following observation permits 
us to obtain a simpler Budan sequence. 

Suppose f 0 (x) ss gi(x)f(x) 

m = 92(x)Mx) 


f(x) E= g<rrMf,+l(x) 


where gi(x), gi{x), • • • are polynomials with real coefficients which 
are positive for every value of x in the domain a < x £b (for 
example, they may be positive constants). Then, wo lay, /o(x), 
ft (x), • ■ • , fp(x), for any p g£ 1, satisfies conditions (b) and (c) 
for a Budan sequence in [a, b]. 
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That condition (b) is satisfied is obvious since g»+i(x) > 0 for 
a < x ^ b. 

To consider (c), wc show first that for k ^ 1 has the form 

jfTW = 9i(*)0i(x) * * • 9k(x)f k {x) + A L -i(x)f k -i(r) + • • • 

+ A i(x)fi(x) 


where .4*._i(.r), • • • , A Ax) are polynomials with real coefficients. 

For A’ = 1 this is tiue (in a vacuous way, i e., with no A’s). 
Proceeding by mathematical induction, suppot>e it. true for fo k) - 
Then, by differentiation, 

/o A ‘ 1 ' *- (j/i ' • ‘ 9k >/* + (f.'i ' * ‘ Qkt'fk + ■+■ A'^fk-i 

+■ ’ ’ ’ + -li/i + A[Ji 
^ Qi ' ‘ ‘ 9k9l t if i i f (ffi ‘ ' ‘ <// ) 'f k -f Ai-if/ifi + I [—\fk-i 

+ • • • A if/.j/ 2 + A[fi 
s J7i ‘ ‘ ' 4- Ihfk + • * • + Bjfi 

which establishes the desired rcsull for f'J fl) . 

X<m, to consider (e', .uppose ini r 1 =/i(/l = • • • = /,_i(r) 
— ()./,(/) 5^ 0, where a < r tL b Then, lor A- = i, 2, • • • , i — 1, 


/*Vj = • • • 

and f' u '\r) = //it,/) 


9k(nfi(r) + Ak i<r)fi-i(r) f- • • • 

+ di(r)/i(r) = 0 

* ‘ • + -U-i(.r)/,_i(r) -(-••• 

+ Ai(r)f r (r) 

= OAr) ■ • • g.‘r)f,ir ) 0 


Thus, by theorem 1, §2, Ch. 1, r is a root of / 0 (x) of multiplicity t. 
Applying this ob&eivation lo the example above, 

fn(x) — 5/ h - 3.r’ — ol)x® -( 00x + 1 
/5U> = - x 4 )(l - 2 x, 


Since 15(1 — j-*) is positive throughout [ — 1 , 1]. we may take 
fj(x) = 1 — 2x. Then for />(.<) we may take J[{x) = -2. Thus, 
/»(r), fi^s), />(•*■) is a Budan sequence for/ 0 (x) in [ — 1, 1]. 

4. Budan ’s theorem 1/et (1) be a Budan sequence for f 0 (x) in 
[o, /,]. Denote r|/o(.'-), • • • , /,.(.r)] for a — a and x = 6 by V a 
and Vk respectively. Bel N be the number of roots of fo{x) in the 
domain a < x £ b, each counted as often as its multiplicity. Then: 
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THEOREM 

N = V 0 — Vh — 2q where q is a non-negative integer. 

Before proving the theorem we illustrate its use with one of the 
examples of §3. We saw that for / 0 (x) = x® — x 4 + x* + 3x + 1, 
the sequence / 0 (x), /i(x) = 6x 8 — 4x 3 + 2x + 3, fi(x) s 30x 4 — 
12x* + 2 is a Budan sequence in every interval. For the domain 
—2 < i ^ 0 wc have 

N - V.t - Vo - 2q - F|/o(— 2),/i(— 2),/j(— 2)] - F[f,(0), 

/i(0),/.(0)] - 2q 

= V[+, +1 - V{+, +, +] - 2q = 2 - 0 - 2q - 2 - 2q 

Since N 0, the only possible values of q are 0 and 1 . Thus, N is 
2 or 0. 

For —1 < x £ 0,N = 7_1 - Fo - 2q = 1 — 0 -2q = 1 -2q. 
The only possible value for q in this ease is 0, so that N = 1. 

Thus, /o(x) has one root between — 1 and 0 and, therefore, also 
one between —2 and —1. 

We prove the theorem by mathematical induction on p* 

Let p — 1 in (1). Then either /i(x) > 0 everywhere in [a, b] or 
/i(x) < 0 everywhere in [a, 6]. But — / 0 (x), — /i(x) is a Budan 
sequence for —fo(x) in [a, 6], and — /o(x) has the same roots with 
the same multiplicities as /n(x). Also, for every x, F[/o(x), /i(x)] = 
V[— /o(x), — /i(x)J Thus, if we prove the theorem when fi(x) > 0 
it will apply to — /o(x), — /j(x) when /i(x) < 0, and will establish 
the theorem in the latter case. 

We suppose, therefore, that/i(x) > 0 in [a, b}. 

By condition (b), fo(x) > 0 for a < x <b. Hence / 0 (x) is 
monotonically increasing in [a, b ] (§7, Ch. 5). Therefore, /o(x) does 
not have two distinct roots in a £ x ^ b. 

Since /J(x) 0 in a < x < 6, /o(x) docs not have a multiple 

root between a and b (theorem 1, §2, Ch. 4). By condition (c), 
/o(x) does not have a multiple root at x = b. 

Thus, A is 0 or 1. 

If /o(a) 0 then /o(x) >0 for a < x ^ b. Hence 2V = 0, 

Va - 0, Vt = 0. 

If /o(o) < 0 and /«(&) < 0 then / 0 (x) < fo(b) < 0 for a < x < b. 
Hence N - 0, 7. = 1, V b = 1. 

If /o(o) < 0 and f 0 (b) ^ 0 then N =■ 1, V a — 1, Vt — 0. 
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In each of these cases iV = F„ — Vb. Thus, the theorem is 
established for p — 1. 

Suppose the desired result established when p = k St 1. Let 
p = k + 1 in (1). As before, we may and do suppose that fb+i(x) 
> 0 in [a, ft]. 

Since f k (x) has the sign of /l+i(x) for a <x <b, therefore 
J K {x) ji 0. 

We consider several eases: 

Case 1 }k(x) does not vanish anyn here in [a, 6], 

Then fo(x), fi(x), • • • , fk(x) is a Budan sequence for fo(x) in 
[a, 6]. lienee, by the hypothesis of the induction, 

N = F[/„(a), • • • ,h(a)} - V[fo(b), ■ ■ • , /*(?>)] - 2 q 

By the location principle, /a (a) and /*(ft) have the same signs, 
for otherwise /*( x) would vanish somew here in [a, 6]. Also, fk+i(a) 
and fk+i(b) have the same signs. Hence F[/*(a),/n.i(a)] = F[/*(6), 

Mb)]- 

Thus, 

N = F[/„(a), . • • ,/*(«)] f V[f k (a),Ma)] - V[f 0 (b), . . • J k (b)] 

-m(b),Mb)]-2q 
= F[/ 0 (a), . . • ,/*(«), / M i(a)] - F[/ 0 (b), • • ,/*(ft),A + i(6)] - 2 q 

= F„ - V b - 2q 

Case 2 fk(x) vanishes at. • — a and now here else in [a, ft]. 

Suppose a is a root of J k {x) of multiplicity n and /*(x) = 
(x - aYg(x). 

g(x) does not vanish anywhere in [a, ft]. ITence it has the same 
sign for every x in the interval. This bign is the sign of fk{x) 
throughout a < x ft. By (b) this is also the sign of fi-i(x) 
throughout a < x < 6. Tt follows that 

(2) Mx), • • • , /a- iU), g(*) 

satisfies conditions (a), (b), (c) and, therefore, is a Budan sequence 
for/ 0 (x) in [a, 6]. 

By the hypothesis of the induction applied to (2), 

(3) N = Wo(a), • • • ,Ma),g(a)] 

- F[/o(ft), • • • ,/*-i(ft), g(b)] - 2q. 
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Since /*+ i(x) > 0 for a £ x ^ 6, therefore f k (x) > 0 for every 
x between a and 6. Hence /*(x) is monotonically increasing in 
[o, 6]. Therefore ft(x) > f k (a) = 0 for a < x ^ 6. Thus, /*(&) > 
0 , g(a) > 0 , g(b) > 0 . Consequently, 

F[/o(a), • • • , fk-i(a), 17(a)] = F[/ 0 (a), • • • , Ma), 0 , 17(a)] 

= V\f 0 (a), • • • , /i_i(a), /*(a), 

Ma)] = F„ 

V\fo(b), • • • ,fk-i(b),g(b)] = F[/ 0 (6), • • • ,/*_,(6), g(b),f k ,i(b)] 

= F[/ 0 (6), • • • ,f*-i(b),Mb), 

Mb)] = y 6 

Thus, AT - 7 . - F„ - 2? 

Case 3 /*(*) vaniblies at x = 6 and nowhere else in [a, 61 . 

Suppose 6 is a root of f k (x) of multiplicity n and J k (x) s. (6 — x)“ 
g(x). Then g(x) has constant sign in a ^ x ^ 6, which is the sign 
of fk(x) throughout a ^ x <b. This is also the sign of fl-i(x) 
throughout a < x < b. Thus, ( 2 ) satisfies conditions (a) and (b) 
for a Budan sequence. 

Suppobe, first, that not all of /o(6), • • • , /i_ i(6) vanish and 
that /,(6) is the last one which is non-zero. Then ( 2 ) is a Budan 
sequence and N is given by ( 3 ). 

As in case 2 , /*(x) is monotonically increasing in [a, 6] so that 
ft(x) < fk(b) = Ofora ^ x < b. Thus , /a (a) < 0 , g(a) < 0 , g(b) < 
0. Consequently, 


7 [/„(a), • • • ,/*_i(a), 17(a)] - F[/„(a), • • • , Ma), / 4 (a)] 

« V[fo(a), • • • ,/ A (a),JWi(a)] - 1 

= Fa - 1 

W6), • • • , /t-i(6), 17(6)] = F[/o(6), • • • , /,(6)] + Ftf, (6), ? (6)] 

= V[fo(b), • • • ,/,(&)] 

+ V[f,(b), g(b), /*+i(6)] — 1 


If /,(6) < 0 then F[/,(6), ff(6), /* +1 (6)] = 1 = V[f,(b), /*(6), 

/*+i(6)]. 

If /,(&) > 0 then F[/,(6), g(b), Mb)] - 2 and F[/,(6), /*(6), 
AfiWl - 0. 

In either case 


HM&), • • • ,Mb),g(Jb)] - F[/o(6), • • • ,/.(&)] + F[A(6), 

/*(6), /*+i(6)] + 2g'- 1 
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where q* is 0 or 1 

« V* + 2g' - 1 

Hence 

n = ( 7 a — i) — (n + 27 ' - n - 2g = v« - v 6 - 2 g " 

where (7" ^ 0. 

Suppose, however, that all of /o(6), • • • , fk-i(b) are zero. 
Then, by condition (cT, b is a root of fo(x) of multiplicity A* + 1 . 
Also, Vb = 0 . 

In this ease, since fo (b) = f\(b) =■ • • • = A-i(h) = 0 , g(b) 5^ 0 , 
( 2 ) does not satisfy (r) and, therefore 4 , it is not a Budan sequence. 
However, as before, fk(x) <0 in a ^ x < b. Since fl.^x) has 
the same sign as/ A (j*) in a < x < b, /a_i(.c) is monotonically decreas- 
ing in [a, ft]. Hence in a ^ x < 6 , fi~i(x) > JkQ>) = 0 . 

Continuing this \vpe of argument, we see that /a+i^O* AUh 
• • • , /u(.rj are alternately positive and negative in a £ x < b. 
Thus/o(fl),/i(a), • • ■ ,//^i(a) alternate in sign, so that V« = £ + 1. 

Since ^ 0 in a < x ?>, and 7 ; is a root of multiplicity 
I: + 1, therefore N = k + 1 . Thus, A T = V« - IV 

fW j 4 fn(x) does not vanish for any .r be tween a and b. 

Let a < r < b. To each ol the intervals [a, ?] and [r, 6] one of 
the preceding three cases applies. Hence, if A r/ is the number of 
roots of fo(x) in a < / § r and A 7 "" the number in r < x S b, then 

A T - N' + N" = Vl/uW, • ■ • , AnM - n/olr), • • • ,/a+iM] 
- 2 ?' + F[/o(rj, • • • , fi,ifr)] - T\f*b), • • • - 2g" 

= Fa ~ V> - 2« 

where ? = <?' + 0. 

Case 5 /*(.r) vanishes for one or mere values of x between a and 6. 

Let r lf • • • , r n be the distinct roots of /a (x) between a and b 
so arranged that a < ri < r 2 • • • < r n < b. Let r 0 = a, = b . 

Between any two successive rnfi(x) does not vanish. Applying 
case 4 to each of the intervals [r,_i, r J and proceeding as in the 
proof of case 4 , the desired result fo hnvs. 

Thus, th theorem is established for p = k + 1. By the 
principle of mathematical induction, the proof is complete. 

Remark When, as in the illustration above, the Budan sequence is 
/o(x), jo(x), /"(x), • • • , fo p) (x), Vo and V b can be obtained quickly 
by successive synthetic divisions. To obtain V a , for example, w r c 
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have only to note that, for every t, /£°(a) has the same sign as 
which is the coefficient of (x — a) 1 ' in the Taylor expan- 
sion of fo(x) in powers of x — a (§4, Ch. 4). Thus, to obtain V 2 
in the illustration, where / 0 &s x 6 — x i + x 2 + 3s + 1, fi s /o, 

U mf.', 
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Exercises 

23 
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1 If V a — Vb — 1, there is exactly one loot in the domain a < x £ b. 

2 Determine the numbers of roots in the pi veil intervals: 

a) x 4 — 2a* 3 — 4a; 2 + 6x + 3 ■= 0 in [ — 1 , 01 and [2, 3] 

b) — 2a; 2 + 3a; — 1=0 in [1, 2] and [0, 1J 

c) x 4 + 12a; 3 + 14x 2 + Ox — 3 = 0 in [ — 1, 0] and [0, 1] 

d) 4a;® - 8a; 5 + 15a- 4 + 32a; 3 + 12a; 2 - 32a; + 4 = 0 in [0, 1] W [-2, 
-1] 

e) 2a; 5 — 5a; 3 — 5x 2 + 10a; — 4 = 0 in [—3, —1] and [—1, 0] 

f) x n — 2a; 2 — 4a; + 8 = 0, n ^ 3, in [1, 2] and [- 1, 0] 

g) x 4 + 8x 3 + ax 2 + 2ax + a = 0, a > 0, in [ — 1, 1] 

3 Determine the number of roots of a; 3 + 3 ax + 1=0 between 0 and 1 for 
all real values of a. 

4 Determine the number of roots of x 3 + 3rca- 2 + 3 a 2 x + b = 0 between —a 
and a if a and 6 are real and a > 0. 

6 If /(x) has real coefficients, and the number of roots in a < x ^ b is 
V a — Vb — 2 q t where q ^ 0, and if a < c < b, then the number of roots in 
a < x ^ c is V a — 2 q' where 0 £ q' £ q, and the number in c < x 

^ b is V c — Vb — 2q " where 0 ^ q" S q . 

6 Prove: V[5 0 , b lr • • • , b n ] is even if bo and b n have the same signs and odd 
if bo and b n have opposite feigns. Using this, deduce the location princi- 
ple from Budan’s theorem. 


5. Roots exceeding a given number 
THEOREM 

If a is a given real number and (1) is a Budan sequence for / 0 (x) in 
[a, 6] for every b > a, then the number of roots of fo(x) which exceed a, 
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if each root be counted as often as its multiplicity/ is V a — 2g where 
g£ 0. 

Remark If the pth derivative of fo(x) does not vanish for any 
x ^ a, then fo(x), f'(x), • • • , / (p) (x) is such a Budan sequence. 

Proof: Let M be a positive number such that every f t (x) and 
every f t (x) hat. the same sign as its leading term whenever |x| ^ M 
(§3, Ch. 5). 

Since / 0 (j) 5^0 when (x| ^ If, every real root of/(x) lies between 
— M and M. 

If M be so chosen that M > a, then all the roots of fo(x) which 
exceed a lie in the domain a < x g M. By Budan’s theorem, the 
number of such roots is F a — F« - 2 q. 

By condition (b) for a Budan sequence, for x > a, f,+i(,x) has 
the same sign as f',(x). If f,(x) - a, h r” + • * • + o n _i£ f o„, the 
leading term in f'(j j is nanx" _1 . Hence, for x S M > 0 the sign 
of f,+i(x) is the sign of which is aBo the sign of f t (x) for x ^ M. 
Thus, /,ti(yif) and f,{M) have the same signs. Since this is true 
for every i. V u — 0, and the theorem is proved. 

COROLLARY 

( Descartes’ ruh) If f{x) s- a a” + a ix n_1 + • • • + a»_i.r + a», 
Oo 5^ 0, n ^ 1, the mimbcr of positive roots of f(x), if each root be 
counted as often as its multiplicity is F[a 0 , ai, • • • , o„] — 2 q where 
q^O. 

rroof: Since (x) is n non-zero constant, f(x), f(x), • • , 

/<»>(*) is a Budan sequence in e\ery interval. Hence, by the 
theorem, the number of positive roots is F 0 — 2 q. 

But 

f{x) = iiaox* -1 + (n — l)aix"- a + • • • 2a n -.?x + On-i 
f"{x) = n(» — l;aoX™ -2 f (» — l)(n — 2)oiX"' 3 + • • • + 2o»_» 


/ (,) (x) == »(n — 1) • • • (m — i + l)anx’' -1 -r • • • + i(i — 1) 

• • • la,-. 

Since / (,) (,0) = *!o„_ lias the same sign as a„_, 

Fo = F[ttn, j ®1. Oo] = F[c 0 , Oil * i On— 1, fl»] 


and the corollary is proved. 
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Suppose b is fixed and we seek the number of roots of / 0 (x) less 
than b . Construct a sequence (1) which is a Budan sequence in 
[a, b] for every a <b. Choose M as above but so great that 
M > — b. Then all the roots of / 0 (x) less than 6 lie in the domain 
—M < x :§ 6, and the number of such roots is N = V-m — 
Vb — 2 q. As before, V-m can be found without knowing the value 
of M y since the sign of /,(— M) is the sign of the leading term in 
f x (x) for negative values of x. We can determine easily whether b 
is a root of /o(x) and what its multiplicity ir. From this and N we 
can obtain information concerning the number of roots less than b. 

Another way to find the number of roots less than b is to find 
the number of roots of g(x) z=f 0 (—x) which exceed — />. For if 
r < b is a root of /o(x), then — r > —b is a root of g(x) of the same 
multiplicity, and conversely. 

If w r e are interested only in the number of real roots of fo(x), 
we can construct (1) as a Budan sequence in every interval. Then, 
if we choose M as above, every real root of / () (x) lies in the domain 
— M < x ^ My and the number of such roots is V-m — V M — 2 q. 
As before, Vm = Q and we can find V-m without knowing M. 

Example Find the number of positive and negative roots of 
/(x) = x 5 - x 4 + x 3 + 8x 2 + 2x - 2. 

We have f'(x) = 5x 4 — 4x 3 + 3x 2 + lOx + 2 
/"(x) - 20x 3 - 12x 2 + Gx 4 16 
f"'(x) r- COx 2 - 21x + G 

Since f"'(x) has no real roots, it has the same sign for every 
real value of x. lienee, /(x), /'(x), /"(x), f”\x) is a Budan sequence 
in every interval. 

Vm - V[+y +, +, +] - o, Vo = n-2, 2, 16. 6] - 1, 

V-m = 7[-, +, +] = 3 

The number of positive roots is Vo — V-m — 2q = 1 — 2 q. The 
only possible value of q is 0. Hence the number of positive roots 
is 1. 

The number of negative roots is V-m — Vo — 2</ = 2 — 2q. The 
only possible values of q are 0 and 1. Hence the number of negative 
roots is 2 or 0. Since /( 0) is negative and /( — 1 ) is positive, there 
is at least one negative root. Therefore, the number of negative 
roots is 2. 
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By Descartes’ rule alone, applied to /(x) and # /(— x), we would 
have found (hat (he number of positive roots of f{x) is 1 or 3 and 
the number of negative roots 0 or 2. 

Exercises 

1 If there is exactly one variation in sign in the sequence formed by the 
coefficients of /(x), then /(x) lias exactly one positive root. 

2 Find the number of roots satisfying (he given conditions: 

a) x 3 — 6x 2 + 4x — 5 =- 0; greater than 2, greater than —3 
1>) x 4 + 3a* 2 — Ax + 2 = 0: greater than 1, greater than —2 

e) 4x 4 — So* 3 — a* 2 — 5a* + 7 = 0; less than 1, less than —2 

d) 2a* 3 — 4x*’ d- ox — 1 = 0; less than l £, less than 0 

e) 2x 3 — 12x 2 + 27x — 21 =0; greater than 2, less than —2 

f) 5x 6 — lXx J + ox 3 + lox 2 — 7x — 10 = 0; greater than 3 

g) x 4 — x 3 + 0 j- — «==() where a > 6: greater than 1 

h) x 3 + ax' 1 + [(rr’M) — 3]x + 3 a — 0 where a ^ 0; greater than a 

i) x 4 + ax 3 — a 2 x 2 C2 — 5 a 3 )x + 4a 4 = 0 where a > 0; greater than 
a 

3 Determine to the extent possible the numbers of positive and negative 
roots: 

a) x 6 d 3x 4 -t- 2x 2 +4-0 
h) x s d- or* + 4x - 10 - 0 

c) 2x 3 — 4x’ f ox — 1=0 

d) 5x 4 - 2x 3 + 5r 2 + 4x - 1 = 0 

e) x 3 — 3x + 1 - 0 

f) 2x 6 + 1 lx 1 — 3x 3 — x — 4 -= 0 

g) x 3 - 2x 3 + J4.r -1=0 

h) x 4 — 3x ? + 4x — 1 — 0 

i) 2x 4 - 3x 3 + 4x 2 - x + 5 « 0 

j) x 4 - x 3 + Gx 2 - a « 0, u > 0 

k) x 2 '^ 1 + ax + b = 0, n ^ 1, a > n, b real 

l) (-r + 1)" + (x — l) n — 3 ” 0, = 1 

4 If f(x) 0 has real coefficients and all its r< »ots are real and non-zero, then 

the number of positive roots equals the number of \ ariations in sign in the 
sequence formed by (he coefficients. 

6 Let (1) above be a Durian sequence for/,.(x) in every interval. Suppose 
/,(a) of degree ?/, with leading cocffkv'nf a t . Show that the number of 
real roots of /u(x) is Vl( — l) n °floi ( — * * * , ( — l) w pa p ] “ 2 q where 

4^0. 

6 Suppose f(x) of degree n w r ith real coefficients, a <b, f(b) 0. 

a) Show that the expression obtained by multiplying /[(a + 6x)/(l + x)] 
by (1 + x) n represents a polynomial g(x) of degree n with real coeffi- 
cients. 
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b) Show that the number of positive roots of g(x), if each root be counted 
as often as its multiplicity, equals the numl>er of roots of f(x) between 
a and 6. 

c) Deduce from Descartes’ rule a method for determining the number of 
roots of f(x) between a and b. 

(This criterion is due to Jacobi.) 


6. Sturm sequence Let 

(4) fo(x), • • • , f p (x), p ^ 1, 

be a sequence of polynomials with real coefficients, none vanishing 
identically. 

We call (4) a Sturm sequence [for /o(x)] in [o, b] if 

(a) f P (x) has the same sign for every value of x in [o, b] 

(b) for 1 ^ i p — 1, if r is in [a, b\ and/,(r) = 0, then/,_i(r)/ H . 1 (r) 
< 0 

(c) for every value of x between a and b, /j(x) and f' u {x) either both 
vanish or both have the same signs 

(d) / 0 (x) lias no multiple root in [o, 6]. 

If a non-constant polynomial f 0 (x) has no multiple root in [a, b\, 
it is always possible to construct a Stuirn sequence for it in [a, 6], 
as follows: 

Let /o(x) 3= sr,(x)/i(x) where gi(x) > 0 in [a, ?>] (for example, 
gi(x) ss 1). Since f 0 (x) is not a constant, f 0 (x) 0. Hence, 

fi(x) ^ 0. Write the division algorithm (§0, Ch. 2) in the form 

fo(x) = gi(x)fi(x) - g s (x)Mx) 

where g t (x) > 0 in [a, !»]. 

If h( x ) 0 then, in the same way, 

fi(x) s tf 2 (x)/ 2 (x) - gz(x)Mx) 

where g*(x) > 0 in [a, 6]. 

If we continue the process, the degrees of the remainders keep 
diminishing. Since the degree of a polynomial cannot be negative, 
the process cannot continue indefinitely. Therefore, we must 
eventually obtain the zero polynomial as a remainder. If f p (x) is 
the last non-zero we have 
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fo(x) * giWMx) 

and fo(x) m qi(x)fi(x) - ff 2 (x)/ 2 (x) 

• ••••••• 

= g,(x)/,(x) - g+ + . 1 (*)/» + i(a:) 

• ••••••• 

■ ? P -iW/ P -iW - g P (x)f p (x) 
fp-i(.x) = q p (x)fp(x) 

where gi(x), • • • , 0 p (x) are positive throughout [a, &]. 

Wo say that fo(x), /j(x), • • • , / p (x) is a Sturm sequence in 

K ft]. 

Conditions (c) and (d) are obviously satisfied. To investigate 
the others, note first that no two consecutive polynomials in the 
sequence can vanish at a point r in [a, b]. For if f,(r) = /, i(r) = 0, 
then /,_i(r) = 0 and, working up the sequence, /,_ 2 (r) = • • • = 
/i(r) = /o(r) = 0. Thus, f Q (r) = 0, / 0 (r) = 0, w T hich is impossible 
since / 0 (x) has no multiple root in [a, b] (theorem 2, §2, Ch. 4). 

It follows that f p (r ) * 0 for r in [a, 6]; for it f p (r) — 0 then also 
f P ~i(r) = 0, and we have just seen that this is impossible. Thus, 
by the location principle, / p (i) has the same sign throughout [a, b]. 

Also, if f t (r) = 0 where 1 g i p — 1 and r is in [a, 6], then 
/, i ( r) = -flr.+i(r;/.n(')- Since / 1+) (0 ^ 0 and g*+i{r) > 0, /_i (r) 
and /lhW have opposite signs. Hence condition (c) is satisfied, 
and the proof that fo{x), • • • , f p [x) is a Sturm sequence in [a, 6] 
is complete. 

This algorithm for obh. ning a Sturm sequence is similar to the 
Euclidean algorithm of §8, Ch 2. We renmik that if / p (x) does 
not vanish anywlieie in fa, b] it iollo" s, w ithnut making it a hypothe- 
sis, that /o(x) has no multiple root n [a, b]. For if r i> a multiple 
root of /o(xj in [a, 6], then/f,(r) = 0; hence also/i(r) = 0. Working 
down the algorithm, we see f>(i) = • • • = fp-i(r) = f p (r) = 0, 
which contradicts the assumption concerning / p (x). 

Example Find a Sturm sequence fer/ 0 (x) = 12x® — 6® 4 + 9x 2 + 8 
in [-2, 2]. 

Let fi(x) s }£fo(x) s 12x s — 4x J + 3x. Then 
Mx) u/i(x) - 2(x 2 + l)(x 2 - 4) 

Since 2(x* + 1) > 0 in [— 2, 2], we take/ 2 (x) m x* — 4. 
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Since /i(x) ='(12x* + 44x)/ 2 (x) — 179(— x), we take / 2 (x) = 
— x. Then/»(x) = (— x)/ 2 (x) — 4, so that/ 4 (x) = 1. 

By the remark above, /«(x), fi(x), / 2 (x), / 3 (x), /»(x) is a Sturm 
sequence in [—2, 2]. 

7. Sturm’s theorem Let (4) be a Sturm sequence for/ 0 (x) in [a, 6]. 
Denote T]/o(x), /i(x), • • • , f v (x)] for x = a and x = b by V a and 
Vb respectively. Let N be the number of roots of /o(x) in the 
domain a < x £ b. 

THEOREM 
N = V a - V b . 

Proof: We proceed by mathematical induction on p. 

For p — 1 the proof is exactly the same as the proof of Budan’s 
theorem when p = 1 (§1). (In fact, for p — 1 a Sturm sequence is 
al°o a Budan sequence.) 

Suppose the theorem established for p = k ^ 1. Lot p - 
k + 1. 

Cose 1 fk{x) does not vanish anywhere in \a, b]. 

The proof is similar lo the proof of case l of Budan’s theorem. 

Cove 2 fx(x) vanishes at x — a and nowhere else in [a, 6]. 

Suppose a is a root of fk(x) of multiplicity p and 

M-r) - t-r ~ a)“(/(x). 

ff(r) doei* not vanish anywhere in [a, />]. Hence it has the same 
sign for every x in I he inteival. This sign is the sign of /*( .r) 
throughout a < x ^ b. It tollows immediately that 

(5) fo(x), • • • , /c-i(.r), g(x) 

satisfies conditions (a), (c), (d) for a Sturm sequence in [a, 6]. Also, 
condition (b) is obviously satisfied if 1 Ja i 25 k — 2. To see if (b) 
is satisfied when i = k — 1 , if k — 1 «2: 1, suppose = 0 and 

r is in [a, 6]. Then /*._ 2 (r)/i(r) < 0. Hence r ^ a, so that g(r) 
and /*(r) have the same signs. Therefore, fk-i{r)g(r) < 0. 

Thus, (5) is a Sturm sequence in fa, b]. 

By the hypothesis of the induction applied to (6), 

N = nfo(a), • • • , A-i(o), g{a)] - V\f a (b), • • • , /*-:(&), g(b)] 
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g(a) and g(b) have the same sign, that of /*(b). Hence 

N - V[f 0 (a), ■ • • , /i_j(o), /a, (6)] - F[/ 0 (b), • • • , /*-x(6), /*(6)] 

Since f k {a) = 0 and /*_i(a), / M i(o) have opposite signs, 

F. = F[/«(a), • • • , A-i (a), /*(«), / H1 (a)] 

= V[f 0 (a), ■ ■ • , /i_i(a)] + F[A_,(a), ft (a), f L+1 (a)] 

= F[/ 0 (a), • • • , /*•— x(a)] + 1 

= FI/o(o), • • • ,A_,(a)] + V[ft-t(a), /*(b)] - V\J t ,(a),/*(b)] 

+ 1 

= F[/o(a), • • • , A-i(o), A(6)l - Ft/ t _i(o), /*(b)] + 1 
F» = F[/o(b), ■ • * ,A(6),An(b)J 

= F[/«(b), • • • .//(b)] f T-V/W,/mi(W 

Thus, 

IF = (F„ - 1 + H/* ifa),Af6)]; - (Ft - F[A(6)./*u(6)]) 

= F 0 — T's — 1 + V\fi (b)] + V T tfi(b), fm(b)] 

The sign of/* i(u) i* opposite th.it of /ui(ai which, in turn, is 
the same as that of ft h it b) Hence, has the sign of —/441(b). 

Thus, 

N = F. - V b - 1 + FI— /i t i(b),/i(bj] + T'[/) (b), /441(b)] 

If ft{b) and// M (b) have the same signs, then F[ — /*+i(b), /4(b)] = 
1 and F|//(bj, fn itb'J = 0 

If ft(b) and// x i(b) have opposite signs, then V[ -/141(b), //(b)] = 
Oaiui FfA(b), // ntb)] = I. 

In either ease, A r = V a — IV 

Cose 3 fi(x) vanishc*- at x - b and nowhere ehe in [0, b]. 

The proof is the same as in case 2 except that we let /*(ar) = 
(b — x^gi x) in older that throi’ghout the domain a g 1 < b the 
sign of g(jx) shall he the same as that of ft(x). 

Case 1 ft(x) does not vanish for -mv x between a and b. 

The proof is similar to the prooi of ease 1 of Budan’s theorem. 

Case 5 ft(x^ vanishes for one or more values of x betw*een a and b. 
The proof is sirdlai to the proof of ease 5 of Budan’s theorem. 
Thus, the theorem is established for p = k -+- 1. By the prin- 
ciple of mathematical induction, the prooi i- complete. 
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Example Find thfe number of roots of /<>(*) = 12** — 6® 4 + 
9** + 8 in [-2, 2]. 

We saw in §6 that in [—2, 2] fo(x), fi(x) m 12®* — 4®* + 3®, 
ft(x) ■ ®* — 4, fz(x) m —x, / 4 (®) s lisa Sturm sequence. 

- F[+, 0, +, +] = 2, F 2 = F[+, +, 0, +] - 2 

The number of roots in — 2 < x ^ 2 is F_s — F 2 = 0. Since 
/o(— 2 ) 5 ^ 0 , there is no root in the interval —2 g x £ 2. 

Remark Sturm’s theorem cannot be applied to J{x) if f(x) has a 
multiple root in [a, 6], for no Sturm sequence for /(®) in [a, fc] can 
then exist. But if I)(x) is a highest common factor of /(®) and 
/'(®), and/(®) = D(x)fo(x), then / 0 (x) has exaclly the same roots as 
/(®) but each root is simple (theorem 6, §2, Ch. 4). We can apply 
Sturm’s theorem to /o(x) and thus find the number of roots of /(®) 
in a < x £ b, each counted once regardless of its multiplicity. 

Exercises 

1 Find the number of roots in each of the given intervals: 

a) x* — 3® + 4 = 0; [0, 11 and [l, 2] 

b) x* - 4x» + 2 = 0; [1. 2] and [3, 4] 

c) 12x* — &r* + Ox 2 + 8 = 0; [-1, 11 and [-5, 5] 

d) ®* — 5® + 8 = 0; [0, 3] and [-2, 0] 

e) ®* - 8®* + 21® + 40 = 0; [-2, 0] and [0, 1] 

f) x* - 7®* + 2® + 2 = 0; 1-3, -^'l and f~H, 0] 

g) ® 4 + ®» - 2® 2 - 3® - 3 = 0; [1, 2] and [-1, 0] 

h) ® s - CO® 3 - 40® s + 270® + 210 = 0; [0, X] and [-8, 0] 

i) x 1 ® - IS® 2 + 40® + 48 = 0; [0, 11 and [-2, 0] 

j) ® s + 20®* - 30® + 48 = 0; [-4, -3] and [1, 2] 

k) ® 4 + 12®’ + 14®* + 6® - 3 = 0; [0, 1] and [-1, 0J 

l) 2®* - 5®* - 5®* + 10® - 4 = 0; [-1, 0] and [-3, -1] 

2 Show that 

a) ®» — n(n — 1)®* — n(w — 2)® + 2 (» — l)(n — 2) = 0 has two roots 
in [—1, 1] if n = 3 and one if n £ 4 

b) ** — n® 2 + n — 2 = 0, n £ 3, has one root in [—1, 0] and one root in 
[0,1] 

c) ®* — n® + 2(1 — «) = 0 has one root in [—2, 21 if n is odd and 

greater than 4, two if n is even and greater than 3, none if n = 3, one 

if n = 2. 

3 Show that 

a) ®* + 3® 2 + 3o® — 2o — 2 = 0 has one root in [— a, o] if a > 1 

b) ®* + 3a® 2 + 6a 2 ® + 2a* = 0 lias one root in [—a, a] if a > 0 
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c) x % + 3ax 2 + 3x + a + 1 — 2a 2 = 0 lias one root in [0 f o] if a ^ 1 
and none if 0 < a < 1 

d) x 4 + 4x a + 6x 2 + 4 ax + 4a — 3 = 0 has one root in [0, 1] if — 1 «£ a 
^ and none for other real values of a. 


8. Roots exceeding a given number Lot M be a positive number 
so chosen that each of the f t (x) in (4) has the sign of its leading term 
whenever \x\ ^ M (§5, Ch. 5). Then f 0 (x) ^ 0 when \x\ ^ M. 
Vm and V-m can be found without our knowing the value of M, 
since the signs of f t (M) and /»( — M) are the signs of the leading 
terms. 

Let a be a given real number and (4) a Sturm sequence for fo(x) 
in [a, b ] for every b > a. Then, if M be chosen larger than a, all 
the roots of f {) (x) which exceed a are in the domain a < x ^ M. 
Hence, the number of these roots is T r « — Vm. 

Similarly, if b is a given real number and (4) is a Sturm sequence 
for in [a, b] for every a < b, ami if M be chosen larger than 
— 6, all the roots of fn(x) satisfying x ^ b are in the domain — M < 
x g b . Hence, the number of such roots is V-v — Vb . 

If (4) is a Sturm sequence for/ 0 (jr) in every interval, then all the 
real roots of / 0 (-r) are in the domain —M < x g M, and the number 
of such roots is V_ v — l r v . 

Example Locate the real roots of / 0 (-r) — a* 6 — Gr 2 4- 24x — 3G. 

Let /i(.r) = 'o/oOr) x l - 2x + 4. Then J {) (x) = xfi(x) -- 
4(a; ? — +- 9). 

Since x 2 — + 9 has no re: ? root, it has the same sign for 

all real values of x. lienee, if we *nke this as fa(x), the n/ 0 (x), /i(x), 
Ji{x) is a Sturm sequence in eveiy interval. 

Fo-n-,+ f +]-i f r* = v[+, +, +] = o, 

V.u = V[+, -,+] -- 2 

Since Vo - Vm = l, V-v — V 0 — 1, there is one positive root 
and one negative root. 

Since ^ Vi - V 2 - V[-, +, +] - 7[+, +, +] - l - 0 - 1, 
the positive root is in [1, 2]. 

Since 7-3 - 7_ 2 - V[+, +] - 7[-, -, +] = 2 — 1 = 1, 

the negative root is in [—3, —2]. 
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Exercises 

1 Find the numbers of positive and negative roots: 


a) x* + 3x* — 9x — 67 - 0 

b) x* + 4x + 6 = 0 

c) x 4 + 12x - 5 = 0 

d) 2x 4 - 3x* + 4x® — x + 5 - 0 

e) x® + 10x 2 -3 = 0 

f) x® + 2 j* - 6x - 7 = 0 


g) x* — 3x* + 4x — 1 = 0 

h) x® - 5x + 8 - 0 

i) x 4 — 2x 3 — 12x — 8 = 0 

j) * 6 — 5s 2 4- lOx — 4 = 0 

k) 5x« - 30x s + 24x - 20 - 0 


1) x 6 - 2x ! - 3a: - 2 = 0 
2 Locate the real roots between successive integers: 


a) 2x 3 — 3x* — Ax - 1 = 0 

b) 2x 3 — 3x* — 6x - 7 = 0 

c) x* + 3x* — 2x — 5 = 0 

d) * s + 3x® — 3x + 2 ® 0 


e) 2x 4 - 14x® + 14r - 7 = 0 

f) x 4 + 4x 3 - 6x + 3 = 0 

g) x 6 — x — l = 0 

h) x 4 — 4x 3 — 4x + 4 =- 0 


3 Show that: 

a) x 4 - 7x 2 + 2x + 2 = 0 has no root greater than 3. 

b) x 6 + 20x* — 30x + 12 = 0 has no root greater than —3. 

c) The absolute value of every real root of x 10 — 5x 4 + 15x 2 — 3 = 0 is 
less than 1. 

d) x 4 + 3x 2 — 4x + 2 = 0 has no root greater than —2. 

e) One root of X s — 6x ! + 4x — 5 = 0 exceeds —3 and this root also 
exceeds 2. 

f) If a < 0, one root of x® + ax 1 + [(a 2 /3) — 3]x + 3a = 0 exceeds a. 

4 Find the number of real roots for all real values of a: 


a) x* + 3flx* + 6 fix + 5a = 0 d) x 4 + 4x 3 + Sx 3 + a - 0 

b) x® + 15ax® — 12ax + 20a = 0 e) x* — 2«x’ + ax + a 2 + 1 =0 

c) ax 5 + 5x — 4 = 0 

6 If a and 6 are real, then x 3 + 3ax + 26 — 0 lias one real root if a 3 4 6* 

> 0 anti three real rools if a 3 + 6* ^ 0. 

6 If /o(x) is of degree » ^ 1 and foUl, • ■ • , f,,(x), p = n > i» a Sturm 

sequence in every interval, then/#(x) has at least n - p imaginary roots. 
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APPROXIMATIONS TO REAL ROOTS 


1. Introduction Suppose we seek the real roots of a polynomial 
f(x) with real coefficients. If f(x) is linear or quadratic we can 
obtain exact expressions for the roots in terms of the coefficients. 
The same is true if f(x) is cubic or quartic (as we shall see, Ch. 8), 
but the expressions are not very simple; in fact, it may even be 
difficult to recognize from the expressions whether any of the roots 
are real. 

For fifth and higher degree polj'nomials the situation is even 
worse, since there cannot exist expiessions for the roots in terms of 
the coefficients if the expressions are to involve only radicals and 
lational operations. (This point is discussed at greater length in 
§1, Ch 8). For such polynomials, and even for those of third and 
fourth degrees, it may be important as a practical matter to be 
able to approximate to the real roots with any required degree of 
aecuiacy. 


2. Graphical approximation One way to obtain approximate 
values of the real roots of J(x) is :o graph f(x) and estimate the 
abscissa ■> of the points where the graph m^cts the x axis. Once 
the roots have been located approximately by means of a rough 
graph, it becomes a matter merely of careful plotting to determine 
them more accurately. 

Suppose, for example, w r c seek to the nearest hundredth the 
root of J{x) =- 8x 5 — 5x 2 * 4 + *32 (wb«*se graph w T as discussed in §8, 
Ch. 5) which lies between 0 and We could plot very carefully 
the portion of the graph from x = 0 to x = *£ on a large sheet of 
plotting paper, allowing each square to stand for one one-hundredth 
of a unit, and lead off the root to the nearest hundredth. 

Obviously, however, in order to do this we may need an imprac- 
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ticably large sheet. It might be simpler first to let each square 
denote one-tenth of a unit, and thus locate the root to the nearest 
tenth. For the example above we would find that the root lies 
between 0.3 and 0.4. Then, allowing each square on the paper to 
denote one one-hundredth of a unit, we could plot the portion of 
the graph from x = 0.3 to x = 0.4 and determine the second 
decimal place in the approximation. 

By this method of graphical approximation we can obtain the 
root with any required degree of accuracy. But it depends upon 
careful plotting and it is clearly time and space consuming. 

Exercises 

Obtain graphically, to the nearest tenth, the real roots of the poly- 
nomials in ex. 1, §7, Ch. 5. 


3. Approximation by location principle Suppose /(a) and /(&) 
have opposite signs. Then, by the location principle, there is a 
root r between a and 6. Suppose f(x) lias no other root between 
a and 6. 

Arbitrarily choose a number c between a and b as a first approxi- 
mation to r. If perchance /(rj = 0, then we have the desired root. 
Otherwise, f(c ) has the same sign as f(a) or the same sign as f(b). 
In the first case, r is between c and b; in the second case, between 
a and c. In either Case, w^e have narrowed the interval in which 
the root must lie. 

We can now proceed w’ith the smaller interval as we did with 
the original interval, obtaining a second approximation and narrow- 
ing the interval still further. We may continue this process as 
long as we wish, getting better and better approximations to t he root. 

If we choose c at random at each stage, there is no assurance 
that we shall be able to get as close to the root as wc may wish. 
There are, however, systematic ways of choosing the approxima- 
tions that will assure, after a sufficient number of steps, an approxi- 
mation that differs from the root by less than a preassigned amount. 
There are, in fact, many such systems, although there is no one 
which is best for all polynomials. 

If a b and /(a) and f(b) have the same signs, f(x) may still 
have a root between a and 6 but it is impossible, by considering only 
the signs of /(a), /(&), and /(c), to determine whether the root lies 
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between a and c or between c and b. But if D(x) is a highest com- 
mon factor of f(x) and f'(x)> and f(x) s D(x)g(x), then g(x) has 
the same roots as f(x) but each root is simple (theorem 6, §2, Ch. 4). 
Then if f(x) has a unique root between a and 6, g(a) and g(b) have 
opposite signs, and the process above can be applied to g(x). 

4. Determination of successive decimal places Suppose we seek a 
root of f(x) to within 0.01, the root having already been located 
between the successive integers a and a + 1. We can divide the 
interval la, a + 1] into 100 equal parts by letting x have the values 
a + 0, a + 0.01, a + 0.02, •••,« + 0.99, a + 1. By determin- 
ing the signs of f(x) for each of these values of x, assuming that /(a) 
and /(a + 1) have opposite signs, we can decide between which 
successive two of these values of x the root must lie. We can thus 
locate the root to within 0.01. 

Although this method will locate the root at once with the 
required accuracy, it has the disadvantage that there may be many 
values of x to be tried. It will usually require less computation 
if we first locate the root between successive tenths, then between 
successive hundredths, then between successive thousandths, etc. 

To illustrate the method, we find to the nearest hundredth the 
positive root of f(x) = 2x 3 + 2x 2 — 12x — 15. 

Since /(2) = — 15, /( 3) = 21, the root is between 2 and 3. To 
locate it between Micce&sive tenths, we first try 2.5. Since /(2.5) = 
— 1.25, the root is between 2.5 and 3. 

Since „A2.7) = G.516, the root is between 2.5 and 2.7. Since 
f(2.(>) = 2.472, the root is between 2.5 and 2.G. 

To locate the root between successive hundredths, we first try 
2.55. Since /(2.55) = 0.5G775, the root is between 2.50 and 2.55. 

Since /(2. 53) — — 0.1G9046, the root is between 2.53 and 2.55. 

Since /(2.54) = 0.197328, the root is between 2.53 and 2.54. 

Since we seek the root only to the nearest hundredth, we try 
2.535. Since /(2.535) = 0.01341015, the root is between 2.530 and 
2.535. Hence, to the nearest hundredth, the root is 2.53. 


5. Horner’s method To make systematic and less cumbersome 
the computations involved in the method of §4, we may use a 
method due to Horner. 
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Suppose we have located the desired root r between the succes- 
sive integers a and a + 1. 

To locate the root between successive tenths, we transform the 
equation /(x) = 0 into an equation g(x) =0 whose roots arc those 
of /(:r) each diminished by a. This can be done by successive 
synthetic divisions (exs. 3 and 4, §1, Ch. 4). Since/Or) has a root r 
between a and a + 1, g(x) has a loot r — a which lies between 0 
and 1. This root can now be located between successive lenths. 

For a value of x between 0 and 1, the v.duc of x J , where j is a 
positive integer, is “ small” compared witlx the value of x' -1 . 
Therefore, in locating the root of g(x) between 0 and 1, we may, 
for the purpose of a first approximation, neglect all the terms of 
g(x) except those involving the two lowest powers of x. This gives 
a reasonable first trial number and may reduce the number of 
necessaiy trials. 

Suppose we have located the root r — a of g(x) between the 
successive tenths 6/ 10 and (5 + 1)/J0. We can now r proceed with 
g(x) as we did with /(x), obtaining a polynomial h(x) whose roots 
are those of g(x) each diminished by b 10. The polynomial /?(x) 
has a root between 0 and 0. 1. When we June located tins root 
between successive hundredths w t c shall have located the desired 
root of /(x) between successive hundicdths. 

We can continue this procedure until we obtain as many decimal 
places as we require. 

We illustrate Ilomer's method by working again the example of 
§4. We seek the root of /(x) = 2x A + 2x 2 — 12x — 15 between 
2 and 3. 

To reduce the roots by 2, we divide f(x) and the successive 
quotients by x — 2. We have 

2 2 —12 -15 |2 

4 12 0 

2 G'" 0 - =15 

4 20 

2 ’ 10 20 

4 

2 It 

2 

The transformed equation is g{x) = 2x® + 14x 2 + 20x — 15 = 0, 
with a root between 0 and 1. 
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If we neglect the terms involving x* and x i , w4 have 20x — 15 = 
0. Hence, x = 0.7 will serve as a first trial number. 

We find (by synthetic division) 0 ( 0 . 7 ) = 6.54,6. Since 0 ( 0 ) = 
— 15, the root is between 0 and 0 . 7 . 

Since 0(0.6) = 2.472, the root is between 0 and 0.6. Since 
0(0.5) = —1.25, the root of g{x) is l>etwecn 0.5 and 0.6. 

Thus, the desired root of f(x) is between 2.5 and 2.6. 

To reduce the roots of g{x) by 0.5, we have 

2 14 20 -15 |0L5 

1 7.5 13.75 

2 15' 27.5 - 1.25 

1 8 

2 16 35.5 

1 

2 17 

2 

The transformed equation is A(x) = 2x 3 + 17x 2 + 35.5a; — 1.25 = 
0, with a root between 0 and 0.1. 

Neglecting the x s and x 2 terms, we have 35.5a: — 1.25 = 0, 
which gives x = 0.03 as a first trial number. 

Since A (0.03) 0.169646 and A(0.1) = 0(0.6) = 2.472, the 

root is between 0.03 and 0.10. 

Since A (0.04) = 0.197328, the root is between 0.03 and 0.04. 
Thus, the desired root. <>f j\x) is between 2.53 and 2.54. 

To reduce the roots of A(x) by 0.03, wc have 

2 17 35.5 -1.25 |0.j(tt 

0.06 0.5118 1.080354 

2 17.06 *36.0118 -0.109646 
0.06 0.5136 

2 17.12 36.5254 
0.06 
2 17.18 
2 

The transformed equation is k(x) = 2x a + 17.18x 2 + 36.5254a; — 
0.169646 = 0, with a root between 0.00 and 0.01. 

Since we seek the root of f(x) to the nearest hundredth, we have 
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only to determine 'whether the root of k(x) is larger or smaller than 
0.005. 

Since Jfc(0.005) = 0.01341075 and A?( 0) - -0.169646, the root of 
k(x) is between 0 and 0.005. 

Thus, the desired root of f(x) is between 2.530 and 2.535. 
[Actually, the root of k(x) is between 0.004 and 0.005, so that the 
root of f(x) is between 2.534 and 2.535.] 

Remark When seeking a negative root by Homer’s method, it will 
usually be more convenient, although not necessary, first to trans- 
form the given equation into one whose roots are the negatives of 
those of the given equation (ex. 2, §5, Ch. 3) and then to approxi- 
mate to the corresponding positive root, of the transformed equation. 

Exercises 

1 Evaluate to the nearest hundredth: 

a) The root of x 3 — 9j* 2 + 19x + 13 = 0 between 0 and —1 

b) The negative root of — 2x 2 — 12j? + 15 = 0 

c) The smallest real root of 5x z + 18-c 2 + 15a? — 1=0 

d) The real cube root of 4 

e) The real root of r 3 + 3r — 5 = 0 

f) The positive root of a* 3 + 3 j? 2 + 2x — 34 = 0 

g) The largest real root of 2x 4 — 3j? 3 — 2x — 2 = 0 

h) The smallest positive root of x 4 — 7x + 3 = 0 

i) The positive fourth root of G 

j) The largest real root of x 4 + 3jt 2 + 6a? + 1 =0 

2 Obtain to the nearest hundredth the real roots of the polynomials in ex. 2, 

§8, Ch. 6. 

3 Obtain to the nearest hundredth the real roots of the polynomials in 
ex. 1, §7, Ch. 5. 

6. Newton's method In Newton’s method of approximation 
each approximation is expressed explicitly in terms of the preceding 
one, and no direct use is made of the location principle. 

We first describe the method geometrically. 

Suppose f(x) has a root r between a and 6, where a <b, and 
that in the interval [a, b] f(x) is never zero. Let x = Co, any value 
of x in the interval, be taken as a first approximation to the root. 
The tangent line to the graph of f(x) at the point for which 
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x = Co has slope f(c 0 ), and an equation for it, in point-dope form, 
is y — f(c 0 ) = f{co)(x - co). 

Since /'(r 0 ) 5 * 0, the tangent line is not parallel to the x axis. 
The abscissa of the point where it crosses the x axis, obtained by 
letting y — 0 in the equation and solving for x, is c u — /(co)//'(co). 
Calling this ci, we take it as our second approximation to the root. 

Proceeding with ci as we did with co, we obtain a third approxi- 
mation. Continuing thus, we obtain a succession of approxima- 
tions co, Ci, ■ ■ • , c», ■ • • where 

c„ = Cn-i-fi—Aj (« - 1, 2, • • •)• 


Y 



Disregarding, if we like, this geometric motivation, we may 
describe Newton's method by saying: let Co be any number in the 
interval [a, b] and let c n for n - 1 , 2, • • • be obtained successively 
by the preceding formula. These will be taken as the successive 
approximations to the root x — r. 

It seems intuitively evident, from Fig. J, that the successive 
approximations will get closer and closer to the root as n increases. 
But there are situations in which this will not be the case. Such a 
situation is pictured in Fig. 2. 

To assure the validity of Newton's method some conditions 
have to be imposed upon f(x) and the initial choice for Co. We 
discuss such conditions in the following paragraph. 
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7. Validity of Newton’s method Suppose f(r) = 0, a < r < 6, 
/'(j') different from zero for every value of x in [a, ft]. 

We show first that if Co be properly chosen all the subsequent 
approximations lie in [a, ft]. 

We have 


c * c ° /(c!) 


so that, since /(r) = 0, 


Cl r [ C ° /Vo)] [ r fir)] 

Let P(x) = x/'(x) — /(x), Q(x) = J'(x). Then 

1 Q(co) Q(r) 


Q(x) does not vanish in [a, 6]. Therefore (ex. 3, §7, Ch. 5) if 

(J (Xo) 


= ( Co - r ) f(zo) f"(xo) 
( o } Lf'Ml 2 


where xo is between Co and r. 
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If Co = r this is also true if we take Xo = r, sihce then Ci — r = 
Co — r = 0 . 

Since /'(x) does not vanish anywhere in [a, b ] there is an M > 0 
such that |/' Or) | > M for eveiy x in [a, b] (c\. 5, §7, Ch. 5). 

Let 0 < X < 1. Since /(x)/"( x) vanishes at x — r, there exists 
a 8 > 0 such that |/(x)/"(x)| < \M 2 for |x — r\ <6 (by ex. 21, §4, 
Ch. 2, taking € = XM-). 

Let a be a positive number smaller than 5, r — a, and b — r. 
Then, if x is in [r — a, r + a], 


r — ag.r^r + o£ 

— a g r-r^u! 

|x — r\ S & < 5 

and x ^ r + a < r 4 {b — ?)= b 

x Z r~a>r — (r — a) = a 


thus, x is in both [a, b] and \x — r| < 5. For every such x, there- 
fore, 


(a) 


/who; 

I/'U >] 2 I 



- X < 1 


If Co is in fr — «, r -f- a], then x 0 h also, and 


|ci - r| < Xjco - r| < |r 0 — r| 5 « 
so l hat Ci i< also. 

Tt f(»llows in (he same way, step by step (actually by mathe- 
matical induction b lhat c» *•>, • • all lie in [r — a r -f a]. 

Thus, a pioper choice ior c o assures that all the successive 
approximations lie m [e, ?>]. hurth°rmoie, if the intonal is such 
that condition (a) holds throughout the interval (and, as we have 
seen, one w^ay to ussuie this is by taking [r — a f r + a] as the 
interval), then 

|c i - r\ < X|c 0 - r\ 

| c 2 - rj < X|ci — r\ < X z |co — r| 

and, in general, 

A — r| < X|c„_i - r, <. X n |c 0 - r| 


Since 0 < X < 1, the successive powers of X decrease steadily 
and by taking n large enough can bo made as close to zero as we 
wish. Hence, if n be taken large enough, |c» — r[ will be as small 
as we please. 
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Example Suppose we seek the positive root of 2** + 2®* — 
12® — 15 (previously obtained by Homer’s method in §5). 

We first try to obtain a reasonably good first approximation by 
the location principle. 

Since /( 2.5) = —1.25, /(2.6) = 1.472, we take as our interval 
[2.5, 2.6]. 

Since f'(x) = 2(3® 2 + 2® — 6) has no root in [2.5, 2.6], it has 
the same sign throughout the interval. This sign is positive. 
Hence, /(®) is monot onieally increasing in the interval. Therefore, 
for every ® in the interval, 


-1.25 =/( 2.5) £/(j) g /(2.G) = 1.472 
so that |jf(®)| g 1.472. 

Since /"(®) == 1(3®+ 1) is positive tliroughout the interval, 
/'(®) is monotonically increasing in the interval. Hence, f'(x) ^ 
/'(2.5) = 35.5. 

Also, f"(x) 6 f"(2.C>) = 35.2. 

Thus, for every x in the interval, 


/(x\r(*) 

l/'WF 


- (1 -/o?Sr- 2 ' = 0(Mllt = X < 0.012 

(35.5 r 


Suppose we choose Co so that /(c 0 ) is positive. 
2.6 and 


cj — r •= (r 0 -• r) 


/(®o)/ ,, (®«) 

[/'(•rolP ' 


Then r < Co ^ 


where r < r 0 < Co. 

Since /(®o) and f"(xo) are positive, c% - r is positive. Also 


cj — r < (c 0 — r)\ < Co — r 

so that ci < Co. 

Hence, r < ci < Co. Thus, ci is in [2.5, 2.0] and/(ci) is positive. 
It follows in the same way that Ci is in [2.5, 2.6] and r < ct < 
Cl < Co* 

Similarly, all the successive approximations lie in the interval 
[2.5, 2.6]. 

We have 

ci - r < (c« - r)A < (0.1)(0.042) = 0.0042 
c* - r < (c 0 - r)X 2 < 0.0001764 



EXERCISES 


113 


Exercises 

1 Suppose neither /'(x) nor /"(x) vanishes for any x in [a, b] and 
|[/(x)/"(x)]/[/ / (x)] 2 | < X < 1. Show that it is possible to choose Co in 
[a, 6] so tliat/(co)/"(fo) > 0 and if Co be so chosen then: 

a) If c o < r then Co < Ci < • • • < c n < r 

b) If Co > r then r > c„ > • • • > Cj > cq. 

2 Make a first approximation to the positive root of x* — 4x 2 — 16 by any 
method and a second by Newton's method. Deteimine the accuracy of 
the second approximation. 

3 Find to two decimal places the largest real loot of x 3 — x 2 — x — 1 *= 0. 

4 Find two approximations to the positive root of x 8 — 2x* — 20 = 0 by 
Newton's method and deteimine their accuracy. 

6 Find the positive root of x 3 — 2x 2 — 2 = 0, making two approximations. 

6 Find to three decimal places the positive root of 2x 3 — 3x — t* = 0. 

7 Locale the real cube root of 7 between successive integeis and make 
a second approximation by Newton's method, 

8 Find \/3 to tw^o decimal places by Newton's method. 

9 Find the positive loot of jr 3 — 2x — 5 — 0. 

10 Find the root of x 3 — 20x +17 = 0 between —4 and —5. 

For practice in the use of Newton’s method the exercises following §5 
may be worked by this method. 
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1. Solvability by radicals If f(x) = ax + b, a 0, then f(x) has 
the unique root — ~ 

If f(x) s ax 2 + bx + c, a & 0, the roots are 

(-6 ± \/b 2 - 4ac) 

2a 

These are formulas for solving all linear and quadratic equations. 
They express the roots explicitly in terms of the coefficients. 

If f(x) is of degree n > 2, it is natural to inquire whether there 
is a similar formula for the roots of J(x). To make the question 
more precise, note that in the formulas for the roots of linear and 
quadratic equations the only operations performed upon the coeffi- 
cients are the rational operations and extractions of roots. That 
is, these equations are ‘‘solvable by radicals.” 

An equation a»r n + ai** -1 + • • • + a n -ix + a n = 0 is said 
to be solvable by radicals if there exists a sequence of numbers 
hi, bi, •••, b p such that every b, is either one of the coefficients, 
or the sum, difference, product, or quotient of b, aud 6* where j and 
k arc less than i, or a root (of any index) of a preceding b, and such 
that every root of the equation appears in the sequence. 

For example, for ax 2 + bx + c = 0, a 0, we have the sequence 
hi = a, l >2 = h, hj = c, hi = hi/hi — 1, hg = hi — hi = 0, h# = hihi 
= ac, h7 — 6* + hi — 2, hg = J>7 + ?>7 = 4, bg — 6«hg — 4ac, hio — 
hjbi = b 2 , hn * hio — hg = h 2 — 4<zc, hu — Vbii 83 \/b 2 — 4ac, 
hi* = h 6 — hi2 = — -s/h 2 — 4ac, hu = h« — 62 = Vb 2 — 4ac — h, 
bn = hu — b% — — Vb 2 — 4oc — 6, hi# = bibj — 2a, bn — bu/bu 
= (— h + Vh 2 — 4ac)/2a, hu = bxt/bu = (— h — Vb* — 4ac)/2a. 
(This is not the only such sequence possible.) 
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We now ask: Is every equation of degree n l > 1 solvable by 
radicals? 

We shall sec in this chapter that for n = 3 and n — 4 the answer 
is yes. But for n > 4 the answer is no. In fact, even so ample 
an equation as x B + — 5 = 0 is not solvable by radicals. It 

ran l>e shown that forn > 4 there cannot exist a formula involving 
only rational operations and root extractions for expressing the 
roots of every polynomial of degree n in terms of the coefficients. 
The proof of this remarkable fact belongs to the Galois theory of 
equations which we shall not go into. In Oh. 10, however, we 
shall discuss some matters related to the general question. 


2. Cardan's solution of cubic Let the equation lie 
/(:r) = x 3 + ax 2 + 6x -f c = 0 

where a, b, c are any complex numbers. For simplicity, we are 
1. 1 king the loading coefficient to be 1. 

We first make a transformation to eliminate the second degree 
term. If the roots of f(x) are xj, x 2 , x<t, we seek an equation without 
a quadratic term whose roots are 

yx — Xi + «, J/2 = a - * + «, y* = x* + a 

where a is a constant to l»e determined. 

In ihc transformed equa ion the coefficient of the quadratic 
term is — (yi + y 2 + ya) = — (.ri + Xt + * 3 ) — 3a = a — 3 (§4, 
Ch. 3). For this 10 be zero, we desirr a = a/3. 

Wo perform, therefore, the transformation 

. a a 

y = x + g or x - y - 7 j 

The transformed equation is 

(y- 5) + 1 6 ~ c “ 0 

or y 3 + py + q = 0 


where p = b — (a 2 , 3), q = (2a s — 9al> + 27c)/27. 
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y* + py + q is called the reduced cubic. Its roots are 


2/i = xi + 


i a 

Xi + o> 


3' 


2/3 = Xi -f 3 


To solve the reduced cubic, we use a transformation y = 
g + (0/z) where /3 is a constant to be determined. The transformed 
equation is 


or 


( 2 + f ) + p ( 2 + f ) u 9 = 0 

s* + Zl ^<1+ w + v)z + " T 1 ^ = o 


To eliminate as many terms as possible, it is desirable to have 
3/3 + p = 0, or |8 = — p/3. With this choice for /3, the trans- 
formation is 


U = z 

and the transformed equation is 


V_ 

3z 


or 


s 3 -2?1'3 + 9 = 0 

* 6 + qz' - g - 0 


This is quadratic in z 9 with the roots 

From these expressions for z* we 6hall, in general, obtain six 
values for z. For each of the non-zero values of z w r e obtain a corre- 
sponding value for y from y — z — (p/3s). For each of the values 
of y there is a corresponding value for x from x — y — (a/3). 

It is clear from the derivation that each of the values of x thus 
obtained is a root of f(x) — 0. Hence, not more than three of the 
values of x can be distinct. 

Suppose, for example, that the values of x are 1, 1, 2, 2, 2, 2. 
What are the roots of /(*)? Are they 1, 2, 2 or 1, 1, 2? Evidently 
we must investigate more closely the manner in which the values 
of x are obtained. Since there is no difficulty in the determination 
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of x when y is known, we fix our attention upon 4he solution of the 
reduced cubic. 

Since y and * are related by y = z — (p/3z), we are interested 
only in non-zero values of z. At least one of the values of z* is 
different from zero unless we simultaneously have 

-5 + ^ + f-O. -0 

Hut from these two equalities it follows by addition that q = 0 
and, by using q = 0, that p = 0. Thus, if both values of z 8 are 
zero, then p -= 0 and q = 0. In this case the reduced cubic is 
y' = 0 and its roots are 0, 0, 0. 

If p and q are not both zero, at least one of the values of z 3 is 
different from zero. 1 <et A be one of the non-zero values ol z\ Let 
\ -l be any cube root of A. If co is either of the imaginary cube 
loots of 1, i.e., co = i \/3), then the three cube roots of 

1 Uie V^l, 0) </A, to 2 \^A (since these are distinct and the cube 
ol each is A ). Wo .say that, these three values of z in y = z — (p/3z) 
give the roots of the reduced cubic, i.e., the roots of the reduced 
cubic are 






3. Verification of the roots To verify that yi, y 2 , y% are the roots 
of the reduced cubic, w r c note first that 1 , co, co 2 , being the three cube 
roots of 1, are the roots of x z — 1 = 0. Therefore, their sum 
i -j- w + oj 2 is 0. Also, a' 8 •= 1, 1/co = co 2 , 1/co 2 = co. 

We now have 

yi + v* + y* - \ v :i U + « + « 2 ) - (l + i + g*) 

= t'A (l + » + « 5 ) - — (1 + «* + «) 

+ “ + “’>{' a -rhL) 

= 0 
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yti/i + ym* + yiy\ = (A^-d.) 2 ^ + « 2 + «’) 

-|f»+-+w*-h^ 5 + a> + -) 

6 \ co or <aj 

, £ /i , 1 , J_\ 

9(\/J) 2 V" “ 2 «V 

= (vTl) 2 co(l +« + «*) 

— g(« + « 2 + «* + « + « + « 2 ) 

+ 9 (|i).<“’ + " +1) 

— — p(co + co 2 ) 

= p MTIC'O <0 + CO 2 = —1 

yiyiy, = fhi^ 1 « 1 " f d) 

3 / 4 

p V 4 


H coXv^)* ^7 

27 <o s (^A) J 


_ V 
' y^i 


- .1 - 


(ut ul ! f 1) " 

p i 
21 A 


(1 + *> + co 2 ) + .1 - 27 Z 


ll 1 aii«l B are the roots of the quadratic equation in z 3 , then 
A •{ B = —q and AB = — 

Therefore, ~ 27 t ~ ^ and ^ _ 27A = + B = ~3 

Hence, ?/i?/ 4 /j = —q. 

Thus, 

(y - yi)(y - (y - yd 3 y 1 - (yi -f y2 + yi)y 2 

+ (viv* + j/i!/". + y2yi)y — yiy 2 y* 

^ y 3 + w + q 

Hence, yi, y>, y,\ are the roots of the reduced cubic. 

Remark If neither A nor B is zero, then, by the argument above, 
the roots of the reduced cubic are given by (1) and also by 


\/B 


P 


3 KB 


u> \ ; B - 


3co \/B 


CO 


K/b - - 


3<o 2 y/B 
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84 ] 

Therefore, the numbers in the two sets are th£ same, although 
perhaps in different order. To find which is equal to which, we 
must know how the cube roots of A and B which appear are related. 

Since AB — — ~> it is possible to choose the cube roots of 
A and B so that their product is — ~ If this be done, then y/~A = 

(2) « \ r A - -~Vr = 

3« v A 

s-yi- --”, 7 -^yn + v-ys 

3 w 2 vA 

Also </'B - -P- - = </li + l r A 

3 V *> 

co 2 Vb - ~ = ^ \TB + o> \/A 

3ar y/ B 

Although the fonnulas (2) were obtained on the assumption 
that neither A nor 3 is zeio, it happens that the right sides give 
the roots of the reduced rubic even when one or both of A and B 

V 1 

is zero For, if A or B is zero, then AB = — ^ yields p = 0, 

Since A and B are the values of lj b[—q ± (4p*/2 7)], and 

p = 0, one of A and B is zero and the other is —q (which may also 
be zero). Thus the right sides in (2) are the cube roots of — q . 
But the reduced cubic in tins case is // 3 + g and its roots are also 
the cube roots of — q. 


4. Example Solve s 3 — 6s 2 - 4 = 0. 

Letting y = x + o, the sum of the roots of the transformed 
equation is 6 + 3a. Hence, we choose a = — 2. Therefore, 
z = y + 2. This amounts to reducing the roots of the given equa- 
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tion by 2. The transformed equation can be obtained by replacing 
x by y + 2 (§5, Ch. 3) or by repeated synthetic division by * — 2 
(exs. 3 and 4, §4, Ch. 4). 

By the first method wo have 

( y + 2)* - 6(y + 2)* - 4 = 0 
y 3 — 12y — 20 = 0 

By the second method 

1-6 0 - 4 J2 

2 - 8 -16 
1-4-8 -20 
2-4 
1 -2 -12 
2 

1 0 
1 


which gives the same transformed equation. 

To solve the cubic in y, lot y = z + (/?/z). 
becomes 


(,+ §)*- 12 (* + f )-20 = 0 


The equation 


2 * + J + ( W 


12)3 + 


-20 = 0 


Choose (8 so that 3/3 — 12 = 0, i.e., <8 = 4. Then 

.4 

and 

z 8 + ^ - 20 = 0 

,3 s 

z® - 20s 3 + 64 = 0 
(z 8 - 16) (z 8 - 4) = 0 
z 8 = 4, 16 

Ji6t v^4 be the real cube root. Then z = « ^4, «* in 

a , = y + 2 = z+ (4/z) + 2 yields the roots of the given equation. 

To obtain the roots directly from the formulas of §3, let p ~ 
— 12, q = —20. Then 
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A - ^(-3 ~ + | (20 “ V 4bl) - 256) - 4 

If \/A = then Vu = — ,f.-_ = JL 

3 y/A 'v / 4 

and the roots are 2 + 2 + w + u 2 -^7?, 2 + 

( o 2 + w tfg. 

Exercises 

1 Solve: 

a) x 8 + 3x 2 + 9x + 5 =0 

b) x 3 — Or 2 + 21x — 44 — 0 

c) x 3 - 3x + 2 - 0 

d) x 3 + (>« 2 x — 2a J = 0 

e) x 3 + 3x 2 - 3x + 2i -5=0 

f) x 3 + Six + 1 + i - 0 
fi) ?/‘ - 3 v 4// + 4 -- 0 

h) </ 3 + Gi// — 1 — St — 0 

i) 2/ 3 + — 9i “ 0, w an imaginary cube root of 1 

j) x 3 + 12x - 12 - 0 

k) y* + IS y + 6-0 

l) x 3 — 3 ix + 1 — ? = 0 

m) y z — 12 asy — 16 - 0, w an imaginary cube root of 1 

n) x 3 — 27x — 54 = 0 

o) x 3 + fix — 4 i = 0 

2 If A and B are any complex numbers, w an imaginary cube root of 1, then 

A -h B, toA u > ? B, wM + coB arc tl * roots x* - 3ABx - (A 3 + B 3 ) 

= 0. 

3 Prove that V^I + v / 2 ?2 7 + V ] — V 2h 27 = J if the cube roots are real. 

(Hint: Use ex. 2.) 

4 Prove that \T\ + y/2 + V^l — where the cube roots are real, is 
irrational. (Hint: I^e ex. 2.) 

6 Prove that x f — ^ ^ H - ..-v ■» where the cube 

> 9 3 Y^27+10fV8 

root is the same in both parts, is rational. 
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5. Discriminant of cubic If f{x) is of degree n > 1 and Xi, z 2 , 
• • • , r n are the roots, then 

D = (Xi — Z*)*(Xi — X»)* * * • (Xl — Z») 2 (x 2 — **)* * • • 

(X 2 - X„) 2 • • * (Xn_i - X») 2 

(the product of the squares of all the differences x, — x, for i j) 
is called the discriminant of /(x). 

Evidently, D is zero if and only if f(r) has a multiple root. 

If /(j) s= x 2 + ax + b, ils discriminant is (xi — x 2 ) 2 = (xi -f- 
x 2 ) 2 — 4xxXj = a 2 — 4 b. When a and b are real, the sign of D 
determines whether the roots 1 %( — a + \ / D) are real or imaginary. 
A similar situation exists for the cubic. 

THEOREM 

If x* -f- ax 2 + bx + c has real coefficients, then: 

(a) If I) > 0, all tin moth an ual and distinct. 

(b) If D — 0, all tin loots ai< ual and there is a multiple root. 

(c) If D < 0, there is one real root and two ( conjugate ) imaginary 
roots. 

Proof: Since the coefficients are real, imaginary roots occur in 
conjugate pairs (§1, C'li. 5). Hence there is at least one real root. 

If the other roots an* real and no two roots are equal, then 
D = (x i — x t )\xi — x,) 2 (x 2 — xi) 2 > 0. 

If the other roots are real and there is a multiple root, then 
1 ) = 0 . 

If the other roots are conjugate imaginaries, a + pi and a — pi, 
where p j* 0, then 

1) — (xi — a — Pi) 2 (xi — a -(- j 8i) 2 (a -f- pi — * a -f- pi)* 
where zi is real 

« [(*i - a) 2 + m-4/3 2 ) < 0 

Thus, if D > 0 only the first of these three situations is possible, 
which proves conclusion (a) of the theorem. Conclusions (b) and 
(c) follow similarly. 
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The fact that the sign of the discriminant of sj cubic determines 
the nature of the roots is useful since, as we shall now see, the 
discriminant can be found without a knowledge of the roots. 

THEOREM 

If f( x ) — a* 1 + or 2 + for + c, and g(y) = y 3 + py + q is the reduced 
cubic, then f(x) and g(y ) have the same discriminants. 

Proof: If Xj, Xt, x» are the roots of f(x), then 

yi — xi + g, 2/2 = X2 + g, y» — *8 + g 

are the roots of g(y). Therefore, x, — Xj = y, — y, for t ^ j, so 
that the discriminants are equal. 

THEOREM 

The discriminant of y z + py + q is —4 p® — 27 q 2 . 

Proof: The roots are 


y! = \fl+ y/B, = 

yz = o 2 \/A + « </B 

wher e a — 1 + i \/3), A and B are the values of }y[— q ± 

+ 27 ]' lind VI = ~ 3- 
Thus, 

2 /i - yt - (1 - »)VZ d (1 - <■>'-) VB 

- (i - + (i + 

= (1 - «)[^A - « 2 v//?] 

yz — yz — (u — « 2 )\/ + (« 2 — 

= «(1 — to)['V // d — 

2/a - 2/i - (« 2 - l)tfl + (« - l)v / 5_ 

= (l — «)[(-« — l)^^— 

= (1 - «)[«• y/A - \’/S] 

=* « 2 (l — — u ^5] 
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(2/1 - 2/2) (2/2 - y$(y* — yi) = « a (i - «) 3 [vOt - \/B] 

f^/I - « ^B)[^A - m 2 \/B] 
= «*(1 - m) 3 [A - (1 + CO + «*) 

('\J // A) 2 'V^fi + (» + «* + m 3 ) 

($!&) 2 - «»/i] 

= (1 - U )HA - B) 

= (1 - 3c + 3 m 2 - m*)(A - B) 

= — 3(m — m ? ;(A — E) 

= -3(1 + 2m)(A - B ) 

since « 2 = — 1 — m. 

But 

1 + 2c = ±i \A and A - B = 1 ^jg 2 + 

Ilcnce 

£ = [(.2/1 ~ 2/2) (2/2 2 /jK 22 s ~ 0 i)]* 

- [ ± 3; VS + £]' 

= -(27g 2 + 4p») 

THEOREM 

The discriminant of x 3 4- ax' 1 + bx + c is I8abc — 4o*c + a 2 6 2 — 
46* - 27c 2 . 

Proof: For the reduced cubic, 

. a 2 2a 3 - Qab -f 27 c 

p = b ~r q ~ 27 

Tliprpf nrp 

Z> = -<2V + 4p*) = - — 4 (ti — 

Simplifying this gives the stated result. 

Example Determine the nature of the roots of x* — 9® + 8. 

Here a — 0, b — —9, c = 8, D = 1188. Since the coefficients 
are real and D is positive, the roots are all real and unequal. [Actually 
the roots are 1, Ji(— 1 ± V33)-] 
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Exercises 

1 Determine the nature of the roots of: 

a) x 3 — 3x 2 — 3x — 2 = 0 d) 2a: 3 + x 2 + x + 1 — 0 

b) x 1 - 2x + 9 - 0 e) x 3 + 5x 2 - 2 - 0 

c) 2x 3 - 7x + 1 = 0 

2 Determine the number of real rooth for real values of a: 

a) x 1 - 3x 4 a = 0 d) x 1 4 ax' 2 + 4a 2 ® + a 3 = 0 

b) x 3 + ax 2 + 4 = 0 e) x 3 + 3ax + 4-0 

e) ax 3 — 3x 4 4 = 0 f) x' 1 + 27x 2 + ax + 18a = 0 

3 Determine a so that there \mI 1 ]>t* a multiple root: 

a) a* 3 — 27x + a = 0 

b) 4x 3 + 4or 2 + o 2 x f 21a = 0 
e) x 3 - 3a 2 x + 2a 3 - 0 

d) t 3 + ax 2 + 2 ax f a 4 1 = 0 

e) x 3 4 3a.r 2 + (W - 1)a 4 «' -« =-- 0 

f) x 3 4 3r«? J + 4a - 0 

g) x 3 - 2x 2 - (3/i - \)ui + i )x { 2a (a 4 l) 2 = 0 


6. Cubics with three real roots If wo solve x 3 — 9x + 8 = 0 by 
Cardan's* method, wo obtain the roots 

v — 4 + iVii + v— 4 -Tv'n, « + 7 VTi 

+ w 2 a. • v-i + w-i'i" + « V/- 4 - i vTi 

where V^— 4 + 7-\'ll and \ — 1 — t \/il are eliosen so that 
their product is 3. Actually, as wc saw in §5, the equation has 
three real roots, with x = I as an obvious loot. From the expressions 
obtained by Cardan’s meUiod, however, it is difficult to see that 
1 is a root oi c ven that there are any real roots. 

Whenever the cubic has real coefficient* and the discriminant 
is positive, the roots are real and distinct, but Cardan's formulas 
necessarily involve imaginary quantities. For, considering the 
reduced cubic y* + py f q = 0, the discriminant is 1) = —27g 2 — 
4p 8 and the roots are 

\A + $B, w \'A + « 2 $B, « ! \-u^B 
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where 

A - j(-S + + %) - l (-5 + ) 



For practical purposes it is sometimes desirable to express the 
roots in a form which involves no imaginary quantities. This can 
be done with the help of the triple angle formula 


1 cos® 0 — 3 cos 0 = cos 30 


(a) 


From this we see that z = cos 6 is one root of 
, 3 cos 3d 

4 


= 0 . 


But 


cos (d + 120°) = cos d cos 120° — sin d sin 120° 

= — y<i cos d — i/3 sin d 

cos (d + 240°) = cos d cos 2 10° — sin 6 sin 240° 

— — 1 -j cos d + \/3 sin d 

Hence 

cos d + cos (0 + 120°) + cos ( d + 240°) *= 0 
cos d cos (0 + 1 20°) + cos d cos (6 + 240°) 

+ cos (6 + 120°) cos (0 + 240°) = —^4 (cos 2 d + sin 2 d) = 
cos d cos (d + 120°) cos (d + 240°) = x /i cos 0(008* d — 3 sin 2 d) 

= } i cos 0(4 cos 2 d — 3) = }'4 cos 30 

Therefore, cos 0, cos (0 + 120°), cos (0 + 240°) are the roots of 
(a). 

If the reduced cubic has a positive discriminant, by choosing 
a suitable X and letting y — Xz we transform the equation y* + py 
+ 9 = 0 into one of the form (a). The transformed equation, 
after dividing by X*, is 

* , + x 2Z + x"* = 0 

Hence, we wish 

V 3 q 1 oil 
X- — 4 0083# 
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56 ] 


Since D = —27 g* — 4 p* is positive and p a^d q are real, p is 


negative. Hence, a real value for X 
X, we seek an angle 0 such that 




exists. 


Using this 


cos 30 = 

D > 0 implies — 4p* > 27 q 2 . 


3 7 M 
2p\ P 
Hence 


Therefore 


0 £ 


27<? 2 
— 4p^ 


3 q f— 3| 
2p\ p I 


< 1 
< 1 


so that an angle 30 exists with the desired cosine. Thus, 0 can be 
found. 

With the X and 0 thus determined, the transformed equation 
has the form (a). Since the routs of (a'l are cos 0, cos (0 + 120°), 

cos (0 + 210°), the roots of the reduced cubic are 2 cos 9 , 
2 cos (0 + 120°), 2 cos (0 + 240°). 


Example Obtain by the trigonometric method the roots of y* — 
0 y - 1-8 = 0 . 

Here X = 2 y/8, cos 30 = — ( 4 <j) v3. From trigonometric 
tables we can find the r oo 4 s appioximatelv. For, cos 30 = 
-0.70980, 30 = 140°20'9", 0 = 46°4G'43". Hence 

2 cos 0 = 2 y/3 cos 4G°4G'43" = 2.3724 

cos (0 + 120°) = 2 V3 cos 16G°4G'43" - -3.3722 

2 'Jlf C0S + 240 °) = 2 v'S cos 28G ’46'43" = 1.0000 

Exercises 

Solve by the trigonometric method: 

а) y * - 36t/ - 72 -= 0 d) |/ 8 - 12y + 12 = 0 

б ) 3/ 8 - 61 / + 4 « 0 c) y* - 6y - 2 ■= 0 

v) y z — 3t/ + 1 8=5 0 fl ® 8 3x* — 3® — 9 = 0 
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7. Ferrari’s solution of quartic Finding the roots of a polynomial 
and factoring the polynomial into linear factors are equivalent prob- 
lems (§2, Ch. 3). Ferrari’s method for solving a quartic is a 
special device for obtaining the linear factorization. 

Let y be any constant. Then, if /(x) = x 4 + ax * + bx 2 + 
ex + d, we may rewrite /(x) in the form 

/(*) m (x* + %ax + yiy) 1 + bx 2 + cx + d — 0ia 2 x 2 + yx 2 

+ }iayx + liy 2 ) 

= (x 2 + y^ax + }4y) 2 + (6 — Ha 2 — y)x 2 + (c — }iay)x 

+ (d~ H y 2 ) 

We shall choose y so that f(x) becomes the difference of two 
squares, i.e., so that ( b — } \a 2 — y)x 2 + (c — ay)x + (d — Yy 2 ) 
becomes — (Xx -f- y) 2 = {i\x + in) 2 . This will happen if and only 
if the roots of this quadratic in x are equal; hence, if and only if 
the discriminant is zero. Thus, we wish to choose y so that 

(c - }iay) 2 - 4(6 - 1 t a 2 - y)(d - >i y 2 ) = 0 

Simplifying this equation, wo obtain 

y 3 — by 2 + (nc — 4 d)y -f 4bd — a 2 d — c 2 = 0 

This cubic in y is called the resolvent cubic of /(x). It is not 
necessary to solve the equation completely since all we need is one 
value for y. 

Having chosen y as a root of the resolvent cubic, we have 

/(*) 53 (x 2 + 1 2 «x + 1 2 yY — (Xx + m) 2 

(X or y or both may be zero) 

53 (* ! + } -lax + y y + \x + y){x 2 + } 2 ox + \iy - Xx -y). 

The roots of /(x) are the roots of the quadratic factors. 

We remark that the values of X and y may depend upon which 
root of the resolvent cubic we take for y. The final factorization of 
f(x) into linear factors, however, is the same regardless of which 
value of y wc use (§1, Ch. 3;. 

Example Find the roots of /(x) = x* 2x s + 4x 2 + 4x + 2. 
Following Ferrari’s method, we have 

f(x) = (x 2 -f- x + \iy) 2 + 4x 2 + 4x + 2 — x 2 — yx 2 — yx — \iy 2 
m (x 2 + X Yiy) 2 + (3 - y)x 2 + (4 - y)x + (2 - Yy 2 ) 
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The resolvent cubic is 

4(3 - y)(: 2 - My 2 ) - (i - y ) 2 - y* - V + 8 
Obviously, 2 is a root of the cubic. Hence 


/(x) a (x s 4 a; + 1)* 4 x* + 2x 4 1 
a (x* + a; + l)* + (x + 1)* 
a (x* + x -f- 1 + ix + i)(x 2 4 x 4 1 — ix — i) 


The roots of the quadratic factors are ) j( — 1 — i ± y / —4 — 2i) 
and Mt - 1 + * ± y/—4t 4 2t). 

Exercises 


1 Solve: 

a) x 4 4 2 Vr>x' + 5x* - 1 - 0 

b) x 4 4 3x — 2 = 0 

c) x 4 4 4x 3 4 27 - 0 

(l) x 4 - 7x* + 2x 4 2 = 0 

e) x 4 + 2x 3 — a* 4 2x 4 1 =0 

f) x 4 - 2x 3 - fix* + ]()j -3 = 0 

gl x‘ - 4x* + (ix* - 1 Ix - 4 = 0 

h) x 4 + x* + 2ix -1=0 

i) x 4 4 2x* - 12tx - S = 0 

j) x 4 - 4x 3 4 4 j* - 4x + 3 = 0 

k) x l + 2x 3 4 x* - 9 = 0 

]) x 4 4 x* + 4x - 3 = 0 


m) x 4 4 4x‘ 4- 7x J 4 JOx r 3 = 0 

n) x 4 - 3x 4 20 = 0 

o) x 4 4 Xx 4 03 = 0 

p) x 4 4 x* 4 2x 4 6 = 0 

q) x 4 4 2x 3 — 4x — 2 = 0 

i) x 4 4 3ix* 4 LH 4»> + «= 0 
e) lt»x 4 - Xx’ - Sx* 4 2x 4 1=0 
1) x 4 4 2 V2/V3X' 4 3 4 = 0 

u) x» 4 12a 4 3 = 0 

v) x 4 4 4x’ - 1 = 0 

w) x* 4 4x 3 4 9x* 4 4x 4 4 = 0 


2 The transformation y - r 4 applied to x 4 4 ox 3 4 for* 4 cx 4 d 
— 0, gives a reduced quartic, F(y) s= >/ 4 qy~ 4 ry 4 .s' = 0, con- 
taining no teim in y\ If Me attempt to find numliers X, p, v such that 
F(y) s- {y 2 4 X// 4 p)0 / 2 — X// -} v) by equating ooetlicient<-, we are led 
to equations from which, by elimination of p and v, we obtain X* 4 2<?X 4 
4 (q' — 4s)X* — r ? = 0. letting z — X r , wc have an auxiliaty cubic 
II (z) 2 s 4 2qz- 4 (? 2 — 4s)s — r* = 0. Ixd O(u) lie the resolvent 
cubic for F(y). Show that G{z 4 q) a ll(z). 'Once X has lieen deter- 
mined, p and v can bo found. Thus, we have another method for solving 
a quartic.) 


8. Roots of resolvent cubic Let tj(v) = y* — by * 4 (<w* — 4tf)y 4 
(ibd — a 2 d — c 2 ) be the resolvent cubic of /(x) = x 4 4 ax 1 4 bx 2 4 
cx 4 d. 
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THEOREM 

If xi, x», xa, *4 are the roots of /(*), then 

yi => x&a + xtXi, yt = xixt + * 2 * 4 , y t = * 1*4 + * 2*3 

are the roots of g(y). 

Proof: We have, using the relations between the roots and coeffi- 
cients (§4> Ch. 3), 

Vl + Vi 4 * Vi — *1*2 + *1*3 + *1*4 4 " *2*3 4 " *2*4 4 " *3*4 = b 

V&i + VlV* + ViV* - (*1 + *2 + *3 + *4> (*1*2*8 + *1*2*4 

4 " *1*3*4 4* *2*3*4) — 4 * 1*2* 3* 4 

= ac — 4d 

ymyi = — 4 (* i *2 4 " *1*8 4" *1*4 + *2*8 4* *2*4 

4- *3*4)*1*2*S*4 

4 - (*1 4 - *2 4 - *3 4 - *4) **1*2* 8*4 
4 - (*1*2*8 *1*2*4 4 - *1*3*4 4 - *2*4*4)* 

= —4 bd 4- o*d 4* c* 

Thus, 

(y — yi){y — yMy — yi) ^ y* — by 2 + (ac — 4 d)y 

+ (4 bd — a*d — e*) ® g(y) 

which proves the theorem. 

THEOREM 

The quartic and the nsolvent cubic have the same discriminants. 

Proof: By the preceding theorem 
(yi - yt)*{yt - y*V(y-> - yi )* 

= [(*1 — * 4 )(*2 — *<■)]*[(*! - *2)(*3 — *<)] s [(*l — *s)(*4 — * 2 )]* 

so that the discriminants are the same. 

Exercises 

1 Prove: A quartic has a multiple root if and only if its resolvent cubic 
has a multiple root. 

2 Prove: If a quartic has real coefficients and its resolvent cubic has an 
imaginary root, then the quartic has an imaginary root. 

3 Prove: A quaitic has a root of multiplicity throe or more if and only 
if all the roots of the resolvent cubic are equal. 

4 Prove: A quartic has two roots whose sum is zero if and only if the 
resolvent cubic has two roots whose sum is zero. 
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6 If D is the discriminant of a quartic with real coefficients and no multi- 
ple root, then; 

a) If the roofs are all real or all imaginary D > 0. 

b) If two roots are real and two imaginary, D < 0. 

6 Let g(y) be a given cubic with leading coefficient 1. Prove: There are 
infinitely many quarries with leading coefficient 1 for which g(y) is the 
resolvent cubic. Show that specifying the coefficient of x 3 reduces the 
number of quarries to either one or two. 

7 Let fi(x) and / 2 (x') be quarries with roots Xi, x 2 , x 4 and x\, x 2 , x& x\ 

respectively. Let yi, y 2 , and y[, y 2 , 2/3 he the roots of their resolvent 
cubics. Prove: If there exists a number r such that 

a) x\ — rx % (< = 1, 2, 3, 4), then there exists a numt>er 8 such that 

Vi = sy t (i = 1, 2, 3) 

b) x[ — x % — r (i = 1 , 2, 3, 4), then tliere exists a number s such that 

Vt = y>-s (* = 1 , 2 , 3 ). 

8 Prove: If two quarries have the same resolvent cubics and tw T o common 
roots, then cither they have exactly the same roots or two roots of one are 
the negatives of tw T o roots of the other. 

9 Let y lt y«, y 8 be the roots of the resolvent cubic of x ! + o.r 3 + bx 2 + cx 

f d. Show r that it is possib le, by choosin g the prope r square root i n each 
case, to deteiniine Zi = \A/i — b + Ha 2 , z« = y/y 2 — b + 1 ia 2 , z 3 = 
y/y 3 — b + l 4 d 2 so that } fab + c. Prove then that 

Zi) - Ha, H(-Zi + 22 + 23) - Ha, h(.*i ~ 2 2 + 2 a) - 
H.a, Hfa + 22 — 2 3 ) — H<i are the roots of the quartic. 



CHAPTER 
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1. Definition of constructibility We shall be concerned with the 
possibility of cai lying out certain geometric constructions using 
only a straightedge and a pan of compasses. 

Let fix be a configuration consisting of given points, lines, lays, 
segments, and ciieles. (Note: A line extends indefinitely in two 
directions. A ray is one of the two parts into which a line is 
divided by a point on it: a lay extends indefinitely in only one 
direction: the point is called the endpoint. A segment is a portion 
of a line included between two points of the lint*; the points are 
called the endpoints . ) We leiei to the points, lines, rays, segments, 
and circles as the figures of the configuration. 

Let S 2 be any one of the following. 

(1) A point which i-> an intersection of tw r o of the figures of Si 

(2) A segment determined by two points of Si 

(3) A ray with a point of Si as endpoint and containing another 
point of Si or obtained by extending one oi the segments of Si 
in one direction 

(4) A line deteinuned by two points of Si or obtained bv < xtending 
a ray or segment of Si 

( 5 ) A circle with a point of Si as center and ladius equal to the 
length of one of tin* segments of Si. 

Similarly, let Si bo obtained in one of these ways from the 
configuration formed by Si and S„ together. 

In general, suppose* we ha\e a succession of configurations 
Si, S 2 , • • • , S n each obtained from all the preceding ones in one 
of the ways described above. If all the figures in a configuration S 
are included in Si, S 2j • ■ • , S„, w e say that *S r is construct ihle from 
Si with ruler and compasses (or, for brevity, that S is constructive 
from Si). 
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Example Show that the midpoint of a given line segment is con- 
stmctible with ruler and compasses. 

Let *Si be the given segment AB. Let S 2 be a circle with center 
at A and radius AB. Let 8* be a circle with center at B and 
radius AB. Let aSj bo a point of intersection of circles aS 2 and St 
and let aS t 5 be tlie oilier point ot intersection. Let 8 b be Ihc segment 
aS 4 a v ? 6 . Let 87 be the point of intersection of 8* and 81. 87 is the 

desired point. 

Exercises 

In order to have a basis for deteinunation of lengths, we always suppose 
a \nit segment is gi\en. 

1 Show that the following aie niler and compass construction'-*' 

a) O 11 a gi\en ray < 1 line to lay off a segment with a given cud point and 
-with length equal to that of a given segment 

b) To construct an angle with a given ray as one side and equal to a 
given angle (an angle is a figure formed by two lavs with a common 
endpoint) 

c) To construct a line containing a given point and parallel to a given 
line not cont lining the point 

d) To bisect a given angle. 

*2 If segments of lengths a and b ai e given, show’ that it is possible with ruler 
and compasses to construct a segment ol length 

a) a + b 

b) a — b if a > b 

c) ab 
J) a/b 

e) \/a 

f) the absolute value of a root of x 2 4- ox + b =- 0, if the roots are real. 
*3 If configuration -1 is? construct! hlo Jrom configuration B and B is con- 

utructible from configurniion (\ then A is com true tible from C. 


2 . Criterion for constructibility To develop a criterion for deter- 
mining whether a construction can be canied out with ruler and 
compasses from gi\en figures, we mu-t first discuss what is meant 
by saying a figure i- given. For instance, wdien we say a line is 
given, do w r e mean that every point on the line is known? 

We shall simplify the problem by oiipposing that w r e are dealing 
only with plane configurations and that in the plane we have a 
pair of axes to which all figures can be referred. That is, we suppose 
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we have the usual rectangular coordinate system. This implies, of 
course, that we also have a unit segment, the unit of the coordinate 
system. 

From the very nature of the coordinate system, to every real 
number a there corresponds a point P on the x axis, (a, 0), and 
conversely. When we wish to use geometric language, we may 
refer to the number a as the point P. When we wish to use alge- 
braic language, we may refer to the point Pas the number a. Thus, 
“a is given” and “P is given” may be regarded as synonymous. 
We agree: 

(a) A point is given if its coordinates are given. 

(b) A segment is given if its endpoints are given. 

(c) A line is given if the nuinbcis a, 6, c in an equation for the line, 
ax -f by + c = 0, are given. 

(d) A ray is given if it« endpoint and the line on which it lies are 
given. 

(e) A circle is given if the numbers a, b, r in an equation for the 
circle, x 2 + y 2 + ax + by +- c — 0, are given. 

In each case the numbers w ill be called the numbers of the 
figure. 

We shall say a configuration is given if the numbers of the figures 
in the configuration are given. We call these numbers the numbers 
of the configuration. 

We now state: 

THEOREM 

A configuration T is constructor with ruler and compasses from a 
configuration 8 if and only if the numbers of T are obtainable from 
those of S by rational operations and extractions of real square roots. 

If ai, ©2, • • • are complex numbers (a finite number or infinitely 
many), a number r is said to be obtainable from ai, a 2 , • • • by 
iational operations and extractions of square roots (not necessarily 
real) if there exists a sequence 6i, 62, • • • , b p such that b p = r 
and each b % is one of the a’s or is a sum, product, difference or 
quotient of two (not necessarily distinct) preceding 6’s, or is a 

square root of some preceding b. 

For example, if ai = —3, a 2 = 1 £, r = i V3 + let 61 = 
fli = —3, 6 2 = hi — 61 = 0, hi = 62 — b\ = 3, 64 = a 2 — 3^, 6b = 
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a 2 a 2 = 6« = 6 0 &5 = 67 = = \/ 2 ^> §8 = 63 + 67 88 3 + 

6g = y / b * = v ^3 + v^ 3 i> &10 = 61/63 = — 1, 611 = y/bw = 

i, bi2 = 61169 = r. (This is not the only such sequence possible.) 

If all the a 9 s and 6’s are real, r is said to be obtainable from the 
a’s by rational operations and extractions of real square roots. 

If there exists such a sequence in which no square roots are 
necessary, r is said to be rational in the a’s. 

We can now proceed with the proof of the theorem. 

Part 1 Suppose T const ructible from S with ruler and com- 
passes. 

Let Si, S 2 , • - • , S h , xv itli Si = S, be a sequence of configura- 
tions such as desciibed in §1, which includes all the figures of T. 

82 may be a point, segment, lav, line, or circle. Surpose, for 
example, it is a point and that it is an intersection of tv*o circles 
x 2 -f y l f aix + 6iy + ci = 0 and a 2 f + a 2 x + b 2 y + c 2 - 0 
of Si. By subtraction, (n L — a )r + (hi — b 2 )y + Ci — c 2 = 0. 
Solving this linear equ.it ion simultaneously with one of the two 
quadratic equations, we kc that the coordinates of the points of 
intersection aie obtainable liom a u 61, Ct, a 2 , b 2y c> by rational oper- 
ations and extractions of squaic loots. Since the points have real 
coordinates, only leal square loots appear. Thu*, in this case, 
the numbeis of S 2 aie obtainable fiom those of /Si by rational oper- 
ations and extractions oi real sqiuu e loots. 

We leave it to the reader to verify that in every o+hcr case the 
same is tine *01 the numbv s oj S'* 

In a similar way, the numbers of /S\ are obtainable from those 
of /Si and S 2 by rational opeiutioie and extractions of real square 
roots. It follows (ex. 2 follow mp) that th ft numbeis of S* aie 
obtainable from those of Si in this way. 

Proceeding in this manner, we see that the numbers of each of 
the 8„ and therefoie those of T, are obtainable from the numbers 
of /S in the required way. 

Pari 2 To prove the converse, let ai, a 2 * • ■ , a m be the num- 
bers of S and n, r 2 , • • • , r„ those of J\ and suppose every r x is 
obtainable from the aV b}^ rational operations and extractions of 
real square roots. 

Since S is given, by definition the points (aj, 0), • • • , (a m , 0) 
are given. We show fust that the points (r„ 0) are const ructible 
from S, i.e., from the points (oj, 0), • ■ ■ , (a™, 0). 
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Let r denote any one of the r,. By hypothesis, there is a 
sequence ftj, bt, • • • ,b p with b p = r of the type described above. 

Obviously, bi is one of the u’s, so that in a trivial sense ( 61 , 0 ) 
is constructible from S. 

To show by mathematical induction that every ( 6 ,, 0) is con- 
structive from S, suppose (6i, 0 ), • • • , ( 6 ,_i, 0) so constructible. 
Wo consider the following cases: 

(a) b, is one of the a’s. The desired result follows trivially. 

(b) b t = bj -J- ftj, where j and k are less than i. 

If b t = 0 then (ft,, 0) is the origin, which point we already 
have. Hence, suppose h t 0. 

If bj or 6 a is zero, there is nothing to lie proved since j and 
k are less than i and the hypothesis of the induct ion applies. 

If b, and 6 * are both positive or both negative, then |ft,| = 

1 6, | + | 6 j|. lienee (e\. 2 (a), § 1 ), a segment of length |ft,| is 
constructive from segments of lengths J6,| and |ft*|. Since, by 
the hypothesis of the induction, (ft,, 0 ) and (ft*, 0 ) are constmct- 
ible from S, segments of lengths ]ft,| and \(n\ are also cynstiuct- 
ible from S. It follows (e\. 3, § 1 ) that a segment of length 
1 6,], and therefore ako the point <h , 0), is constnictible fiom S. 

If one of bj and b/ is positive and the other negative, then, 
if | 6 ,| > |ft/|, 1 6, | — 1 6 , | — \bi\. Proceeding as before (using 
ex. 2 (h), § 1 ), we see that ( 6 ,, 0 ) is constructible fiom S. 

(c) b t = ft, — bi or ft, ft*. or ft,/ft A . r I'he desired resul* follows as in 
case (b). 

(d) bt = ± tv here j < i. Pince ft, is mil, h, > 0. As in case 
(b) (using e\. 2(c), §1), a -.egment o( length |ft,| = V 6 , is con- 
structive from S. The same, theiefore, is true of (ft,, 0). 

By the principle of mathematical induction, it follows that each 
of the points (fti, 0 ), • • • , (ft,,, 0 ) is constructive from S. Since 
r = b p , (r, 0) is constnictible fiom >S\ 

Now consider any figure of T. Suppose it is the point (r,, r,). 
We have seen that (r,, 0 ) and (r,, 0 ) ate constnictible from S. From 
(r„ 0 ) we can construct ( 0 , r t ), and trorn (r,, 0 ) and ( 0 , r,) we can 
construct (r,, r,). 

Suppose the figure is a line r,x + r,y + r* — 0. We can deter- 
mine two points on the line; for instance, if r, j* 0 , the points 
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(-£•) and ( — (r as + r 3 )/r Xj 1). The coordinates of these points 

are rational in r», 77, ru and, from what we have already proved, are 
constructible from the points (r 7 , 0), (r Jf 0), ( r k , 0). Since (r», 0 ), 
(77, 0), (rjt, 0) are constructible from S, it follows (ex. 3, §1) that 
the two points on the line are constructible from S. Since the line 
is constructible from these two points, the line is also constructible 
from S. 

We leave it to the reader to complete the proof by showing that 
every ray, segment or circle of T is constructible from S . 


Example Show that it is possible with ruler and compasses to 
construct a right triangle with area A > 0 having a hypotenuse 
of length a > 0, provided a > 2 V7l. 

Let x and y be the lengths of the aims. Then xy = 2 A and 
x 2 + ?/ 2 = a 2 . Solving the^e equations simultaneously, w T e obtain 
as one »solution 



y = 2 A 



__ 2 

f Va~- 10.4 2 


Since x and y are obtainable* fiom a and A by mtional operations 
and extractions of real square roots, the construction is possible. 


Exercises 

*1 If c is rational in 61, 62, ■ * ' and each 6, is rational In a u a 2| • • • , then 
c 13 rational in ai t n 2 , • • • . 

*2 If c is obtainable from b\, & 2 , • ’ * 1 v rational operations and extractions 
of square roots (or real square roots) and each b b obt unable from a it a 2 , 
• • • by rational operations and extractions ot square roots ( or real square 
roots), thin c is obtainable lrom a lt a 2 , • • • by rational operations and 
extractions of square roots (or real square loots). 

*3 If a, b 9 c are obtainable from a x , a*, • - • by rational operations and 
extractions of square roots, and a -+ 0, then the roots of ax 2 + b x + c 
= 0 are uiso so obtainable. 

4 All the numbers rational in 01, a 2 , • • # form a field, if not all the a’s are 
zero. 

6 All the numbers obtainable from a 1, a 2 , • • • by rational operations and 
extractions of square roots form a field, if a* 9^ 0 for some t. 

6 If ai, oj, • • • are in held if and r is rational in the a’s, then r is in £F. 
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3. Problem of trisecting an angle Suppose angle A given. With 
ruler and compasses an angle A f can be constructed congruent to A 
with the positive part of the x axis as the initial side of A'. By 
laying off on the terminal side of A' a segment of length 1 and draw- 
ing a line perpendicular to the x axis, a segment of length |cos A\ 
can be constructed. This is a ruler and compass construction. 

Conversely, if a is a given real number such that |a| <1, an 
angle whose cosine is a can be constructed with ruler and compasses. 
We may take the positive part of the x axis as the initial side and as 
the terminal side the ray which has the origin as endpoint and which 
passes through Ihc point (a, \f 1 — a ? ). 

Thus, an angle A is constructive with ruler and compasses from 
given elemenls if and only if a segment of length |cosA| is so 
constructive. 

The problem of trisecting a given angle A, therefore, is equiva- 
lent to the problem of constructing a segment of length |cos A/3| 
from a segment of length |cosA|. Hence, this construction is 
possible with ruler and compasses if and only if cos A/3 is obtain- 
able from cos A by rational operations and extractions y f real 
square roots. 

By the triple angle formula of trigonometry, 
cos A = 4 cos 3 ~ — 3 cos ~ 

If x = cos A/3, then 4r 3 — 3x - cos A = 0. 

Thus, if A can be trisected with ruler and compasses, this 
equation has a root obtainable from cos A by rational operations 
and extractions of real square roots. We shall show, by a criterion 
developed in §5, that this is not always possible. 


4. Multi ple squa re roots “Obviously” the “two-storied” square 
root VcT-- 4 \/2 is more “complicated” than 2 — \/2 which 
involves only one square root. But this complication is only an 
apparent one since, in fact, the two expressions are equal [for 
(2 — \/2) 2 = 6 — 4]\/2]. This raises the question of classifying 
multiple square roots according to their complexity. We shall 
discuss one way of classifying them that will be useful in subsequent 
paragraphs. 
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If r is obtainable from oi, a 2 , • • • by rational operations and 
extractions of square roots, Ihen, by definition, there exists a 
sequence fci, h, • • • , b v Midi that ft,, = r and each b t is rational in 
the a 9 s and preceding ft’s or is a square root of a preceding 6. There 
may be many such sequences. 

In each sequence there is a certain number, say q (possibly none) 
of ft’s which are not rational in the a\s and preceding ft’s. Let 
n ^ 0 be flic smallest a alue that it is possible for q to ha\c by using 
different sequences for obtaining r. For convenience, we shall say 
that r is a square root of order n in the a’s. (If n = 0 then r is 
rational in the a’s.) 

.Suppose n > 0 . Lot ft], ft 2 , • • • , ft,„ where b p ■= r, be a 
sequence ©uch as described above with exactly n of the ft’s not 
rational in thea’s and preceding ft’s, and let ft* be the last such ft. 
Then ft* = vftr (either **quare root ) f where 1 s / g H* - 1 . 

For subsequent u^o, we show that ft t = «, f \'bi (i = 1 , 2 f 
• • • , p) where a, and ft are rational m the a’s and fti, ft 2 • • • , ft*-i. 

For 7 = 1 this is ob\rous. For ft] must be one of the a’s, say 
a u , and we may wiite th = a, -j ( a u — a u ) v&i 

Proceeding by mathematical induction, suppose it tme for 
i = 1, 2, • • • , j — I, and let ? = j. __ 

Tf j < l, we may write ft, = ft, + (ft, — ft,) \ ft/. 

If j = Zr, we ma> write ft/ = (ft/ — ft/) -f- (Jn/bj) \ ft/. (Note 
that ft/ 5^ 0, for if ft/ = 0 then ft/ — 0 - ftj — b h so that ft* would 
be rational in the pn ceding ft’*.) 

Suppose j > k. Since ft/ »s the last ft which i* not rational in the 
a’s and preceding ft\ therefore ft, is obtainable from the a’s and 
fti, 62, • • • , ftj-i by a finite number of additions, multiplications, 
subtractions and divisions. Kadi of the numbers a 1, a 2, ■ • • and 
61, ft 2 , • ■ • , ft,-i has the desired form. Ilcncc it will follow that 
ft, has the desired form if we show that whene\er we add, multiply, 
subtract or divide two numbers of this form we obtain a number 
of the same form. 

Consider, for instance, the quotum* the other cases are simpler) 

__ a -+ fi y/bi 

7 + 5 V hi 

where a , ft 7, 5 are rational in the a’s and ft 1, • • • , 6*-.i and 
7+5 \/bi 9* 0 . 
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7 — 5 y/bi f* 0. t For, if 7 — 5 y/bi = 0 then, by transposing 
and squaring, 7 * = 5 s bi . If 5 = 0 then 7 = 0, contradicting 
7+5 y/bi / 0. If 5 5* 0 then bi — 7 V 5 2 , so that b* = y/bi = 

± Z; hence b* is rational in the a’s and bj, • • • , b*_i, which 

contradicts the definition of b». 

Since 7 — 5 y/bi 5 ^ 0, 

_ a + j8 \/bj 7—5 "s/bi _ ay — fiSbi . fiy — aS /r- 
X ~ 7+5 Vb~, 7 - 5 Vbi “ T 2 “ Pbi + « 2 b, V z 

from which we see that x has the desired form. Thus, in every 
case 6 / has the desired form. 

By the principle of mathematical induction, our statement is 
proved. 


5. Criterion for cubics Lctj/V) = ax z + bx 2 + cx + d, a 7 * 0. 
THEOREM 

If a, &, c y d are rational in a h g 2 , • • • thru f(x) has a root obtainable 
from the a* by rational operations and extractions of square roots if 
and only if it has a root which is rational in the a t . 

(The square roots need not be real.) 

Proof: lif(x) has a root which is rational in the a,, then this root 
is also obtainable from the a, by rational operations and extractions 
of square roots (with no square roots actually needed). Hence, 
one part of the theorem is obviously true and, in fact, trivial. 

To establish the converse, suppose f{x) has a root obtainable 
from the a. by rational operations and extractions of square roots. 
Of all the roots of f{x) so obtainable, let r be one of lowest order, 
say n. We show that n = 0, i e., that r is rational in the o». 

Suppose n > 0 and that, continuing where we left off in §4, 
r = a + p y/bi where a and are rational in the a* and 61 , 62 , • • • , 
6 *— 1 . Then 

f(r) =/(<*+£ y/bi) - a(a + 0 y/b t )* + b(a + 0 y/bi)* 

+ c(« + 0 y/b,) + d 


A + By/bi 
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where A = aa * + Za^abi + ba l + bfi 2 bi + ca + d 
B — 3aa 2 /3 + a/3®6j + 2ba/3 + c/3 

A and B are obtainable from a, b, c, d, a, /3, b t by rational oper- 
ations. Also, a, b, c, d, a, /5, bi are rational in the a, and b\, b?, 
• • • , bk-i- Therefore (ox. 1, §2), A and B are rational in the 
a, and b h b s , • • • , 6*_i. 

Since /(r) = 0, A ■+ B \/b t = 0. If B 5* 0, then &* = y/bi = 

— so that bk would be rational in the a» and bi, hi, • • • , &*_i, 

which is contrary to the definition of &*. Therefore, B = 0 and, 
consequently, A — 0. Also 

/(a — /3 y/bi) — o(a — /3 \' bi) % + b(a — /3 Vfo,)* 

+ r(ar — $ 's/bi) d — A — B \ bi = Q 

Thus, a — 0 V&i is a root of /(x). 

a — /3 \/fei ^ a + ft \ / bi. For, if they were equal then 
2/3 y/ hi = 0, so that either /3 = 0 or bj = 0. But 6 Z = 6£ 5^ 0. 
JIcnee, /3 = 0. Therefore, r = This is impossible since a is of 
order — 1 or less in the a, ynd bi, • • • , 6* -1 and r is of order n. 
Thus, a + j8 \/bi and a ■— /3 v 6 Z are distinct roots of jf(ar). If s 

is the third root, then (a + /3 \/bi) + (a — 0 y/bi) + s = 

(§1, Ch. 3). lienee 9 = - (6/a) - 2<*. 

Since a, 6, a are rational in the a t and 61, • * • , 6*_i, s is also 
(ex. 1, §2). But in 6 1? 6 2 , • • • , 6*-] there are only n — 1 6’s which 
are not rational in the a l and preced ig 6’s. It follows that 5 is a 
square root in the a t of order n — I < r less 

This is impossible since, by supposition, f(x) has no root of order 
less than n. 

Since the supposition that n > 0 has led to a contradiction, 
n = 0, and the theorem is proved. 

Example Show that 8a: 8 — (u* — 1 - 0 has no root obtainable 
from rational numbers by rational opeiations and extractions of 
square roots. 

If there is such a i< ot then, by the theorem, since the coefficients 
are rational numbers, theic is a root obtainable from rational num- 
bers by rational operations only. Any such root is necessarily a 
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rational number. But the only possible rat ional roots are ± 1, ± 
±H> (§2, Oh.' 5), and none of these is a root. 


6. Impossibility of certain constructions We can now show that 
certain constructions arc impossible with ruler and compasses. 

(1) Trisection of angle To trisect an angle of 00° it must be pos- 
sible to obtain a root of 4.r 3 — 3.r - 1 -J = 0 from cos 00° = by 
rational operations and extractions of real square roots (§3). But 
this equation has no such root (example, §5). 

(2) Construction of certain regular polygons (a) Suppose it were 
possible with ruler and compasses to construct a regular polygon 
of 18 sides, having been given a unit segment. The center of iho 
circumscribed circle could bo obtained as the intersection of the 
perpendicular bisectors of adjacent sides. By joining adjacent 
vertices to the center we ha\e an angle of 20° constructed with 
ruler and compasses. But this, as \\e saw in (1), is impossible. 

(b) Suppose it were possible with rider and compasses to con- 
struct a regular polygon of 7 sides, having been given a unit segment. 
As in (a;, we would have an angle* .1 =■ 3<i()°/7 constructed at the 
center of the circumscribed circle by means of ruler and compasses. 
If x — cos A 9 then 

cos 3 A = *1 cos 3 A — 3 cos A = l.r 3 — 3.r 
cos LA = 2 cos 2 2.1 - 1 - 2(2 cos 2 A - l) 2 - 1 

« 2(2.r 1 - I) 2 - I = 8.C 1 - 8x 2 + 1 

Since 3 A + 4.1 = 3G0°, cos LI = cos 3 A. Hence 

8* 1 - S.r 2 + 1 = L* 3 — 

8r 4 - 4r 3 - 8/' + 3.r + 1 - 0 

One root of this equation is x -- 1 . ( >b\ iously cos A y* 1. r riic 

other roots satisfy 

8x z 4- \x* - Lr - 1 = 0 

The only possible rational roots of this equation arc ±1, 

±H> ±W (§2, Oh. 5), and none of these is a root. Since it has 
no rational root, it has no root obtainable from 1 by rational oper- 
ations and extractions of real square roots. 

Therefore, x cannot be constructed with ruler and compasses. 
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(3) Duplication of cube The problem is to construct with ruler 
and compasses a cube having twice the volum4 of a cube with a 
given edge. Taking an edge of the given cube as a unit segment 
and x as an edge of the required cube, we have x 3 — 2 = 0. 

Thus, the problem is to find a positive root of this equation 
obtainable from 1 by rational operations and extractions of real 
square roots. But this equation has no such root, since it does 
not have a rational root. 


Exercises 

1 Show that the roots of the following can be obtained from the coefficients 
by rational operations and extractions of squaie roots: 

a) x 3 - 3x 2 - 3x + 1 ■= 0 d) x* - x - y/2 = 0 

b) 2x 3 - x 2 + 2x - 1 = 0 e) x 3 - x - 4 + = 0 

c) x 3 — ax 2 + (1 — 2 a L )x — 2n — 0 f) x 3 — ix 2 + 2x — 2i = 0 


2 Show that Ihe following have no roots obtainable from the coefficients 
by rational operations and extractions of square roots: 

a) x 3 — 7.r 2 + jt — 1 - 0 

b) 2x' -‘Ax + 2=- 0 

c) x 3 + ax 2 + ax + 2 = 0, a an integer different from 3 

d) x 3 + ax + a = 0, a an intcgci different from 0 and — S 

e) x 3 + 2i = 0 (Hint: There is no root a + hi where a and b are 
rational.) 

f) x 3 — 3x + \/3 = 0 (Hint: Then* is no root a + b y/3 where a and 6 
arc rational ) 


3 Show that it is impossible by rational operations and extractions of 
square roots to obtain : 


a) \/7 from l 

b) 3 + 'V' 5 from 1 

c) rT7S , "“' 

d) A cube root of 5 i from % 


e) y/2 from \/2 

f) A + B, whoreJ and B arc the real cube roots of H + H yj h %i and 
H — H V b ? 27 , from 1 (Use ex. 2, §4, Hi. X.) 


4 If r h r 2 , r 3 are the roots of x 3 + bx 2 + ra? + d = 0, then 

a) r 3 is rational in r x , / 2 , b } c, d 

b) r 2 and r 8 are obtainable from r u b, c, d by rational operations and 
extractions of square roots. 
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5 Suppose 6, c, d are rational in a\, a 2 , • • • . Prove: If one root of 

x* + bx 2 + + a = 0 is obtainable from the a 1 s by rational operations 

and extractions of square roots, then all the roots are so obtainable. 

6 Prove: If a cubic has a multiple root, then all its roots are obtainable 
from its coefficients by rational operations. 

7 Prove: If a cubic has a root whose reciprocal is a root, then the roots of 
the cubic are obtainable from the coefficients by rational operations and 
extractions of square roots. 

8 Show that it is possible with ruler and compasses to: 

a) Trisect an angle whose cosine is 14 ? 3 43 , — ?i«, — 47 'i 28 > 2 ? 27 * 

b) Find the foci of an ellipse when its center and major and minor axes 
are given. 

c) Find the points of intersection of an ellipse, given its center and 
major and minor axes, with a line through its center making a 45° 
angle with the major axis. 

d) Construct a regular pentagon. 

e) Construct a regular polygon of 2 l n sides if a regular polygon of n sides 
can l>e constructed and k is a positive integer. 

f) Construct a regular polygon of ab sides if a and b are relatively prime 
and regular polygons of a and b sides aie constiuctible [Hint: Let 
am + bn = 1 (§13, Ch. 2).] 

g) Construct a regular polygon of a sides if a regular polygon of n sides 
can be constructed and a is a factor of v. 

9 Show that it is impossible with ruler and compasses to: 

a) Trisect an angle of 120°. 

b) Construct a regular polygon of 9 sides. 

c) Construct an angle of 10°. 

d) Construct an angle of 1°. 

e) Constiuct a regular polygon of 21 sides. 

f) Trisect an angle whose cosine is 2 S, } £ lUt V/% where p is an odd 
integer. 

g) Tiisect an angle whose cosine is p/q where p and q are relatively prime 

integers greater than 1 and q is not divisible by the cube of an integer 
greater than 1. 

h) Construct a line segment of length ^fa/b where a and b are relatively 
prime integers and \/a/b is ii rational. 

i) Find the points of intersection of the semicubical parabola y 2 = z* 
and the circle x 2 + y 2 = 1. 

j) Construct the edges of a closed rectangular box with a square base, 
a volume of 10 cubic units and a total surface area of 40 square units. 

10 From each of the four comers of a rectangular piece of cardboard 4 
inches wide and 5 inches long a square is to be cut. The edges of the 
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piece remaining are to be folded up so that a box is formed with an 
open top. Prove: (a) If the box is to have a vo/ume of 6 cubic inches, 
then an edge of the square can be constructed with ruler and compasses, 
but (b) if the volume is to be 4 cubic inches, then the edge cannot be so 
constructed. 

11 Show that (a) it is impossible with ruler and compasses to construct the 
edges of a completely enclosed rectangular box with a volume of 5 
cubic units, a total surface area of 24 square units, and the sum of the 
lengths of the edges 28 units, but (b) it is possible if the volume is 5 cubic 
units, the total surface area 24 square units and the sum of the lengths 
of the edges 32 units. 

12 Show that (a) it is impossible with ruler and compasses to construct 
the radius and altitude of a right circular cylinder whose total surface 
area is Hbr square units and whose volume is 3 tt cubic units, but (b) it is 
possible if the total surface area is 207 t square units and the volume 3ir 
cubic units. (The volume is wr 2 h and the lateral area 2wrh, where r and 
h are the radius and altitude.) 

13 Show that (a) it is impossible with ruler and compasses to construct 
the radius and altitude of a right circular cone whose lateral area is 
12ir square units and whose volume is 2ir cubic units, but (b) it is possi- 
ble if the lateral area is (hr square units and the volume 3r cubic units. 
(The volume is } r z h and the lateral area irrs, where r is the radius, h 
the altitude, s the slant height.) 

14 Given a circle of radius 1, center at P, with angle QPR = 60° at the 
center (see diagram). Show that it is not possible with ruler and com- 
passes to find points T and U such that: 


y 



a) U is on the circle. 

b) T is outside the circle and on the ray PS with endpoint at P. 

c) Segment TU has length 1. 

d) r, 17, R are collincar. 

[Hint: Let T be (x, 0) and V be (y, z). Write out conditions (a), (c), 
(d). Eliminate y and z and obtain an equation in x.] 
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7. Criterion for quartics Let f(x) = x* + + bx 2 + ex + d 

where a, b, c, d are rational in ai, a 2} • • • . 

THEOREM 

If K x ) has a root obtainable from ai, a*, • • • by rational operations 
and extractions of square roots, aiul this root is not rational in the a,, 
then all the roots of f(x) art obtainable from the a* by rational oper- 
ations and extr actions of square roots . 

Proof : Let r he a root of f{x) which is a square root of older 
n > 0 in the a t . 

Exactly as in §5, if r = « 4 ft y/hi (hen s = « — / 3 is 

another root of f(x) distinct iiom r Lot jq and x 2 bo the remaining 

two roots of f{x). 

From the relations between the loots and the coefficients 
(R Ch. 3), 

ai t /? + r i * =• - a 

•ri ^2 + (r + +■ rd 4 rs =- b 

Eliminating x 2 we obtain 

jl+(a + r-l s)x\ 4 6 + (r 4- a) 2 -f- a(r + s) — rs = 0 

This is a quadratic equation in x\ wbh coefficients which are 
rational in a, b , r, d, r, s . Since a, b, r, d, r, «s* are obtainable from 
the a. by lational opei at ions and extinctions of square loot**, the 
coefficients of the quadratic equation me also so obtainable (ex. 
2, §2). 

Thus (ox 3, §2), q i^ obtainable from a\, a?, • • • by rational 
operations and extractions of squaie loots. 

Since r? — — a — r — 6 - X\, x 2 is also so obtainable, and the 
theorem is proved. 

Remark If n — 0 the conclusion of the theorem does not follow. 
For example (§0, (2), ( b )"> x x — J j-r* — a 2 4 4- J s = 0 has the 

root x = i and no other loot obtainable fiom rational numbers by 
rational operations and extractions of square 1 loots. 

THEOREM 

All the roots of f(x) an obtainable from ai, a 2 , • • • by rational oper- 
ations and extractions of squai i roots if and only if the resolvent cubic 
has a root which is rational in the a*. 
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We recall (§7 and 8 , Ch. 8 ) 

(a) the resolvent cubic is g(y) bj* - by 2 + (ac — 4 d)y + 4 bd — 
a*d-c* 

(b) if yi is a root of g(y), then 

f(x) m (x* + \iax + Yiy x + + /x.) 

(x 2 + + Hy* — — 

where X? = y x + Ha* - h 2 A,m« = - c, m| =* My* ~ d 

(c) if xi, Xt, xg, Xg are the roots of f(z), then 

yx = a* 1X2 + X3X4, yt =■ xjx 3 + *2X4, 2/3 = xix 4 + x*x 3 
are the roots of g{y). 

We remark that, since a, b, c, d are rational in the a,, the coeffi- 
cients of g(y) are also. 

We now prove the theorem. 

rart 1 Suppose xi, x«, x 3 , x t are obtainable from 01, a 2 , • • • 
by rational operations and extractions of square roots. From the 
expressions for yi, y 3 , y% in (e) above (and ex. 2 , § 2 ) it follows that 
all the roots of g(y) are also so obtainable. From the criterion for 
cubics (§ 5 ) it follows that g(y) has a root which is rational in the a,. 
Part 2 Suppose g(y) has a root </, which is rational in a t , o*, 

• • • . Then, from (bl above, X» and p t are obtainable from «i, at, 

• • • by rational operations and extractions of square roots. Thus, 
the coefficients in the quadrat ic factors of /(.r) are also so obtainable. 
It follows (ex. 3 , § 2 ) that Xi, x it x 3 , xg, w hich are the roots of the 
quadratic factors, are also obtainable from ai, 02, • • • by rational 
operations and extractions of square roots. 

THEOREM 

/(x) has a root obtainable from 01, 02, • • ■ by rational operations 
and extractions of square roots if and only if f(.c > or g(y) has a root 
which is rational in the a,. 

Part 1 Suppose /(x) has a root obtainable from the a, by 
rational operations and extractions of square roots. If this root is 
rational in the a, there b nothing more to be proved. If not, then, 
by the first theorem of this paragraph, all the roots of f(x) are 
obtainable from the a, by rational operations and extractions of 
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square roots. Therefore, by the second theorem, g(y) has a root 
which is rational i*n the a,. 

Part 2 Suppose one (or both) of f(x) and g(y) has a root which 
is rational in the Oj. If f(x) has such a root, there is nothing more 
to be proved. If g(y) has such a root, then, by the preceding 
theorem, all the roots of f(x) are obtainable from Oi, 02 , * • • by 
rational operations and extractions of square roots. 

Example 1 Show that f(x) ss x* + x + 1 has no root obtainable 
from rational numbers by rational operations and extractions of 
square roots. 

Neither /(*) nor the resolvent cubic g(y) s= y* — Ay — 1 has a 
rational root. Therefore, the preceding theorem applies. 

Example 2 Show that V^5 y/2 — 7 is obtainable from rational 
numbers by rational operations and extractions of square roots. 

Let x = y/'l — 7. Then 

x 3 = 5 V2 — 7 
i s + 7 = 5v^ 

Squaring both sides and transposing all terms to the left, 


a: 6 + 14* 3 — 1=0 

But x® + 14x 3 - 1 m (x 2 + 2x - l)(x* - 2x 3 + 5x 2 + 2x + 1) 

The roots of the quadratic factor are obtainable from rational 
numbers by rational operations and extractions of square roots. 

For the quartic factor, the resolvent cubic is y 3 — by 2 — 8y + 
12, which has y = 1 as a root. By the second theorem above, all 
the roots of the quartic are obtainable from rational numbers by 
rational operations and extractions of square roots. 

Since * is a root of one of the factors, the desired result is estab- 
lished. (Actually, x = y/2 — 1.) 

Exercises 

1 Show that the roots of the following can be obtained from the coefficients 
by rational operations and extractions of square roots: 

a) x* — as* — 3a:* + x + 2 = 0 

b) x* + 3*» + 4®* + 3* + 3 - 0 
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c) x 4 — (1 + i)x z + 2ix 2 + (1 — i)x — 1 = 0 

d) x 4 — \/2 x z + (1 + y/2)x 2 — 2x + V2 = 0 • 

e) a: 4 - 2a? 5 - 7s* + 2s + 1 - 0 

2 Show that no root is obtainable from the coefficients by rational opera- 
tions and extractions of square roots: 

a) x 4 + 3x 8 — 2 = 0 

b) x 4 + 2s 2 + x + 1 = 0 

c) x 4 + x s + x 2 + x — 1 =0 

d) x 4 + x z + 2 n = 0, 77 a positive integer 

e) x 4 + px + p = 0, p a prime integer other than 3 or 5 

3 If a quartic has a multiple root, then all its roots are obtainable from 
the coefTicientb by rational opeiations and extractions of square roots. 

4 Prove: The points of intersection of the parabolas y — x 2 and y 2 = x — 2 
cannot be construe tod with ruler and compasses. 

6 Show that it is impossible with ruler and compasses to inscribe in a circle 
of radius 1 an isosceles triangle with area H* 

6 Prove: It is impossible with ruler and compasses to construct one fifth oi 
an acute angle whose cosine is 6 3o4- (Hint: 1x4. x — cos A. Then 
16 j 5 — 20a; 3 + 5x = cos 5A = G }i^ Find a rational root and reduce 
the degree.) 

7 Show that VY) y/ 3 — 10 and V 20 — 14 y/2 arc obtainable from rational 
numbers by rational operations and extractions of square roots. 

8 Prove: If the resolvent cubic of a quartic has a root obtainable from the 

coefficients of the cubic by rational operations and extractions of square 
roots, then all the roots of the quartic are obtainable from the coefficients 
of the quartic by rational operations and extractions of square roots. 
Show, using x* + \ a/ 2x’ + 1 i(-l + VM)i + V2< -1 + \/33) as 

an example, that the converse is not true. 


8. Remarks on angle trisection We have seen that certain angles 
cannot be trisected with ruler and compasses. (Rome angles, how- 
ever, can; for iustancc, 90’.) But every once in a while someone 
claims to have a method for trisecting every angle. The fallacy 
usually lies in one of the following remarks: 

(1) The method is not one for trisecting every angle theoretically 
exactly but one which permits approximate triscetion. It may 
even be that by the method we can, with ruler and compasses only, 
approximate to one-third of a given angle as closely as we wish. 
Nevertheless, it is not angle triscetion. 
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As an example of such a method, consider the following: Let 
n he a positive integer and A a given angle. Divide A into 2 n equal 
parts. This can be done with ruler and compasses, since it can be 
accomplished by n bisections. 

By the binomial theorem, 

2” = (3 - 1)» = 3" + nS-H-D + — 3»-*(-l) 2 + 

... 4. 7t 3(_i)»-i+ (-ij» 

= Zm + (— l) n 

where to is a positive integer. TIcnce, 



If we take m of the 2" equal parts into which A has been 
divided, we have 


B 


n A T 2 " 

A _ ( — 1)" 41 A 
3 3 • 2- 


(-lH .1 = A 
3 J 2 n 3 


(-1)»A 

3*2" 


Thus, B is less than A / 3 or exceeds it, depending upon whether 

j 

n is even or odd, by the amount By taking » large enough 

we can make this difference as small as we please. 

(2) The method requires the use of instruments or devices other 
than ruler and compasses. Such methods have been known for a 
long time. The following is due to Archimedes. 

Let 0 bo a given angle. Bisecting 0 a sufficient number of 
times, if necessary, we may and do suppose that 0 is an acute angle. 

Draw a circle with center at the vertex P of 0, intersecting the 
sides of the angle at points Q and R. Extend QP through P to 
meet the circle again at point S. 

On a straightedge lay off a distance TU equal to the radius PQ. 
Keeping the point T outside the circle and always on the ray PS 
with endpoint at P , and keeping point U on the semicircle on which 
R lies, maneuver the straightedge, by sliding T along the ray PS 
and sliding U along the somicircle, until T, U, and R are collinear. 
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If /PTR = <p, thru, we say, <p = For, 

Z&PV = <p (since triangle TV]' it isosceles, by const ruction) 
/Pl\V — /.PI R (smce tnangle PVR is isosceles 
/ PVR — /PTR + ZSPV ( ^iiice jl.PVR is an exterior angle of 
1 rising] e /'( T) 

ZPRV = 2*? 

0 — <p \- 2ip (since 0 is an exterior angle of tiiargle PTR) 

= 

This method of angle Insertion h theoretically exact but it is 
not a ruler and compass roust met ion. For ceil am angles flic 
positions ot T and V could not possibly be obtained with ruler and 
compasses only (ex. 14, §0). 

9. Remarks on regular polygons Tn any text on elementary plane 
geometry theie are construct i >ns with ruler and compasses for 
regular polygons of 1, 5, (», and 8 sides. \\ e know* now v hy none 
is given for one of 7 sides (§G ) or 1) ddes (ex. O^bJ, §0). We naturally 
inquire: for what values ol n is it po^ible to construct an n-sided 
regular polygon with ruler and compasses? 

From ex. 8, (e) and (f), §(>, we see that a regular polygon of n 
sides is const ruelible with lulcr and compasses when n is 10 = 2 • 5, 
12 = 2* • 3, 15 = 3-5, 1G - 2*. 

From ex. S (g), §(>, we see that a 1 1-sided regular polygon cannot 
be constructed with ruler arid compasst ■>, since one of 7 sides cannot 
be. Similarly, an 18-sided regular polj'gun cannot be constructed, 
since a 9-sided cannot be. 

The complete answ* r to ihe question is contained in the following 
theorem, whose proof we cannot go into: A regulai polygon of n ^ 3 
sides is constructible with ruler and compasses if and only if n = 2* 
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or » = 2*pip 2 ’ ’ ’ Vb where k is a non-negative integer and the 
p’s are distinct primes each of the form 2 m + 1. 

Thus, for n = 17 = 2 4 + 1 the construction is possible, but for 
n = 11 and n = 13 it is not. 

10. Circle squaring The three so-called famous problems of 
antiquity are trisecting an angle, duplicating a cube and squaring 
a circle. To square a circle is to construct one with the same area 
as a given square. 

If we take a side of the square as a unit segment, the problem 
is to find a numlrer r such that xr 2 = 1, i.c., to construct a segment 
of length r = \/y/v. 

If a segment of length I/\/x could be constructed with ruler 
and compasses, then segments of length 1/x and x could also be so 
constructed. Thus, the question is: can x be obtained from 1 by 
rational operations and extractions of real square roots? 

It happens that any number obtainable from 1 by rational 
operations and extractions of square root s is a root of u non-constant 
polynomial with rational coefficients (§7, Ch. 10). Any number, 
real or imaginary, which is a root of such a polynomial is said to 
l>e algebraic. All other complex numbers are called transcendental. 

It has been proved (first by Lindemann in 1882), although we 
cannot go into the proof, that x is transcendental. Therefore, x 
cannot be obtained from 1 by rational operations and extractions 
of square roots. Hence, squaring the circle cannot be accomplished 
with ruler and compasses. 
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1. Numbers algebraic over a field A set SF of complex numbers 
(not neccssanly including all the complex numbers) is called a field 
if it < ontains at least two numbeis and whenever a and b arc in 3F 
then a + b> a — b, ab and alb (if 6^0) are also in SF (§5, Ch. 2). 

If 7 is a field, some complex numbers are loots of non-zero 
polynomials over fF while others may not be. The former play an 
important role in the theory of polynomials over since among them 
will be found the roofs of all <-uch polynomials. Such numbers are 
said to be algebraic over J. That is, a number is algebraic over 5 
if it is a root of a non-zero polynomial with coefficients in 9F. A 
number not algebraic over is said to be ti anscendental over 

For example, if 5 is the field of rational numbers, \ / 2 is algebraic 
over SF since it is a root of x 2 — 2. On the other hand, it can be 
shown that w is not a root of any non-zero polynomial with rational 
coefficients and, theiofore, is transcendental o\er the rational field. 

If £ is algebraic over £F there are many polynomials over $F with 
£ as a root. Let f(x) be one of these of lowest degree, say n. By 
dividing /( t) by its leading coeffie : ent, we obtain a polynomial F(x) 
over fF of degree n with leading coefficient 1 which has £ as a root. 
Furthermore, we say, F(.C is the only such polynomial. For if 
G(r) were another, then F{ x) — G(x) w ould be a polynomial over 
with £ as a root and of degree less than r?, which is impossible. 

The unique polynomial F{x) is called the minimum polynomial 
of £ over SF; £ is said to be of degree n over SF. 

F(x) is obviously irreducible over w J. For if it w r cre factorable 
into polynomials with coefficients in £F each of lower degree than n, 
£ would be a root of one of the factors, which is impossible. 

If G{x) is any polynomial irreducible over (F with £ as a root, 
then each of F{x) and G{x) divides the other (first theorem of §1, 
Ch. 5). Hence they differ only by a constant factor. If G(x) has 
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leading coefficient 1, the factor is 1. Thus, F(x) is the only poly- 
nomial irreducible over 5 with leading coefficient 1 which has £ as a 
root. 

Example Show that £ = 3-2(1 — v^) is of degree 3 over the field IF 
of rational numbers and determine its minimum polynomial over IF. 

We have 2£ — 1 = — \/5 

(2£ - 1)» + 5 - 0 
8 £* - 12£ 2 3 4 + 6£ + 4 - 0 

Thus, £ is a root of /(x) = 4x 5 6 — Or 2 + 3x + 2. 

If /(i) were reducible over IF it would have a linear factor with 
rational coefficients and, therefore, a rational root. But (§2, Ch. 5) 
its only possible rational roots are ±1, ±2, ±)'i, + 3 - 4 , and none 
of these is a root. Hence, /(x) is irreducible over IF. Therefore, 
F(x) — 3 4/W is the minimum polynomial of £ over IF. 

Exercises 

1 Show that the following arc algebraic over the field of rational numbers: 

a) V2 + V3 d) \'l - 2 V5 

b) V V l + V? e) v^ + \/2 

c) \/3(l + i) 

2 Show that the following arc algebraic anil of the stated degrees over the 
field of rational numbers. 

a) a + b \/2 , a and b rational and b 5 * 0, of degree 2 (Hint: See §3, 
Ch. 5.) 

b) 1 — \^3, of d egree 3 

c) V]3 + 4 \/3j of degree 2 

d) An imaginary cube root of 1, of degree 2 

e) a + b ^4, a and b rational and b 0, of degree 3 

3 Prove: Every imaginary number is of degree 2 over the field of real 
numbers. 

4 Prove: If a and b denote any rational numbers, then: 

a) 1 + \/3 is of degree 2 over the field of numbers of the form 0 + 6 y/2. 

b) y/b is of degree 2 over the field of numbers of the form a + b \/3* 

c) #2 is of degree 3 over the field of numbers of the form a + 6 y/2. 

6 Prove: If a and /? are in then y/a — 2 is algebraic over ff and of 

degree 8 or less. 
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6 Prove: If £ is transcendental over ft, then every non-zero integral power 
of £ is transcendental over ft. 

*7 Prove: £ is ot degiee 1 over ft if and only if £ is in IT. 

8 Prove: If £ is of degiee n over ft and a and b are in ft, then each of the 
following is of degree n over ft: 

a) a$ if a s* 0 d) ■/£ + b if a 0 

b) £ + b e) i/(a£ + &) if a ^ 0 and a£ + b ^ 0 

c) l/£ if * * 0 

9 Prove* If £ is transcendental over ft and a and b aie in ft, then each of the 
following is transcendental over ft: 

a) g£ if a 0 d) n£ + 6 if a ^ 0 

b) £ + 6 e) 1, ('*£ + &) if a^O 

0 l/f 

10 Prcrve. If £ is algelnaie ovei ft and w is a positrve integer, then every nth 
rout ol £ is algebiaic over T. 

11 1’iove: The nuimuum polymmu.il of $ o\oi .? lia>> no multiple root. 

2. Extension of a field H a field X contains a field fF, X is said 
to be an extension of fF, and no write X D 7 or 3 C X. for 
example, the field of complex numbers is an extension of the field 
of real numbers. 

The tact that 3C : .R an extension of I do^s not tell much about 
X unless something is known about bow the numliers in X are 
related to those in CF. For the complex held, foi instance, we know 
that every complex number is uniquely expiessible in the form a + bi 
where a and b are real. It is this fai i that enables us to apply our 
knowledge of real numbeis to the study ol complex numbers. 

If 3C is an extension of fF and if there are h numbers tii. t/ 2 , * • • , 
v n in X such that every number in is uniquely expressible in the 
form Ci«i + +*•*}- where the c s belong to 5, then X 

is said to be of finite degiee over SF. Specifically, 3C is said to be of 
degree n over SF and U\, w», •••,«*"» called a basis for X ox r er SF. 
Thus, the complex field is of degree 2 over the real field with 1, i as 
a basis. 

An extension of SF may not be of finite degree over SF (see ex. 9, 
§3 or ex. 12, §5). But: 
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THEOREM 

If X is of finite degree over SF, its degree over SF is unique. 

To prove this, and for other uses, we introduce some terminology 
and a lemma. 

Numbers Vi, v 2 , • • • , v m , rn 1, whether in SF or not, are said 
to be linearly dependent over SF if there exist numbers <ii, 02 , • • • , 
On in SF and not all zero such that OiDx + a 2 )’? + • • • + a m v m — 0. 
Otherwise they are said to be linearly independent over SF. 

For example, 3 and y/2 are linearly dependent over the field 
of real numbers, since (— \/2)3 + 3 y/2 — 0. Ilut they are 
linearly independent over the field of rational numbers, since 
Oi3 + a 2 y/2 = 0 implies Oi = a 2 == 0 if Oi and a 2 are rational. 

Lemma If v i, • • • , v m are complex numbers and m>, = c,ii> i + 
c l2 ?’2 + * • ' + CimVm {i — 1, 2, ••*,/» + 1), where the c’s are in 
SF, then Wy, W 2 , • • • , w m ,i arc linearly dependent over SF. 

Proof: If m = 1 then Wi = Cut'i, w 2 = c *i»i. If cn = 0, then 

l«n + 0w*» = 0. If rn 0, then Cj,Wi — f u «’ 2 = 0. In either 

case, «>i and w« are lineally dependent over SF. 

Proceeding by mathematical induction, suppose the desired 
result established for m — k. Then for m = k + 1, 

w t = c,ii’x + r,t vt + • • • + c,.t h iv ih i (i - 1, 2, • • • , A; + 2) 

W, — Ci,A + xiV + i = C.iCi + * * • + CilV k 

The hypothesis of the induction applies to w, — Cx,k+ih+i 
(i = 1, 2, • * • , k + 1). Hence 

Oi(u>i — Ci.i+ii'i+i) + a 2 (w 2 ~ c 2 ,a t-i»’A4-i) + ’ * ' 

+ <i*+i(wa+i — Ci+i t *+xi>i+i) = 0 

where Oi, • • • , Oa+x are in SF and an* not all zero. From this, 

Oi»i + a 2 w 2 + • • • + o*+iM'*+i = Xa*+i 

where X = OxCi,a+x + atc 2 t+i + * • • + a* u r * 1 1 *+i- 

If X = 0 there is nothing more to be proved. If X 0 then, 
by dividing by X, 

ai«>i + ottW 2 + ’ * * + ai+iWt+1 = v t+i 

Since Oi, • • • , a*+i, X are in SF, and SF is a field, «x, a 2 , • • • , a*+i 
are in SF. 
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Not all the a 3 * * * * * 9 s are zero. To be specific, suppose ai 9 * 0. 
Proceeding with * • • , Wk + 2 as we did v/ith w\ 9 • • • , te* + i, 
we obtain in the same way 

02^2 + * # * + = *>*+1 

Subtracting the tw r o expressions obtained for r*+i, we have 

aiWi + («2 *“ $ 2)^2 4" * * • + (tffc+l — Pk+l)Wk+l ftfc+2t0JH-2 =* 0 

Since a x 5 ^ 0, the desired result is established for m = k + 1. 
By the principle of mathematical induction, the lemma is proved. 
Now, to prove the theorem, suppose X of degree n over SF and 
also of degree m < n o\er If v h • • • , t/« and i>i, • • • , v m 

are bases for X over SF, then 

Ux = + C.2^2 + " • • + C im^m (f = 1, 2, • • • , n; 

where the c’s are in fF. 

By the lemma, since n ^ m + I, 

Oj^i + CL2112 -f- * * " + o m +iU m +i ** 0 

where the a 9 s are in tF and are not all zero. 

Thus, 

0 = Oui + • • • + Olf» == CL\Ui + • • • + Om+iWm+i + 0v m ^.2 

+ * * • + 0a n 

so that 0 is expressed in term’ of t/ Xl • • • , u n in tw r o different ways, 
which contradicts the definition of a basis. 

This contradiction proves the thi u-em. 


3. Algebraic extensions If X is an extension of SF and every 

number in X if- algebraic over X io said to be algebraic over tF. 

THEOREM 

If X is of degree n over $F, X is algebraic over $ and every number in X 

is of degree n l r less over 5. 

Proof: Since X is of degree n over 5, by the lemma of §2 any 

n + 1 numbers in X ..re linearly dependent over $F. In particular, 
if £ is in X t then l, £, £ J , ■ • • , £ n are in X and are linearly dependent 
over tF. Hence ao + Oi£ + • • • + a n £ n = 0 where the a’s are in 
«F and are not all zero. Thus £ is a root of a non-zero polynomial 
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with coefficients in SF and of degree at most n, which proves the 
theorem. 


Exercises 

1 Prove: A single number is linearly dependent over fF if and only if it is 
zero. 

2 If u and v are linearly dependent over fF and u 0, then v/u is in fF, and 
conversely. 

3 If among Wi, • • • , u n there are fewer than n which are linearly depend- 
ent over £F, then iii, • • • , u n are linearly dependent over fF. 

4 Show that each of the following sets are linearly independent over the 
given field: 

a) 3, y/2, rational field 

b) 1, \/2, 2 , rational field 

c) 1, i, i + y/7, rational field 

d) 1 , </2, field of n umbers of i he form a + b \/2 where a and b are any 
rational numbers 

5 Show that \/3, \/2, 1 +• \/o and linearly dependent over any field 
which contains \/3. 

6 Prove: If ?ri t • • • ,v„ are linearly independent over sT, then r. * CnUi 

+ • * • + Ci,u,(i = 1, 2, • • • , n) are linearly independent over 3 if 

the c ’ s are in fF and fnCsa * Cm ^ 0- 

7 Prove. If U\, • • • , v n is a basis for X over 3, then i/i, • • • , u u are 

linearly independent over fF. 

8 Prove: £ is algebraic over 3 if and only if there is a positive integer n 
such that 1, £, • • • , £" are lineally dependent over fF. 

9 Prove: The field of real numbeis is not of finite degiee over the field of 
rational numbers. 

10 Prove: X is of degree 1 over 3 if and only if it b identical with T. 

11 Let X be an extension of 3 and i/„ • - - , v numbers in X such that 
every number in X is expressible in the form CiMi + * • ' + Ciii* with 
Ci, • • • , Cl in fF. Let n bo the maximum number of Wj, • • • , Vn 
which are linearly independent o\or fF. Prove: If U\, • • - , u n arc 
linearly independent over T, then iii, • • ■ , u h is a baMs for 3C over fF. 

12 Prove: Tf X is an extensam of ,7 and any n + 1 numbers in X are 
lineally dependent over fF, then X is ol degree k ^ n over 3. 

13 Prove: Tf X is of degree n ovoi fF, then any n numbers of X which are 
linearly independent over 3 form a basis for X over SF. 

14 Prove: If X Z) £ D $ and X is algebraic over 3, then X is algebraic 
over £ and £ is algebraic over fF. 

*15 Prove: If t*i, • ■ • , u n is a basis for X over £ and t>i, • • • , v m is a 
basis for £ over fF, then the run products u*Vj are a basis for 3C over £F. 
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*16 Prove: If ft D £ D ST and ft is of finite degree over ST, then ft is of 
finite degree over £ and £ is of finite degree o^ier ST. 


4. Adjunction to a field If ST is a field and S is a set of numbers, 
which may or may not belong to ST, there is at least, one field which 
contains both ST and /S\ the field of all complex numbers. Let ft 
be the set of numbers common to all field* which contain both ST 
and *S\ Tf a and b arc in ft, then a and b belong to all those fields; 
hence, a + b, a — /;, ah y and a/b (if b ^ 0) also belong to all the 
fields and, therefore, are in ft. Since every field contains the 
numbcMs 0 and 1 (e\. 2, §5, Ch. 2), ft does al*o. Hence ft contains 
at least two numbers. Thus, ft is a field. 

From the' definition of ft we see that it contains both and S 
and is contained in every field wTiieh contains both ST and S. In 
this sense it is the ^malle^t field containing both J and S. It is 
haul to be obtained by adjoining S to ST and is denoted by ST(/S). 

THEOREM 

// every number in Si or S 2 is in S ami every number in S is in Si or 
S 2 (or both) and Sh = S1(,S\), then Si(S t ) = »(/*). 

In other words, to adjoin S to ST we may adjoin part of S to ST 
and then adjoin the remaining part of S to the result. 

Proof: J (S) contains ;T and S. Therefore, it contains a and S A . 
Hence it contains ST 1# Since .1 contains J i and S j, it contains STi' v Sf 2 ). 

5jl(N 2 ) contains ST X and S 2 . lienee it contains .7, Si and S 2 . 
Therefore it contains ST and S and, c frequently, ${S). 

Since each of STi (S 2 ) and ST^S) contains the other, they arc 
identical. 

COROLLARY 

If*i - fftfi), * * • . = fT„_i(tJ, then ST n = ST(£i, { 2 , 

• • • . £»)• 

In other w ords, the adjunction of n numbers to ST ean be achieved 
by n successive adjunctions of single numbers. 

Proof: This follows from the thcoiem by mathematical induction 
on w, by first adjoining ( h • • • , £ n _i to ST and then adjoining £» to 
I he result. 
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Example If 5 is the field of rational numbers, describe the numbers 
of the field 5(V2, x/3). 

Every field containing 5 and \/2 contains all the numbers of 
the form a + b \/2 where a and b are rational. Since these num- 
bers form a field (ox. 1(e), §5, Ch. 2), they form the smallest field 
containing 5 and \/2, i.e., they constitute 5(\/2) = 5i. 

Similarly, 5i(\/3) consists of all the numbers of the form 
c + d a/ 3 where c and d belong to 3 u 

Thus, 3(s/2, -\/3) consisis of all the numbers of the form 
(ox + 6iV2) + (a 2 + 6 s v / 2)V3 = « + 0V2 + 7V3 + fi\/6 
where a, /9, y, 8 are rational. 


5. Adjunction of algebraic numbers 
THEOREM 

If f is of degree n over 3, tin n 3 (f ) is of degree n over 3 with 1 , f , f *, 

. . . , £n-l a/l a basis. 

Proof: Since 5^f) contains 3 and f, it contains every nfimber 
of the form a 0 + «if + • • • + a B _ if'*" 1 where a 0 , fli, • • • , a„ i 
are in 5 (ex. 9, §5, Ch. 2). Therefore, if X is the set of all numbers 
of this form, X is contained in 5(f). 

Letting oi = 1 and a, = 0 for i ^ 1 , we see that. X coni ains f. 
Letting a, — 0 for i ^ 0, we see that every number of 3 is in 3C. 

We shall show that JC is a held. Since x contains both 5 and 
f, it will follow that X contains 5(f). Since we already know that 
3C is contained in 5(f), this will show that 3C and 5(f) are identical. 

Let a = Oo + Ojf + • • • + On-if” -1 

/S = bo + bif + * • * + 6n_if n_1 

where the o’s and b ’ s arc in 5. 

Obviously, a + /9 and a — are expressible in the same form 
and, therefore, belong to X. 

To consider a/9 and a//3, let 

f(x) m ao + air + * * • + a^-ir* -1 
g{x) m 6 0 + bix + • • • + fcft-ix" -1 


so that a * /(f) and /9 = ^(f). 
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Let F(x) be the minimum polynomial of { over 3. By the 
division algorithm (§6, Ch. 2), 

/(•c)ff(z) s Q(x)F(x) 4 (co + cix 4 • • • + c_ laf -1 ) 
where the e’a are in 3. Letting x — £, 

<*0 = Al)ff(l) = Qtt)f (*) + co 4 cxf + • • • + C*-!*-* 

= Co 4 Cl{ + • * * + Cn-ii "- 1 

so that «/3 has the required form and, therefore, is in X. 

Suppose 0 = j/($) 5 ^ 0. 

Since F(x) is irreducible over 3, the only polynomials with 
coefficients in 3 which are factors of F(x) are constants and cF(x) 
\\ here c is in 3" (§11, Ch. 2). Since <?(£) ^ 0, none of the latter is 
a factor of g(x). Therefore, the only common factors of g(x) and 
F(x) w ith coefficients in 3 are constants. That is, g(x) and F(x) 
are relatively prime over 3 (§10, ('h. 2). It follows (§10, Ch. 2) 
that there aie polynomials A(jr) and B(x) with coefficients in IF 
such that 

A{x)g(x) + B(x)F(r) s 1 

lotting a 1 = £, we have A {£)</(£) = 1, so that 1/0 = l/g(£) — A(|). 

As above, by means of the division algorithm, f{£)A(£) = a/0 
is in X. Thus X is a field, so that X ■= 3(£/. 

That 1, £,•••,£" _1 is r ba-js for X over 3 follows from the 
fact that the expression Oo + flit + • • * 4 it" -1 for a number 

in X is unique. For if a« + flit 4 • * • + a«-i|” -1 = bo 4 bit 4 
• • • 4 bn-it" -1 , where the as and b’s are in 3, then (a 0 — bo) 4 
(fli — bi)t 4 * • • 4 (a» i ~ b,_ Ot* -1 =■ 0. Since £ is of degree 
n over 3, this is possible only if all the a, — b, are zero. 

This completes the proof of the theorem. 

Example If 3 is the field of rational numbers, describe the numbers 
in 3(^2), where y 2 is any rube root of 2. 

•^2 is a root of x 3 — 2. This is irreducible over 3. For if it 
were reducible it w ould have a linear factor w ith rational coefficients 
and, therefore, a rational root. But .r a — 2 has no rational root. 
Thus, v ,/ 2 is of degree 3 over 3. Hence 3(v^2) consists of all the 
numbers of the form a 4 b ^/2 4 c(^2) 2 , where a, b, e are rational. 
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THEOREM 

If Ei. E 2 , • • • , £* of degrees n\, n 2 , • • • , ft* respectively over 
SF, then SF(£i, £ 2 , • • • , £*) is of degree m over $F, where m WiW 2 • • • 
ft*, and a basis for £(£i, £ 2 , • • * , (a) over $F is included among the 
n x n 2 • • • n* numbers £{*££* • • • H*, where i±, ? 2 , • • • , hare non- 
negative integers not exceeding n x — 1, a 2 — 1, • • • , ft* — 1 
respectively . 

Proof: By the preceding theorem, ihe desired result is true for 
ft = 1. Proceeding by mathematical induction, suppose it true 
when there are k — 1 £’s. 

Wehavc$(£i, £ 2 , • • • , £*) = where = $F(Ei, £?,-•-, 
£*_i) (§4). By the hypothesis of the induction, SF' is of degree p 
over SF, where p ^ ftift 2 * • • ft*- 1 , and a basis for $F' over SF is 
included among £p£5* • • • £^ } where 0 ^ /1 g /ii — 1, 0 i 2 ^ 
n 2 — 1, • • • , 0 g n-i ^ /u-i — 1- 

Since £* is of degree n k over fF, it is a root of a polynomial of 
degree ft* with coefficient in $F. These coefficients are also in 
IF', since fF' contains $F. Hence, £* is of degree n over $ r here 
ft ^ ft*. 

By the preceding theorem, ?*'(£/ s > is of degree n over tF' with 
1, £*, £*,*••. £" _1 as a basis over .V. By ox. 15, §3, 3 '(£a) is of 
degree pw over 3* with a basis consisting of pn of the products 
ii'& • • • Ei A ifiS w here 0 S i L <; - 1, • ■ • , 0 g <*_ 1 g ft*-i 
-1,05/tfn-U - 1- 

Thus, 3i£i, £ 2 , • • • , £*) is of degree pa £ ftp/ 2 * # • ft/ 1 ?/* 
over fF with a basis of the form required. 

By the principle of mathematical induction, the theorem is 
proved. 

COROLLARY 

If El, £ 2 , 1 • • , £a are algebraic over 3, ///cn CF(£i, £ 2 , • • * , £*) is 
algebraic over $F. 

Proof: This follow, s from the theorem of §3, since CF(£i, £ 2 , • • • , 
£*) is of finite degree over 3. 

Remark Since each of the £\s is in 5(£j, • • • , £*), every number 
expressible as a sum of numbers of the form o£p • • • £**, where a 
is in SF and 0 Ss ii g /ii — 1, • • • , 0 < i* ft* — J, is in 5(£i, 
• • • , £*). Furthermore, every number in SF(£i, •■•,£*) is so 
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expressible since the {f 1 •••££* include a basis for 3(£i, •••,&) 
over 3. Thus, 3(£i, •••,£*) consists of all ihe numbers expres- 
sible in this form. 

Example 1 If 3 is the field of rational numbers, describe the num- 
bers <if the field 3(\/2, V3). (We have already discussed this 
example in another way in §1.) 

y/2 and V3 are roots of x 2 — 2 and x 2 — 3 respectively. Since 
each of these is irreducible over 3, \/2 and V3 are of degree 2 over 
3. Thus, 3 (\/2, a/ 3) consists of all the numbers of the form 
o + 6 y/2 + c \/3 + d V2 \/3, where a, 6, c, d are rational. 

Example 2 Show that the set S of all numbers algebraic over 5 is a 
field. 

Let a and 6 be algebraic over 3. Then a + 6, a — 6, ah, a/b 
(if 6 5 ^ 0) are in 3(a, 6). By the corolla^ above, every number 
in 3(cr, b) is algebraic over 3 and, therefore, is in S . Thus, flf is a 
field. 

Exercises 

1 Prove: 3(£) consist* of all flic numbers obtainable by rational opera- 
tions from numbers in 3 and S. 

2 Prove: If every number in the set S belongs to 3, then 3 ($) is identical 
with 3, and conversely. 

3 Pro\e: If // 1 , » 2 * * , v> is a ha bis for X Ov’er 3, then 3C =- 3(wi, tt 2 , 

" " * j ^n). 

4 Prove: If 3C D 3 and 3(f) .K. then 3(£) - 3C(£). 

5 Prove: If X is of degree /; over ,7 and contains a number £ of degree n 
over 3, then X - 3(£). 

6 Describe the numbers forming the fouo’vwng fields: 

a) 3u), 3 the field of real numbers 

b) 3(1 + 3 the field of rational numbers 

c) 3(\/2, VV>). 3 the field of rational numbers 

d) 3(1, \/7), 3 the field of rational numbers 

e) 3(v / o, /), 3 the field of real numbers 

f) 3(\ 3/ 4), 3 the field of rational numbers 

g) 3(\/2) T the fiehl of numbers of the form a + b \^2 where a and 
b are rational {l se e\. 4(c), §1.) 

h) 3(-\ / 2 1 v ”>), 3 the field of rational numbers 

7 Ix't 3 be the field of rational numbeis and £ a root of x* + 2x 
+ 2. Express 1 — 2£\ 1 '£, (1 — £)/(l + £) in terms of the basis 1, £, 
£ 2 of 3(f) over 3. 
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8 Let 5 be the field of rational numbers and £ a root of x* — 3x — 1. 
Express l/£ 2 , 3£ B ^ £ 4 in terms of the basis 1, £, £ 2 of £F(£) over $F. 

9 Let IF be the field of rational numbers. Prove: 

a) SF(1 + \/5) is identical with £F(3 — V5) 

b) fF(\/^ \/6) is identical with T(\/3, \/2 — \/3). 

10 If a and b are roots of the same quadratic polynomial with coefficients 
in £F, show that 5(a) and 5(b) are identical. 

11 Prove: If a , 6, c, d are in 5 and ad — be 0, and = (<ia + 6)/ 
(cat + d), then 5(a) and 5(P) are identical. 

12 Prove: The field of all numbers algebraic over the rational field is not 
of finite degree over the rational field. 

13 Prove: If H is an infinite set of numbers algebraic over 5, 5(S) is 
algebraic over 5. 

14 If 3C D «C D ST, 3C algebraic over «£ and «£ algebraic over £F, then 3C is 
algebraic over SF. [Hint: If a is in 3C and a<p n + • • • + a n is its 
minimum polynomial over £, consider $(nr, a 0 , • • • , a„).] 

*16 If 5C is of degree n over 5 and a in 3C is of degree m over then m is a 
divisor of n. [Hint: 3C D 5(a) D 5.] 

16 If 5 is the field of rational numbers, p a positive piime integer, a a 
rational number with no rational ptli root, a any pth root of a, 
then every number in 5(^a) is either rational or a root of a polynomial 
of degree p with rational coefficients ii reducible over 5. (Hint: Use 
ex. 15 and ex. 15, §2, Ch. 5.) 

17 If 5 is the field of rational numbers, show (using ex. 15): 

a) \/2is not in 5{y/2). 

b) V2 is not in 5(^/2). 

c) ^/2 is not in 5(y/2, y/ 3, \^2 ) v^). 


6. Adjunction of radicals 
THEOREM 

If p is a positive prime integer , co l a pfh root of 1, 5 a field con- 
taining co, £ a pth root of a number in 5, then the degree of £ over 5 
is 1 or p . 

Proof: By hypothesis, £ is a root of x p — a whore a is in 5. 
Suppose a — b v with b in 5. Then the roots of x p — a are 6, 
<ab, • • • , co^ft (ex. 5, §13, Ch. 2). Since 5 contains b and co, 
5 contains all these roots. Hence, it contains £, which is one of 
these. Therefore, £ is of degree 1 over 5 (ex. 7, §1). 
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If a is not the pth power of any number in $F, x p — a is irre- 
ducible over $F (ex. 15, §2, Ch. 5). Hence, £ is of degree p over $. 

THEOREM 

If p is a positive prime integer , £ a pth root of a number in field $F, 
then the degree of £ over 3 is p or d, where d is a divisor of p — 1. 

Proof: Let d be the degree of £ over 5*. Since £ is a root of x* — a 
with a in IF, d ^ p. Jf d = p, there is nothing more to be proved. 
Suppose, therefore, d < p. 

Let w 3^ 1 bo a pth root of 1, CF' = $F(w). Lot n l>c the degree 
of a over 9F. Then, by the first theorem of §5, 9r' is of degree n 
over 3. 

By the preceding theorem and the first theorem of $5, the 
degree of $F'(£) over is 1 or p. lienee (ex. 15, §3), the degree 
of SF'(£) over 3 is n or np. Since £ is in $'( £), the degree of £ over Or 
is a divisor of np (ex. 15, §5). 

Since d < p, d and p are relatively prime. Therefore (ex. 9, 
§10, ("li. 2, for integers), d is a divisor of n. 

Thus, the theorem will be proved when we show that n is a 
tact or of p — 1. This we do in the following: 

THEOREM 

If p is a positive prime integer , u> 1 a pth root of 1, 3 a?iy jfcid, 
//zew the degree of u> ovr 3 is a divisor of p — 1. 

Proo/; If a:* — 1 =s (j — l)/(x), then /(xl «= a* 1 * -1 + x*~ 2 + 

* • • + x + 1 and w is a root of /( *). If f{x) *s ^i(*r)g/ 2 (a:) • • * 
j/ r (x) is the factorization of /(x) into polynomials prime over 3 with 
leading coefficients 1, then one of the factors is the minimum poly- 
nomial of cj over 3. 

Let n be the greatest of the degrees of the ^(x) and, to be 
specific, suppose gi{x) of degree rz. 

If a is a root of gi(x), then 1 and «, a 2 , • • • , a*"* 1 are 
distinct and are all the roots of /(x) (ca. 5, §13, Ch. 2). 

Suppose a*, lCfc^p — 1, a root of y 2 {x). Then g 2 (x h ) has 
coefficients in 3 and a root a in common with gi(x). Hence (first 
theorem, §1, Ch. 5), g 2 (x k ) = ^ l (x)/z(x). 

If X is any root of ?i(x), then 02(X fc ) = ju(X)A(A) = 0, so that 
X* is a root of g 2 (x). 
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If Xi, Xi are distinct roots of gi(x), then X*, X* are distinct roots 
of Qz{x)- For, = X, so that X 1 /X 2 , which is different from 1, 

is a pth root of 1. Hence X 1 /X 2 , (X 1 /X 2 ) 2 , • • • , (Xx/Xa)^ 1 are all 
the roots of f(x). Therefore, (X 1 /X 2 )* ^ 1, since 1 is not a root of 
fix). 

Thus, if Xi, X*, • • • , X„ are the (necessarily distinct) roots of 
gi(x), then Xf, Xf, • • • , Xi are distinct roots of gt{x). Hence, the 
degree of gi(x) is at least n. Since the degree of g-i(x) does not exceed 
n, its degree is exactly n. 

Similarly, every g t (x) is of degree n. Hence, p — 1 = rn, and 
the theorem is proved. 

For use in §7, we establish: 

COROLLARY 

If pi, p«, • • * , Pk urc distinct positive prime integers , u, 1 a pith 
rootofl(i = 1,2, • • • , k), if any field, then the degrre of tHwi, • • ■ , 
«*) over SF is did 2 • ■ • d k , where d, is a divisor of p i — 1. 

Proof: For k — 1 this follows immediately from the theorem 
(using the first theorem, §5). Proceeding by mathematical induc- 
tion, suppose it true for SFfwi, • ■ • , «*). 

By the theorem, the degree of SF(,ioi, • • • , oh, 1 ) = SF' (to l+1 ), 
where SF' = !T(«i, •••,«,), over J' i*> dm, a divisor of pm — 1. 
By the hypothesis of the induction, the degree of if' over SF i^ did 2 
• ■ ■ di.. The desired result now follows by using ex. 15. §11. 

Example Let \/ 2 be the ieal cube root of 2, « ^ 1 a cube root of 
1, £ = u v 2. Then £ is a root of x 3 — 2. 

If SF is the field of rat ional numbers, .r 1 — 2 is irreducible over SF, 
so that £ is of degree 3 over SF. 

If SF is the field obtained by adjoining y/2 to the rational field, 
then x 3 — 2 --=5 (x — \/2)(x 2 -f v / 2x + {\ r 2)~) is reducible over SF. 
All the numbera in SF are real and £ is not. Jlence, x 2 -f v^2x + 
of which £ is a root, has no linear factor with coefficient sin 
SF; hence, it is irreducible over SF. Thus, £ is of degree 2 over SF. 

7. Expressibility by radicals A number r is said to be obtainable 
by radicals from the numbers «j, a 2 , • • • (finite in number or 
infinitely many) if there exists a sequence 61 , 62 , • • • , Z>» with 
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b n = r and such that every b % is either one of the a's or equals 
bj + bk, b 3 bkj b 3 — bk, or &,/&*, or a root of 6/ o£ some index, where 
j and k are less than i. 

In any such sequence we may always suppose that every radical 
is of prime index. For if \/ c appears and m = p x p 2 • • • p*, where 
the p's are positive prime integers (not necessarily distinct), then 
v'c can be replaced by the sequence ci, c 2 , • • • , where 
ci = c, C 2 = S/ci, cz = K^C 2 , 9 • • , a + i = = y/c f each radical 

being properly chosen. 

THEOREM 

Suppose r obtainable from aj, a 2 , • • • fry radicals of indices pi, p 2 , 
• • • , p*, where the p's arc distinct primes (although radicals with 
these indices may app(ar mart than once in the sequence bi , 6 2 , ■ • • , 
b n ). Let cn* t* 1 (? = 1, 2, • • • , l) bt a p t th root of 1. L*t 3 be a 

field containing the a's and an, o> 2 , • • • , av. Then the degree of r 

over 3 is p'ip l 2 * • * pj , where h, i*, • • • , i\ are non-negaticc 
integers. 

Proof: Let 3* — 3(I>i, • • ■ , fO(i = 1, 2, • • • , w). We show 
that the degree of every 3* over 3 has the form pi 1 • • • pj*. 

F<ir i = 1 this is obvious. For. hi is one of the a’s, so that 3(&i) 
is of degree 1 over ,7 (o\. 7, §!/• 

Proceeding by mathematical induction, suppose the degree of 
7, i over 7 is p\ l • • • p£ where the r’s are non-negative integer. 

Tf b, is bj + b L or bj — b k >r o b or hj hi, j and k less than /, 

then b t is in 3,_i. Hence, J, is of degree 1 over 3, i. Therefore, 

7, is of degree p? • • p'f over 3 (e\ \T, §1};. 

If b ; is a pth root of where , < f — 1, then by the first 
theorem of §C> t b t is of degree 1 or p 8 over 3 ( _i. Hence (ex. 15, §3), 
l lie degree of 3» oxer 3 is p\ l * • ■ pj or p? • • • p* l p*, which 
establishes the desired result for 3,. 

Now , r is in 3 n . Hence its degree over 3 is a factor of the degree 
of 3 n over 3 (ex. 15, §5). Since eve T v factor of pV • • • p\ k has 
this same form (by the unique factorization theorem for integers), 
the theorem is proved. 

THEOREM 

If r is obtainable from a i, a 2l • ■ • 6y radicals of indices pi, • • * , 
Pa, icAcrc /Ztc p’a arc distinct primes , and 3 a jftcW containing the 
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a’s, the degree of r over SF is di • • • d*pf • • • p*‘, where the i’s are 
non-negative integers^ and d\, • • • , dt are divisors of pi — 1, • • *, 
p* ~ 1. 

Proof: Let «» 5 * 1 (t = 1, • • • , k) be a p,th root of 1, SF' = 
SF(mi, • • • , Mi). By the corollary in §6, the degree of SF' over SF 
ia di • • • di, where di is a divisor of p, — I . 

By the preceding theorem the degree of r over IF' is p’j 1 • • • p)*. 
Therefore (first theorem, and ex. 15, §3), the degree of SF'(r) over 
SF is di • • • dipj* • • • p’i*. Since r is in SF'(r), the degree of r over 
SF is a factor of dj • • • d*py • • • pjf (ex. 15, §5). It follows 
(ex. 6, §13, Ch. 2) that the degree of r over SF is di • • • d^py • • • 
pi*, where d\ is a factor of d„ and the theorem is proved. 

COROLLARY 

If r is obtainable from numbers in a field SF by rational operations and 
extractions of square roots, the degree of r over ST is a non-negative 
integral power of 2. 

Proof: In the theorem, k = 1, pi = 2, dt = 1. 

In particular, suppose r is obtainable from numbers in SF by 
rational operations and extractions of square roots and is a root of a 
cubic polynomial f(x) with coefficients in SF. Let g(x) be the mini- 
mum polynomial of r over SF. Then, by the corollary, g{x) is of 
degree 1 or 2. But g{x) is a factor of f(x) (§1). Hence, f{x) has a 
linear factor with coefficients in SF and, therefore, a root in SF. This 
proves once again the second part of the theorem in §5, Ch. 9. 

An equation f{x) = 0 is said to be solvable by radicals if all its 
roots are obtainable by radicals from the coefficients of f(x). Not 
every equation of degree greater than 4 is solvable by radicals. In 
fact, some equations have no root obtainable from the coefficients 
by radicals. Unfortunately, we cannot go into the proofs (which 
will be found in the Galois theory of equations). 

Example If f(x) of degree n > 1 is irreducible over the field SF and 
n is divisible by a prime other than 2, 3, or 7, then f(x) has no root 
obtainable from numbers in SF by rational operations and extractions 
of square roots, cube roots and seventh roots. 

If /(*) has such a root r, then the degree of r over SF is did 2 di2’3 , 7 k , 
where di, dt, d t are factors of 1, 2, 6 respectively and f, j, k are non- 
negative integers. Every such integer has the form 2®3 6 7*. 
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Since f(x) is irreducible, the degree of r over SF is n. Hence, 
n must have this form. 

Exercises 

1 Let f(x) be irreducible over SF and of degree n. Show that it has no root 
obtainable from numbers in SJ by rational operations and extractions of: 

a) cube roots if n = 4 

b) square roots and fifth roots if n = 6 

c) square roots, cube roots and fifth roots if n = 7 

d) pth roots, if p is an odd prime integer not of the form 8k + 1 , if n = 8 

e) square roots, cube roots, seventh roots and eleventh roots, if n is not 
of the form 2 a 3 6 5 f 7 rf ll a where c ^ 1 

f) roots of indices PuP? f • • • , pi>, where pi, p 2 , • • * , p* are the first k 
primes in order of magnitude, if n is divisible bv a prime greater than 
V 

2 If cos A is rational then it is impossible with ruler and compasses to 
construct 

a) A / 5 if lGx 5 — 20-r 1 + 5 j — cos A is irreducible over the rational field 

b) A/7 if 64r 7 — ll2x fi + 56x 3 - lx — cos A is irreducible over the 
rational field. 

(Remark: It can be shown that if cos A = 5 m/w, where neither m nor n 
is divisible by 5, then (a) is irreducible; if cos A = Im/n, where neither 
m nor n is divisible by 7, then (b) is irreducible.) 
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SYMMETRIC POLYNOMIALS 


1. Polynomials in several variables If x, y and w are variables 
and to each ordered pair of values {x, y) there corresponds in some 
prescribed manner a value of w, then w is said to be a (one-valued) 
function of x and y, and we write w s= f{x, y) (or some other similar 
symbol). 

This same symbol is used to denote the value of w which corre- 
sponds to (x, y). When the variables are understood we frequently 
write / instead of /(x , y). 

If x and y denote anj r complex numbers and if there exist ?i non- 
negative integer m and complex numbers a v such that 

(1) f(x, y) = Ooo + aio-r + a 0 i y + + a^xy + a m y * 

+ • ' * + a m oX m + a m -i,ix m ~ l y + • • • + + a<, n y m , 

then f{x, y) is called a polynomial in x and y. 

The expression ( 1 ) can be written compactly as 

m 

£ av* l y 

This denotes the sum of all terms a u xV where i and j take on all 
non-negative integral values subject to 0 | t + j ^ m (with the 
understanding that x° or y° is 1). In tins notation each of the 
numbers a,, has two subscripts which indicate the powers of x and 
y that the number multiplies. The first subscript shows the power 
of x and the second the power of y. For example, the number 
which multiplies xV is 07.9. 

We can, in a similar way, define a polynomial in any number 
of variables xi, xs, • • • , x„ as a function of these variables which 
can be expressed in the form 
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( 2 ) 2 a llti • • • K 

tl H* + * ' ‘ +tn«0 

where the a 7 s are complex numbers and 2 denotes the sum of all 
the indicated products, the i 7 s being any non-negative integers 
subject to the condition 0^ii + f 2 + • • • + i n ^ m. 

Each of the a lltt ..^rryx? • • • x£ is called a term of the poly- 
nomial; Otrf, • • ■ is the coefficient of the term; ii + it + * • • + 
i n is the degree of the term and i } its degree in x r 

Tf / is a polynomial in x iy x 2 , ■ • • , x n for which there is an 
cxpiession (2; such that 

(a) No term of degree greater than m has a non-zero coefficient 

(b) At least oik* term wf degree m has a non-zeio coefficient, 
then / is said to be of degree in. 

A polynomial of degree zero is called a constant polynomial 
(or, briefly, a constant); of degree 1, linear; of degree 2, quad- 
ratic* etc. 

We cannot speak of the degree of a polynomial until we have 
shown that all expressions of the form (2) for a given polynomial 
are the same, i.e., that the coefficients of the terms involving like 
powers of the x’ s are the same in all such expressions. 

If / and (j are polynomials in x h x 2} • • • , x n with the same 
values for all sets (if values , x L ■ • • , x«), then they are identical 
polynomials, and we w T ri te/ ■*= g. 

The polynomial f{x i, x 2 , • • • , x w’hich vanishes identically, 
i.e., which equals zero for all values of the x's, is called the zero 
polynomial. 

Exercises 

1 Prove: The number of terms of degree ? in the expression (1) is i + 1; 

the total numbei of teinih is J 2 (m + + -)■ 

2 Prove: A polyra inial/U, //, z) can he , * pressed in the form / 0 (x, y) + 
fi(x, |/>4 • ■ • +/ P (x, y)z p wheie each if tho/(x, y) is a polynomial 
in x and y . Generalize to anj number of variables. 

3 Piove: If / and g aie nolynomials in r lf x>, • • ■ , x», then / + g f f — g 
and fg are polynomials in Ti, Xj, * * ■ , x n . 

4 Criticize the statement : (x — 1 )/y is a polynomial in x and y for all values 
of x and y for which y 0. 
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5 Prove: If f(x, y) is a polynomial in x and y, and g(x) is a polynomial in x 
such that /(a;, g(x)) = 0, then f(x, y) = [y — 0(x)]h(*, y), where h(x, y) is 
a polynomial in x and y. 


2. Uniqueness of representation We have seen that a polynomial 
in one variable cannot vanish for infinitely many values of the 
variable unless it vanishes identically (§4, Ch. 2). A polynomial 
in more than one variable, however, may vanish for infinitely many 
sets of values of the variables without vanishing identically (for 
example, x — y). In many respects, however, polynomials in 
several variables behave like polynomials in one variable. 

THEOREM 

A polynomial in Xi, x«, • • • , x n represent! d by the express-ion (2; 
of §1 vanishes identically if and only if all the coefficients are zero. 

Proof: Obviously, if all the coefficients are zero then the poly- 
nomial vanishes identically. 

We pro\ e the converse by mathematical induction on n. 

For n = 1 the expression (2) of §1 is a polynomial in one variable 
for which the desired re-ult has already been established (§1, Oh. 2). 
Hence, suppose* it true whenever there are A’ or fewer variables. lA-t 
n = k -f 1 in (21 and suppose the polynomial vanishes identically. 

For simplicity in the proof let A + 1 = 3 and denote the vari- 
ables by x, y, z. (The proof, however, is perfectly general). Then 


/(*, y, z) s £ a %l tx'ifd- 
Grouping the terms according to the, powers of z, 

m— 1 


f(x, y, z) = ( £ <wy) + ( £ a,,ix*2/»)s 

1 i-f ;-0 

in — 2 0 

+a tf.,-2 xty)z 2 +•••+( £ a, jm xty)s 


»+;-0 


This is of the form 


i+j-o 


i+j- 0 


f{x, y, z) = yo(x, y) + g x (x, y)z + - - • + g m (x, y)z m 

where each of the g x (x, y) is a polynomial in x and y. The coeffi- 
cients in the g x (x, y) are the coefficients in /(x, y, z ). 
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Let (o, b) be any set of values of (x, y). Then 

/(a, b, z ) s= g 0 ( a , b ) + g\(a, b)z + • • * + g m (a, b)Z* 
is a polynomial in z. 

By hypothesis, f(x, y, z) vanishes for all values of x, y, z. There- 
fore, /(a, b, z) vanishes for all values of z. Hence (§4, Ch. 2), all 
the coefficients of the powers of z in this polynomial are zero. Thus, 
g,(a, b) = 0 for i = 0, 1, • • • , m. 

Since this is true no matter what the numbers a and 6 may be, 
g t (x, y) = 0. Hence, by the hypothesis of the induction, all the 
coefficients in all the g t (x, y) are zero. 

Thus, all the coefficients in f(x, y, z) are zero, so that the desired 
result holds for n — k -f 1. 

By the principle of mathematical induction, the theorem is 
proved. 

According to the theorem, if a polynomial vanishes identically 
there is no way oi expressing it in the form (2) with a non-zero 
coefficient. Therefore, the zero polynomial has no degree. 

On the other hand, if a polynomial does not vanish identically 
an expression lor it in the form (2) must have at least one non-zero 
coefficient. Every such polynomial, therefore, has some degree. 
We show now that the degree is unique by showing that there is 
essentially only one way of expressing a polynomial in the form (2). 

THEOREM 

If 

®*n. • • • “ 

ti+t.S • • +»»-0 

m! 

2 •••*»* 

Ji ;H * 

where m f m , then = 0 

forji -f j 2 + • • • + in > m 

and &IUR • • • in = fljif* • • • u 

for 0 g ji + j 2 + • • • + jn £ m. 

Proof: The difference of the two given expressions is a poly- 
nomial in j*i, -r?, • • • , x n which vanishes for all values of x*, x 2 , 
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• • • , x*. Hence 

m 

T ~~ * * * *• 

ii+i*+ • • • +i»»0 

m* 

T &ii/* ■ - ■ = 0 

ii+i*+ ' • +>"m+l 

(If m' = m 9 the second part is missing.) 

The desired result now follows by applying the previous theorem. 

COROLLARY 

If a polynomial in Xi, X 2 , 9 • • , x n docs not vanish identically , its 

degree is unique . 

Note: Throughout the remainder of the chapter all symbols for 

functions denote polynomials. 

Exercises 

*1 Prove: f(x, y 9 z) can be expressed uniquely in the form / 0 (r, y ) + f\(x f y)z 
+ • • • +fp( x, y)z p . Generalize to polynomials in any number of 
variables. 

2 A polynomial is said to be homogeneous if it vanishes identically or if all 
terms with non-zero coefficients have the same degree. (For example, 
Sx 2 + yz is homogeneous of degree 2 in x, y, z). Prove: lf/cr,, J 2 , * • ■ , 
x n ) 0 it can be expressed uniquely in the foun/i + f 2 + • • • + f P 
where each / is a non-zero polynomial homogeneous in Xi, x 2 , ' m m , x n 
and all have different degrees. 

3 f{x 1 , X 2 , • • • , x n ) is said to be of degree m in Tk if it lias a term a %lti tn 
x'ix'z 9 • • x l * where n = m with a non zero coefficient and no term 
where n > m with a non-zero coefficient. (For example, x 2 — 3x 2 yz 
+ 4 zyz 3 4- z is of degree 2 in x 9 1 in y arid 3 in z.) Prove: The degree of 
a polynomial in each variable is unique. 

4 Prove: f(x i, x 2 , • • • , x») is of degree m in x„ if and only if it can be 
expressed in the form/ 0 (a*i, x 2f • • • , ar„_i) +/i(xi, x 2f • • • , aJn-i)*n + 
• * • +fm(x 1 , 0 : 2 , • • • , x r -i)x% where f m ^ 0. 

6 Prove: If fix i, x 2y • • ■ , 3n)^ 0 there are infinitely many sets of values 
(ai, a 2 , * • • , On) such that/(oi, o 2 , • • • , o n ) 5 * 0. 

6 Prove: If n > 1 and fix 1 , x 2 , • • • , x n ) is not a constant, there are 
infinitely many sets of values ( 01 , a 2y • * • , a n ) such that/(oi, a 2y • • • , 
On) =0. 
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7 Prove: If /(xi, x 2 , • • • , x n ) is a polynomial in Xi, x 2 , • ■ • , x» and 
0x(yi, 2 / 2 , • ■ • , y P )(i * 1 , 2 , • • • , n) are polyno/nials in y h y 2 , • • ■ , 
2 / p , then/(flfi, gf 2 , * • • ,0«) is a polynomial in //,, y*, 

8 If /(x) and y(x) are polynomials in x, there exists a polynomial A(x, y) 
such that f(x)g(y) -f(y)g(x) - (x - y)fl(r, >/). 

9 Pro^e: If /(x, y) vanishes for all real values of x and //, then it vanishes 
identically. 

3. Pioducts of polynomials If / and g are polvnomials in Xi, x 2 , 

• • • , x„, evidently their sum or difference is a polynomial in xi, x 2 , 

• • • , x n which is identically zero or of degioo not greater than the 
degree of / or g. If / and g have different degrees, the degree of the 
sum or difference is the larger of the two. 

If f and g are non-zero polynomials in the one variable x, it is 
easy to see that the degree of tlieir pioduct is the sum of their 
degrees For, the coefficient ol the highest power of .r in the product 
is the product of the coefficients of the highest powers of jl in / 
and g. 

If / and g are polynomials in more than one variable, obviously 
the degree oi fg y if any, does not exceed the sum of the degrees of 
/ and g. Hut it is not olnious exactly what the degree is, since 
many like terms may ha\c to be combined in order to find the 
coefficients ol the terms of highest degree. Howexei it is refill true, 
as w r e shall prove, that the degree oi fg is the sum ol the degrees of 
f and g . 

We first prove: 

THEOREM 

If Ax 1 , • • • , J-JfifOi, • • • , J») «= o, thenf 0 or <j 0. 

Proof: For n — 1 the desired result lias already l>een established 
f cancelation law for polynomials in one \ amble, §1, Ch. 21. Pro- 
ceeding by mathematical induction, suppose it true for n = k. Let 
n = k 4- 1. 

li f ft 0 and < 7 ^ 0 , (lien 

Ax, * • • , xk, xjui) - /otx,, • • • , x t ) +/i(a , i, • • • , 

+-•••+ f P (xi, • * * , siklVi 

g(xi, • • • , x k , Xk , i) ~ |7o(xi. • • • , x< ) -I- J 7 i(xj, • • • , *0**+i 

f • • • I- gMu * • • , x*)x£ +1 

where p jg 0, q s£ 0, f f {xi, ,Tl) ft 0, y,(x j, • • • , x t ) ft 0. 
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Tihzsfg, by direct multiplication 

h(x i, •••,**, x k+ i) = /,(x i, • • • , x h )g t (xi, • • • , x*)x£# 

+ hi(x h • • • , sO-rf-H -1 + * ' * + Ap+. e (xi, •••,**) 

where hi, • • • , are polynomials in xi, • • ■ , x k . 

Let oi, • • • , oa be any values of Xi, • ♦ • , xi. Since A(xi, 

• • • , x», x*+i) h? 0 by hypothesis, h(n h • • • , o/, x* fI ) = 0 for 
all values of x/ + Jt follows from the thcorc n for n — 1 that the 
coefficients of the powers of Xi n in h(a i, • • • , a k , xj-n) are zero. 
Therefore, in particular, /^(ai, • • • , ai)g q (a\, • • • , a k ) = 0 . 

Since this is hue no matter what the numbers at, • • • , a, may 
be,/„(xi • • • , xog g {x v , • • • ,x t ) s- 0. Therel ore, by the hypoth- 
esis of the induction, J v (t\, • - • , J;) = 0 or g u (xi, • • • , i,j * 0 , 
which contradicts the assumption / ^ 0 and g 0. 

Thus, / s: 0 or g = 0 , and the theorem is established. 

COROLLARY 

If fg i = fgi and f ^ 0, thmgj ~ i/ t . 

Proof: From the hypothecs, /u/, — g>) — 0 . Smee f ft 0 , it 
follows from the theorem that </i — 17. — 0. 

THEOREM 

Iff (Xu * • * , x„) and ff(x,, • • • , r„) ore a/ ilegreis p and q respec- 
tively, thenfg is of degree p + q 

Proof: Suppose first that f and q are homogeneous polynomials. 
Then we may write / = ,„ri' • • • x‘ B ", where *)+••• + 

in = p for every term, and g - . . . H x\ l • • • x’„* where ji + 

• * * + i» = 7. 

Then /jr s So,,. . ,» xi ,hl • • • x^ 1 "*, where (n + ji) + 

• • • -f (in + Jn) =75 + 7. Combining like terms, we have fg = 
Sc*i • • uti 1 ’ • * x*", where k } + • • • + /*„ = p + q. Thus, fg 
is of degree p + q, unless all the coefficients are zero. 

But if all the coefficients are zero, then fg s 0. By the previous 
theorem, this is impossible. Thus, the theorem is established for 
homogeneous polynomials. 

To consider the general ease, let f &: f 0 + f h where /<, is the 
sum of all the terms in f of degree p with non-zero coefficients. 
Then f 0 is homogeneous of degree p and ft is identically zero or of 
degree less than p. 
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Similarly, g m g 0 + g h where g 0 is homogeneous of degree q 
and gi is zero or of degree less than q. Then 

fg s fogo + fogi + figo + figi 

From the already established result for homogeneous poly- 
nomials, fogo is of degree p + q. Also, each of foQi y figo , figi is zero 
or of degree less than p + q. Hence, f 0 gi + f } g Q + f x gi is zero or 
of degree less than p + q. Therefore, fg is of degree p + q, and 
the theorem is proved. 

Example A non-constant, polynomial f{x 1 , • • • , x n ) is said to be 
irreducible (over the field of complex numbers) if it cannot be 
expressed as the product of two polynomials (not necessarily dis- 
tinct) in Xi, • • • , x n neither of which is a constant. Otherwise it is 
called reducible. Show that f(x , y) = x b — 3 xy + 1 is irreducible. 

Suppose f reducible and that f = g{x , y)h(x y y) y where neither 
g nor A is a constant. 

Since / is of degree 1 in y y one of g and h is of degree 1 in y and 
the other is of degree zero in y (see ex. 1 below). ITence / s 
a{x)[b{x)y + c(x)], where a, b , c are polynomials in x and a is not a 
constant. 

Equating the coefficients of y, we have —3a: = ab . Since a is 
not a constant, this requires that a -= ax where or is a constant. 
Thus / <*.r[h(.r) 2 / + *(x)]. Letting x — 0, this gives us 1 = 0. 

This contradiction shows that f is not reducible. 

Exercises 

1 Prove: If f(xi, • • • , xj and g(x i, • • , x n ) are of degrees k and l 

respectively in then fg is of degree k + lin x n . 

2 If/ 2 (xi l • ■ • , t») s? g ? (x i, • • - , x n ). show that either / m g or / = —g. 

3 Prove: A polynomial of odd degree is not the square of a polynomial. 

4 If /, g f p , q arc polynomials in X\, • • • , x n such that / = pg and 
g == qf r then / sz eg v here c is a constant. 

5 If g, Qu /?i, Ih arc polynomials in x u ■ • • , x», g of degree m, and 
eacli of 7?i and Ri is either zero or of degree less than m, and if Qig + 
R\ = Qig + R: 9 then Qi = Qz and Ri s R 2 . 

6 Let /s f x (x j, • • • , Xn)Mxi, • • • f jpO - • • f P (x i, • • ■ , Xn) 0. 
Prove: 

a) If every /* is homogeneous, then / is homogeneous. 

b) If /is homogeneous, then every/, is homogeneous. 
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7 Prove: If/(si, • • • , x n ) is homogeneous and vanishes for all values of 
®i, • • • , *n-i when x n = 1, then / as 0. 

8 Prove: /(xi, x 2 , • • • , x n ) is homogeneous of degree m if and only if 

f(yxi, yx 2 , • • • , yx n ) = • • • , Jn) for all values of x x , x 2 , 

* ®»» y> 

9 Show that the following are irreducible: 

a) xy — x + y + 1 

b) x 2 — y 2 + 1 

c) x 2 - zy + y 3 

d) x + y(y) 

ej x 2 + axy + a?/ 2 + 1 , where a is a constant different from 0 and 4 
10 Prove: If f(x i, • ■ • , i n ) is not a constant then it is cither irreducible or 
the product of irreducible polynomials. 

*11 Let y.Ori, • • • x n ) (i = 1, 2, • • • , k) be distinct polynomials in x x% 
• • • , x n . Let f(x, Xiy • • • , x n ) be a polynomial in x 9 x%, • • • , x n 
such that f(g %y x Xf - * • , x*) ss 0 for t = 1, 2, • • ■ , k. Prove: 

f(x, xi, • * • , s„) =- (a? - gi)(x - 0 2 ) * • • (x - yOyfo Xi, • • , x„) 

*12 Prove: If y — r is a factor of [fl 0 (i/ljr n + • - • + a n (y)][bo(y)x m 4- • 

+ b *(y)], then y - r Ls a factor of every a,(y) or a factor of evefy 6 ; (y). 


4. Elementary symmetric polynomials Let/(j*i, * • • , x n ) be a 
polynomial in xi, Xj, • • • , x n . Let i 2 , • * • , i n be the numbers 
1, 2, • • • , n in any order. It may or may not happen that 
J(s lx , x lt , • • • , x ln ) = f(x h x 2 * • • • , Xn). For example, 

(a) If f{x, y, z) = x -y + z, then f(x, g, y) — x - z + y ^ 

/(a-, y, 2), but f(z, //, xl = s - y + .r = f(x, y, z ) 

(h) If /(x, y, 2 ) se ^ + // 2 + z 2 , then f(x, y } z) = /(x, y) » 
/(y, *) ® /(y, s, rr) - /(z, a:, y) s /(z, y, x). 

A polynomial like the one in (b) is called a symmetric poly- 
nomial. That is, f(xi, X 2 , • • • , x«) is said to be symmetric in 
ri, ff 2 , • ■ • , J?n if /(■£»!* • • • , Xi*) s /(an ^2, • • • , x n ) when- 

ever iiy • • • , in is any arrangement whatsoever of the numbers 
1 , 2 , • • • , n. 

There are certain symmetric polynomials which arc especially 
significant, as we shall see. These are 

Si(x ly • • • , x n ) = Zi + x 2 + • • • + x n 

Siixiy • * ■ , x n ) = Xia , 2 + X1X3 + • • * + x x x n + 3:2X3 + * • • 

+ X& n + * * • + Xn-lX n 
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S t (x h * • ' , X n ) — XiXiXf + - * ‘ + Xn-jXn-lXn 
S,(Xi, •••,*„) S XiXi ■ • • I, + ' * • 


•••,*,)» X 1 X 2 • • • Zn 

For * =» 1 , 2 , • • • , », S,(x t, •••,*„) is the sum of all the 
products which can be formed by multiplying any i of the variables 
*i, x 2 , • • • , x n - Or, to say it differently, S, is the sum of the 
products of xi, xt, • • • , x„ taken i at a time. 

It is obvious that S, is symmetric in xi, x«, • • • , x n - For, if 
ji, ji, • ■ • , j n are the numbers 1, 2, • • • , » in some order, the 
sum of all the products of x }l , x,„ • • ■ , x,„ taken i at a time is the 
same as the sum of the products of Xi, * • • , *» taken / at a 
time. 

The S, are called the elementary symmetric polynomials in 
X\, Xi, • • • , x n . One of the reasons for their importance is the 
fact that if x h Xt, • • • , x» are the roots of x n + aix n-1 + • ■ * + 
Qn-iX + a„ then S,(x h • • • , x„) = (-lj'a, (* = 1, 2, • • • , ») 
(§t, Ch. 3). 

5. Some properties of symmetric polynomials 
THEOREM 

Iff and g are symmrlrir in xi, • • ‘ , x„, then f +- g and fg are sym- 
metric in x\, • • • , x n . 

Proof: IiOt ?i, ii, •••,{» be any arrangement of 1, 2, • • • , n. 
By hypothesis, 

f(x,„ x,„ ••■,**)» /(xi, *»,*•• , x„) 
g(x», x t „ • • • , j,„) 3 g(x i, Xj, ■ • • , x,) 

Therefore 

f(-^t„ Xt,, * * * , x,J ”j~ g{x,i x,„ i x,„) 

-- A ri, xj, • • r n ) + t;(xi, x 2 , • • • , x n ) 

Thus, / + <7 is symmetric. Similarly, /</ is symmetric. 

COROLLARY 

/// ?s symmetric in Xi, • • • , x« anrt a ua constant, then af is sym- 
metric in Xi, • • • , r„. 

Proof: This follows from the theorem bv letting g ^ a. 
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COROLLARY 

If /, (» = 1, 2, • • , p) are symmetric in Xi, • • • , x n , then their 

sum and product arc symmetric in xi, • • • , x n . 

Proof: This follows from the theorem by mathematical induct ion. 
THEOREM 

If g t (i = 1, 2, •••, p) arc symmetric polynomials in Xi, • • • , x» 
and fly i, • • • , y r ) is a polynomial >n y h y 2 , • • • , y„, thin 
F(x h Xi, • • • , x„) = f(gi, g 2 , • • ' , g P ) is symmetric in x h x 2 , 

j 

m 

Proof: Let flyi,y 2 , • " , y P ) * Y yVV” • * ' Y p 

XI “H»2-+ * * + 
n 

77ic?t F(a-i, ars, • • • , x n ) - ^ a,„. • • ' Op 

ii -f i. + H =o 

From the preceding corolla lies, each of the products a 11(J ^,g'lg" 
- • ■ o'p is symmetric ju Ji, x>, • ■ • , r u . Hence, their sum is 
symmetric m Xi, x 2 , ■ ■ • , x„, and the theorem is proved. 

THEOREM 

Let /,(xj, • • • , x„. i) (f = 0, 1, • • • , p) be polynomials in Xi, 

• • • , x„-i and f( Xi, • • • , x n -\, r«) = /o(xi, • • • , x„ i) -f- 

fi(xi, • • • , x»-i)x» + • • * +f P (Tu • ■ • , If f is sym- 

metric in Ti, • • • , x n -i, x n , then each of the /, is symmetric in x\, 

• • • , JTn-l- 

Proof: Let it, • • • , i n -i be any arrangement of 1, ■ • • , n — 1. 
Then ij, • • • , i„_ i, « is an arrangement of 1, • • • , n — 1, n. 
Since / is symmetric in x h • • • , x„, f<x tl , • • • , j-*_„ x„) s /(x,, 

• • • , x n -i, x n ). Hence, 

fo(x», • • • , x ta -,) + /iOv, • • • , x,..,)x„ + • • • 

"4" /p(Xt„ Xu.,)j"S =■ fo{Xlj , Xn—i) 

+ /l(*l, • ■ • , -r«-l)x n -r • • • + /p(xi, • • • , Xn-l)*; 

Therefore (ex. 1, §2), f t (x„, • • • , x ,. ,) = /.(xj, • • • , x n ~i) for 
t — 0, 1, • • • , p, which proves the theorem. 
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Exercises 

1 Prove: /(x i, • • • , x«) is symmetric in Xi, . . . 4 x n and of degree one 
if and only if/ s= aSifai, • • • , x») + b where a and b are constants and 
a 0. 

2 Prove: Every polynomial in x is symmetric in x. 

3 a) If /(x, y) + g(z) is symmetric in x, y , z, then f(r, y) = g(x) + g(y) 

+ c, whore c is a constant. 

b) If g(z) ^ 0 and /(x, y)g(z) is symmetric in x, y , 2, then /(x, y) = 
(g(x)g(y) y where c is a constant. 

4 Provo: Tf /(x, y , 2) is a polynomial in x, g, then there exints a poly- 
nomial g(x , y, z) 0 such that /p is symmetric in x, y f z . 

5 Let / == /i(xi, • • • , x n ) + * * ‘ +/ P (X], • ■ * , x r .) where each of the 

/, is a non-zeio homogeneous polynomial, no two of tlie same degree. 
Prove: / is symmetric in Xi, • • • , x» if and only if each of the f, is 
symmetric in x lf 4 * * , x,». 

6 Prove: If a symmetric polynomial in Xi, - • • , x n is of degree p in one of 
the variables, it is of degree p in each variable. 

7 Let S (xi, • • • , x f ) (i = 1,2, • • - , n) be the elementary symmetric 

polynomials m Xi, * - - , x n and h(x 1, • • , x, _ 3 ) (i — 1, 2, • • • , 

71 — 1 ) the elemental y symmetric polynomials in xi, • • • , x w _i. 
Pm\o: 


a) 


- f 1 + x. + l>) 
“ f 2 -f 

• • • • 

<81 - 4- 

$,*_! + X n /,*_2 

_= Xnfn- 1 


fi ^ 8, — x„ 

*“ — -Tn/h + Xf t 

f 3 ^ aS Y 3 - + x 2 n Si — X* 


'i-i ^»-l — X,.N n _2 + X t 2 t >Sf M _, — • • • 

+ (-!)» -X* 2 N, + (-l)n-l Xrt .-l 


8 liCt /(Xi, • • • , x ft _i, xj be flymmeti ie in x lf ■ • * , r» _j. That is, 

/(x ln • • * , J- t „.i,ir n ) “ /(Ji, * ’ ’ ? *r i-i, x ») whenever ?i, • • • , ware 
the numbers 1, - • - , n — 1 in any order. Pune: If / -s /„(xi, • • • , 
Xn 1 ) • • • , Xn-i)Xn 4 - ■ • " H * * * , x^x* then each 

of the/* is symmetric; in Xi, • * , x^-i. 

9 Prove: If f, <7, h are polynomials in Xi, • - • , a n such that f gh 0 
and two of these are symmetric* in Xi. • # • , x,., then the third is also. 

10 Prove: The clementaiy symmetric polynomials jS,(xi, • • • , x») 
(1 = 1, • - • , n — 1) are irreducible. 

11 Prove: If £ n g(xi, • • • , x„) ^ 0 is symmetric in Xj, • • • , x*, then 
/ == o-iX 2 - - * xjt{x i. * ■ * , x„) where A is syinmetiie in • • • , x». 

12 If n. f(r n )g(xi f • • ■ , x B ) is symmetric m Xi, ■ • • , x n , then F b /(a?i) 
■ • * f(x n )h(xi 9 • • • , x„), where /a is symmetric in Xi, • • • , x„. 
(Exercise 11 is a special case.) 



182 


SYMMETRIC POLYNOMIALS 


[CH. 11 


6. Fundamental theorem on symmetric polynomials We have seen 
(§5) that if y(yi, y^‘ ' ' , «/») is a polynomial in y h y t , • • • , y n , 
then /(an, x if • • • , x„) = g(S h St, • • • , S n ) is symmetric in 
an, Xi, ' ' • , x». One of the reasons for the importance of the 
elementary symmetric polynomials is the fact that every symmetric 
polynomial in an, • • • , x n is obtainable from them in this way. 
That is: 

THEOREM 

///(an, Xt, ■ * • , x„) is symmetric in an, an, • • • , x n , then there 
exists a polynomial g(yi, yt, • • • , y,.) such thatf(xi, x s> • • • , x„) » 
y(5l, $2, • • • , $n). 

Proof: If/ = 0 we may take pO. lienee, suppose / ^ 0. 

If n = 1 there is only one symmetric polynomial, Si = an. 
Then/(xi) = /(A). Proceeding by mathematical induction, sup- 
pose the desired result established for symmetric polynomials in 
n — 1 variables, » - 1 i 1. 

Write /(an, an, ■ • • , x„) in the foim 

/ “ /o(ih, * * * , Xn — ]) “b /l(Xi, * * , Xn— l)Xn 

+ • • ’ + /.(an, • • * , ar«_x)x; 

Each of the /,(x j, • • • , x„_i) is symmetric in Xj, • • ■ , x n -i 
(§5). Therefore, by the hypothesis of the induction, 

/.(x i, • • • , x n — ii = ff t (t,, ' ' • ,in i) (i = 0, 1, • • • , s) 

where the <, are the elementary symmetric polynomials in xj, * • • , 
x»_i. 

m 

if go(yi, 2 / 2 , - - - , i/n-i) = 2 - -..yl'y? • • • yfci* 

*1 -h • • + *n-l 

then (ex. 7, §5) 

go(fl, It, * * , /n— l) 3 ffo(S l “ Xn, ^2 XtjSj 

+ X*, • * ' , ri„-l — X„Sn-2 + X*S„_3 

— • • • 4- (-i)" _1 x;- 1 ) 

m 

— ^ h.i,.!,-! ($1 Xn)’* 

ii+fc-t •••+*»-, *0 

(&« — x„5i + x*)« • • • 

(S n .; ~ TnSn-i + • * * + (~ l^Xf 1 )^' 
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= T c )lA • • • (Sfcrla^r 

— h 0 (Si, • ' • , S»-i) + hi(S\, • • • , Sn-i)x n 
+ ■ • • + A«(Si, • • • , S«_i)a:i 

where the h,(Si, • • • , $ n -i) are polynomials in Si, • • • , S„_i. 
We may proceed in a similar way with each of the g,(ti, tt, • • •, 
If we do and if wc then substitute the results into the expres- 
sion for / above, we obtain 

/ m ?o(Si, ‘ ' ' S«_i) + Qi(Si, • • • , <Sn_i):r„ + • • • 

+ </*(Si, • • • , (S*_i)a:5 

where each of the Qi(Si, • • • , S*_i) is a polynomial in Si, • • • , 
S„_i. 

The q,(Si, • • • , Sn-i) may also be considered as poljnomials 
in Si, • * • , S n (in which all terms involving S n have zero coeffi- 
cients). Hence, the preceding may be considered an expression 
for / in the form 

<1) / = P 0 (Sl, • • • , S n ) + Pl(S,, • • * S n )Xn + * • • 

+ Pu(>% • • * ,S„)X« 

where the /\(Si, • • • , S„) are polynomials in Si, • • • , S„. 

We now show that if u ^ n wo can replace the right side of (1) 
by another expression of the same lorm in which u ^ n — 1. 

Let 

g{x, xi, • • • , x») = {x - x x )(a - x.) • • • (x - x„) 

x" — Six' 1-1 + S 2 x n 2 — • • • -f- ( — l) n S* 

Since g(r„, x h • • • , x„) - 0, 

x» ~ s.xr 1 - Ssrr* + ■ • • - (-i) n £» 

Multiplying both sides by x„, we have 
x; +I m Su; - S 2 xr l + • • • - (-l!"S n x„ 

= SiiSrfr 1 - 8*r* + • • • - i-D-sj - Sixr 1 

+ • • • — (— l) B S»x» 

** Tix'ir 1 + TV; -8 + • • • + r« 

where the T, are polynomials in Si, • • • , S«. 

If we multiply both sides of the last equality by x„ and proceed 
in a similar way, we find a similar expression for xj + *. 
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If u 2 > n we can continue in this way until we have x%, x^ 1 , 

• • • , arj all expressed in this form. If we then make these replace- 
ments in the right side of ( 1 ), we obtain an expression for f in the 
form ( 1 ) in which u S n — 1 . 

Suppose, therefore, that u ^ n — 1 in (1). We now show that 
Pi(S h ■ • • , S n ) = P*(H i, ■ ■ ■ , S n ) - • • • - P»(Si, • • • , «.) 

= 0 for all values of jti, • • • , av 

If u = 0 there is, of course, nothing to oe proved. Suppose 
u > 0 . 

Let 

Xly ’ ' * j Xn) == [Po(S h * " * y Sn) /(•fif > «Tn)] 

+ Pi(Si 9 • • • S n )x + • • • + P.0S,, • ■ • , &)*“ 

Since /(*i, • • • ,.r„J is symmetric in.* i, • • • , interchanging 
x n and n leaves /(a*i, • • • , x,) unchanged. It also leaves each 
of thePtOSif * • • , S „ ) unchanged (§o). Therefore, interchanging 
j:» and Xk in ( 1 ), v\e have 

f(X i, • • • , X n ) ■= * * * , /?») + /M^l, • # , Sn)XK 

+ • • ■ + 1'uWu • • , X)2l 

for all values of , j*,.. Thus, 

A (a / , J"i, • • • , j*„) - 0 for / ~ 1 , 2 , • • • , n 

By c\. 11, §3, eitlier hi *, Xu • • • . .r, i “ 0 or el e its degree 

in a* is at least n. Since w < n, the latter is impossible Therefore, 
h(x 9 AJ = 0 . Hence, for * - 1 , 2 , •*,?/, 7M*Si, 

• • • , $«) = 0 for all values* of xi f • • • , x n - 

Therefore, / = Po(S h • • • , /S n ) for all values of arj, • • • , x n , 
which establishes the desired result. 

Thus, the theorem is proved. 

Example Express x\ + x\ + in terms of the elementary sym- 
metric polynomials. 

We shall proceed by the method used in the proof of the theorem. 
We have 

51 =. X\ + x 2 + ^3 = fi + Xs where h == xi + x 2 

5 2 s xix 2 + a. ix j + xjx 3 = t* + tix 3 where i 2 « .r 3*2 

Ss = a?ix 2 a?3 t & a 

/(*!, * 2 , 3a) = Or? + * 1 !) + *1 

- W - 3W 2 ) ,+ aj 

■ (Si - ^ 3 ) 8 - 3(5i - x 3 )(S 2 - Six* + x\) + x\ 

- (S\ - 3SiS 2 ) + ZSzx* ~ 3.S^1 + 3*1 
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g(x, zi, x 2 , z 3 ) = (x — xi)(z — x 2 )(x — x 8 ) 
se x 3 — $ix 2 S 2 x — S 3 
xf s S 1 X 3 — S 2 x& + S 3 
f(x 1 , 2 * 2 , X 3 ) 5 =S ~ 3 Si $2 + SS 2 Xz — 3SiXg 

+ 3(aSix§ — S 2 x* + S 3 ) 

■ tf 3 - 3SA + 3, S 3 

In general, if /(xi, • • - , x n ) is symmetric it may not be so easy 

to obtain g(y u 4 • • , y n ) so that g(S } , 4 4 • , S n ) — /Oj, • • • , x n ). 

The discussion in the following paragraph will often be found 
helpful. 

Exercises 

la) If cri, • • • f <t n are any complex numbeis, show that there arc values 
of x\ } 4 • • , x n such that S ■ • ■ , x„) - a, toi i - 1 , 2 ■ • • , n. 

f Hint : Consider the root- oi x n — <.hx n ~ L -f- • ■ • + ( — 1 > n a„.l 

*b) Prove: If g(i/i, 4 4 4 , //«» is a polynomial such that , ,S T n ) 

vanishes for all values of Xi, * • • , x„, then g( // 1 , • • - , ?/,) s 0. 
[Hint: Use (a).] 

c) If /(is, • ’ - , x, 4 ) is symmetric in Xi, • ■ • , x», show tliat there is 
only one polynomial «/(2/i, * * • , y„) such that/ • • • , £,). 
[Hint: T T se (b).] 

2 By following through all the steps in the proof of the theorem above, 
show (by mathematical induction) that if a u <h, • 4 * , a r are the 
coeflicients in J(x\, 4 • * , xj, m any older, then every coefficient in 
0 O/ 1 , • • • , 7/„) has the form c *1 4 cjfti + 4 • • + c»a,, where the c's are 
integers (positive, negative, or zero). 

3 Let /, s aj S\ 4 4 * • , N - 1 ) (i — 1, 4 4 4 , n), where n, 5 ^ 0 is a 

constant and g t is a polynomial in S\ f 4 4 4 , tfi-t. Show that every 
polynomial symmetric in Ji, 4 4 4 , x n is a polyn >mial in / 1? • • • ,u 
Show also that this polynomial is unique. 

4 Prove: II /(jt 1 , • • • ,r. i, x u ) is symmetric in ri, • • ■ , r n -i, there exists 

a polynomial g(yi, • • • , y,-i, y n ) such that / =• g(U, • • • , f n _i, x„), 
where h, • • , t„_i aic the elementary symmetric polynomials in Xi, 

• • • . X»_i. 


7. Weight 


THEOREM 

7/ /(xi, •••,*„)»# symmetric in X\, • • • , r„ and is homogeneous 
of degree m, and if f * 0(7>j, • • • , %' n ) where g(yi, • • • , y n ) m 




2 /S 1 , then 6», . = 0 if j 1 + 2i* + 


+ ra» 3^ «i. 


# • • 
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If 3 ^ 0, it + 2i t + • • • + ni n is called the weight of 
the term b„. „ y? * ( • • yf?. 

Proof: Group the terms of g(yi, • • • , y n ) according to their 
weights, putting into one group all terms having a common weight. 
Then 

g(yi, • • • , vJ ■ gi(yi, •••,!&.)+••• + g P (yi, • • • , y*) 

(p£D 

where in each g t (y i, • • * , y n ) all the terms have the same weight 
y,, and the y’s (if p > 1) are distinct. Then 

f(x 1, ••*,«»)= gi($l, • * • , Sn) + • • • + ffp(Al, * ' • , Sn) 

~ fi (x i, * * ■ , £n) “I* * " * “H fp(x ij * j ^») 

where • • , xj s g,(Si, * • • , £»). 

Since aSj is homogeneous in Xi, • ■ * . x n of degree 1, S 2 homo- 
geneous of degree 2, etc , A" • • • 8% is homogeneous in Xj, • • • , 
x„ of degree i\ + 2t s + • • • -f m». Hence all the terms in 
/,(x i, • • • , x«) = • • • . A„) are of the same degree /*, in 

«!,•••, x„. Therefore, f,(x h • • • , x n ) is homogeneous m *i, 
• • • , x« of degree or ehe it vanishes identically in xj, • • • , x B . 

Since / is homogeneous in x 1( • • • , x n of degree m, all the /, 

must he identically zero in xi, • • • , x» except the one for which 

/*• = m. 

But if /,(x i, • • • , x„) — g (S u • • • , A„) vanishes for all 

*i, • • • , x B , then <7,0/1, • ' * , yn) ■ 0 (e\. 1(b), §6). Hence, 

the theorem is proved 

THEOREM 

If /(xi, • • • , x«) is symmetric in xi, * • , x„ and o/ degree m, 

and »//= g(Si, • * • , An) where g(y h ••■,?/») = 2i>„ • • • 

y*n*, <Ae» 6„ ,. = 0 i/ 0 + 2** + • • • + ni» > m 

Proof: Proceeding as above, we see that all the g,(yi, ' * • , y tt ) 
vanish identically except possibly those for which g, ^ m. 

Example We work again the example of §6, where / s xj + 
+ x*. 

Since / is homogeneous of degree 3, g(y h y 2 , y 3 ) = S6 twi yiy s i yl* 
where ii + 2i* + 3i» = 3. The only possible values of ii, i 2 , it 
are 0, 0, 1 or 3, 0, 0 or 1* 1, 0. Hence g = ay t + by[ + ry x y t 
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where a, b , c are constants. Thus, 

x\ + xl + zl*s axiXiXa + b(xi + x 2 + o?a ) 8 

+ C(X\ + + %z)(XiZ2 + ZiXz + x&s) 

To determine a, 6 , c we may equate coefficients of like terms 
on both sides or we may let Xi, x 2f x 2 have special values, or we may 
use a combination of both methods. 

If we let x 2 — 0 we obtain 

x\ + x\ s b{xi + x 2 ) s + c{x i + X 2 )XiX 2 

Equating coefficients of we obtain 6 = 1. Letting Xi = x 2 = 1 
in the same equation, we obtain 8 + 2c = 2, so that e = — 3. 
Thus. 

+ *1 + a*! s <**1/2*1 + (a-i + x 2 + x z ) z 

— S(Xi + X 2 + X'„)(XiX 2 + Z1X3 + x 2 Xz) 

Now letting x\ = x 2 = x* = 1, we obtain o = 3, which deter- 
mines the last of the constants. 


Exercises 


1 Express each of the following in terms of the elementary symmetric 

polynomials: 

\ 2 2 1 2 2 1 22 

a) x}x 2 4 x,x, + 

2?2i 222i 2 22i **22 

b) + xfxJxS + av j.r 4 + ^^ 3 ^. 

0 ) :ri.rfxlx 1 + X’xh-irl + XiX-u'jJ® H xlx^xsxl + x\x2xlxi + *|x|xjX4 

d) a: 1 X^X 3 4 x,x^ 2 i 4 x®x!>xs 

e) (xi + x 4 )x“ -+ (x t 4 - x 4 )x* 4 - (x 4 Xjl r* 

f) x*x 2 4- x\x 3 -( XjX 4 4 x*xi -r x?x 3 4- jx. 4 4- 2 jr 2 4 x|r 4 4 - 

4 a£r. f 24 X 3 

g) xl 4- xj 4- xj 

h) (xj 4- xj 4- x 2 )(xi 4" x 2 4- Xt) 4- (x-i 4* x 2 4- x 2 )(xt 4 x 2 4 x 4 ) 4 

(xi 4 x 2 4 Xi)(xi 4* xj 4 Xi) 4" Ixj 4" x.> (- x 4 )(,r 2 4" x 2 4" x 4 ) 4 

(xj 4 x 2 4 xi)(x» 4 x,i 4 xO 4 (xi 4 x 3 4 x \j (x 2 4 x» 4 x 4 ) 

1) (xix 2 4 X 3 X 4 ) ^x 1 X 3 4 x jX 4 ^ (xjx 4 4 XjX i) 

j) (xi 4 xt — x 4 t 1 4 X 3 — x 2 )(x 2 4 xs - xi) 

k) x? 4 x* 4 x\ 4 x\ 

l) xi(x|x 3 4 xfr; 4 xir*) 4 x 2 (x*x£ 4 x®x 4 f x&r*) 4 
*.(xix! -+• x\x'i 4 x? T *) -r x 4 (x>H 4 x?xl 4 x£r|) 


2 Express /o in terms of the other f's (sec ox. 3, §6) : 
a) /«s*54 x®, /i a *1 4 x t 4 1, h s x t x 2 — x t — x 2 
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c) /o = X\x\ + X\X% + X&l + x*x\ + XaJi + X&l, fi s X\ + *2 + 2 |, 

/ 2 S a?i + /* S 2 i®228 

d) /o = 2? + + a?a> /i s <Si(a?i, a?2, $s), /a s £1(21, x 2 , a?a) + £2(81,2*, 2a), 

/a = £1(21, 2a, 2j) + £2(21, 22, 23) + £s(zi, 22, 23) 

e) /o = XiXiXgf f\ = 21 + $2 + £3 — 1, /2 = 2i2a + 2i2* + 2a23, 

/a *s x \ x 2 + x\ Ts + xlxi + xlxg + X ^ C \ + x \ x 2 

f) /o = 2^2 + x \ x \ + x \ x \ + xlrl + 2 \ jc \ + x \ x\,fi = £1(21, 2a, 2a, 24), 

fi ~ £2(21, 2 2j 2a, 24) £l(2l> *f2> 23 j 24), jfj = £3(21, 22, 2a, 24) 

S 2 ( X\ f 22, 2 a, 24) — tfi(2i, 22, 23, 24), /j = S 4 (2i, 22, 23, 2 4 ) + 

3£a(2i, 22, 23, 24) + 2fiz ( xi , 22, 23, 24) + £1(21, x 2 , 23, 24) 
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DETERMINANTS 


1. Introduction If 'we solve the simultaneous equations 

a x x + 7>i y = ci 
Q'ix + t> 2 y *- c 2 

for x and y, we find 

__ Cib 2 — c 2 bi ^ __ tfic 2 — 

(lit/ — ct zb i ^ cjib 2 — a 2 bi 

provided aib 2 — 02 b i 0. 

The expressions ajb 2 — eisbi, rib 2 — c 2 bi, aic 2 — a 2 Ci have similar 
forms. The second is obtainable from the first by replacing a h a 2 
l)y Ci, c 2 respectively. The third is obtainable from the first by 
replacing bi, b 2 by a, r 2 resijeetively. If we denote aib 2 — a 2 bi by 
D(a h a 2 , bi, b 2 ), then 

^ P_lO, co, bi 7 »>) = a?, C i, c 2 ) 

<z 2 , bi, b:,) 7 y D(a lf a 2 , bi, b 2 ) 

If we have three simultaneous eqv dions 

QiX + bi?/ + CiS = di 

a 2 J + b 2 // + c 2 z = d 2 

+ b 2 y + cjz = ds 

and if we solve for j*, ?/, z, we obtain 

jp = d|b.iC 2 — </ 2 biC 3 + + d^biC 2 — dzb^Ci 

aib&* — <i\b&c» — d«bi c< -f- a 2 ^3Ci + oJb\C 2 — asb^i 
Oid?C3 — fl id 2 c 2 — a 2 diC3 + a^ci + q jtfic 2 — flarfaCi 
^ flibaCs — a\b\c 2 — a 2 bic a -|- a 2 bjCi 4- oJ)\C 2 ctzb^c 1 
__ flibjdn — Oibif/2 — a d*\(h + ajbadi + fl s bitf? — Ojbjdi 
aJ)»Ci — aJ)jC2 — a 2 bjo -f- dtb&i + flabiCj — aJ)iCi 

provided ajh-zCs — aibgc 2 — a 2 biCa + a 2 bsCi + a 3 bic 2 — aabaCi 5 ^ 0. 
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The four expressions in the numerators and denominators have 
similar forms. For instance, the numerator in the expression for y 
is obtainable from the denominator by replacing hi, h 2 , ha by d\ 9 d 2 , dz 
respectively. 

If we denote the common denominator in the three expressions 
by D{a h a 2 , a 8 , hi, b 2) h 3 , ci, c 2 , r 3 ), then 

D(d i, d 2f d 3, bi, b 2f b 3 , ci, c 2 , c 3 ) 

Z)(ai, a 2 , a 3 , hi, h 2 , h 3 , ci, c 2 , c 3 ) 

Chf fljArf 2, da, C|, <*2, Cs) 
a 2 , a 3 , hi, h 2 , h 3 , o, c 2 , c 3 ) 

D(a,i y a 2 , a 3 , hj. h 2 , b 3 , tfi, tf 2 , rf 3 ) 

a 2 , a 3 , hi, b 2 , h 2 , ci, c 2 , c 3 ) 

What we have done for simultaneous equations in two or three 
unknowns can be carried out in general for n simultaneous linear 
equations in a unknowns, but the expressions involved become 
more and more complicated as n increases. To obtain a general 
rule for solving n liuour equations in n unknowns in a form con- 
venient to use and e a*v to remember, it is desirable to have an 
appropriate way of writing the complicated expressions that appear. 
Fortunately, the theory of determinants provides such a way. 

Wo de\oto this chapter to a brief introduction to the theory 
of deteiiuinants which ve apply in the following chapter to solving 
oimultaneouh linear equations. 


x = 

y = 

z = 


2. Definition of determinant Consider the n 2 numbers or vari- 
ables a 1J9 where i and j have integral values from 1 to n inclusive, 
arranged in a square array as follows: 



a u 

U 12 

Ol3 

(1) 

1 U 21 

a 22 

**23 


tax 

d n 2 

dnZ 



Such an array is called a square matrix. More fully, it is an 
tt-rowed square matrix, or a square matrix of order n. (Later, 
§9, we shall consider more general matrices, i.e., rectangular arrays 
in which the number of rows may or may not equal the number of 
columns). 
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The dtj are called the elements of the matrix The first number, 
i, in the double subscript shows the number of the (horizontal) 
row, counting from the top, in which the clement lies and the 
second, j , the number of the (vertical) column, counting from the 
left. For example, the element m the fourth row and fifth column 
is a 4 5 

We define what is called the detciminant of the matrix (1) denoted 
by 



011 

012 

a u • • 

0 In 

(2) 

021 

022 

an • 

0*n 


\a n i 

0n2 

a«3 * * 

0rm 


For n — 1 we define |an| =- an 
Foi n = 2 we define 


! an 
\an 


= an|a "I — fll 2 |U 2 i| = 011022 — 0120J^L 


For n = 3 we define 


011 

012 

011 

„ |022 021 
— 011* 

0 J2 0 1 

021 

022 

(l-> 1 

011 

012 

01 J 

= 01l(022033 — 



a>2 

032 


02„03.) ~ 012(0210 J3 ~ 02303l) 

+ 013(021032 "" 0220 ll) 


In general, suppose we ha\e defined the determinant of an 
( n — ])-rowed square matii\. Consider the ?i-rowed square 
matiix ( 1 ). Ijet A v \j -= 1 , 2 , • • • n) denote the determinant 
of the ( n — lj-rowed squ ire matriv obtained by deleting from ( 1 ) 
all the elements in the hist row and all the elements in column j. 
We define the determinant of (1) as 

(3) 0nJ 11 — 01^1 J2 “f" 013*4 12 — •••-[- ( — 1 ) n ™ 1 0inAl». 

By the principle of mathematics induction, this defines the 
determinant of every square matiix. 

The elements, rows and columns of (1) are also called the 
elements, rows and columns of ( 2 ). 

For brevity, we usually refer to (2) as a determinant, or a 
dete rminan t of order n, rather than 1 ‘the determinant of the matrix 
( 1 ).” 
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Example Evaluate the determinant 


5 0 0 4 

-1 2 0 0 

0 3-4 0 

2-2 3 3 

We have 

2 0 0 — 1 0 01 

D - 5 3 -4 0 - 0 0 -4 0 

-2 3 3 2 3 3| 

-1 20 1-1 2 0 

+ 00 30-4 0 3 -4 

2-2 3 | 2 -2 3 



2 

0 

0 

1-4 

0 

„ 3 

0 

, ^ 3 

-4 

3 

-2 

-4 

3 

0 

3 

1 3 

3 

-°-2 

3 

+ 0 -2 

3 


= 2(— 12 — 0) = -24 



- -(9 - 8) - 2(0 + 8) = -17 


D = 5(— 24) - 4( — 17) = -52 


3. Expansion of a determinant For n = 1, 2, 3 it is evident that 
a determinant of order n is a polynomial in its elements. By mathe- 
matical induction it is easily shown that the same is true of a 
determinant of any order. 

The expression for a determinant as a polynomial in its elements 
is called the expansion of the determinant, and each term in the 
expansion is called a term of the determinant. 

The expansion of a determinant has a rather simple form, as 
shown by: 

THEOREM 

The determinant (2) is the sum of dll possible products ai n a 2lt • • • 
Onj„ where ji, j t , • • • , j n are the integers 1, 2 ,•••,»*» any 
order, each multiplied by either 1 or — 1. 

Proof: For n = 1, 2 this is obvious. Suppose it true for deter- 
minants of order n - 1. Then, by (3), for a determinant D of 
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order n, 

D * an 2 i a 2 «s • • • a m . ~ ai 2 S ± a 2jl • • * #»,„ + • • • 

+ (-l^amS ± a 2 ki • • • a„* H , 
where i 2 , • • • , i'„ are 2, 3, • • • , n in any order 
ji, • • • f jn are 1, 3 , • • • , n in any order 


A- 2 , • • • , k n are 1, 2, • • • , n — 1 in any order 


and the 2’s denote the bums of all such terms. 

From this expression we see that the expansion of D has the 
form described in the statement ot the thcoiom. 

By the principle of mathematical induction, the theorem is 
proved. 

Another way of expressing the theorem is to bay that every 
term of D is, except possibly for sign, the pioduct of n elements, one 
from each row and one irom each column, and every such product, 
with a properly chosen sign, is a term of D. 


Exercises 
1 Evaluate 


2 Evaluate: 

a) —2 3 

4 1 

b) 2 0 1 
1 2 0 
0 12 

3 Evaluate: 



Cl2 

GlS 

«14 



a» 3 

«24 

riii 

AS 2 

A 33 

034 

a 4 i 

a*2 

043 

044 


c) |l x x a 

1 x - l z*-l 
|0 1 1 


a) 


1 1 
-1 0 
0 1 



b) 


0 

1 

0 

1 


0 

-1 

1 

0 


J 

0 

-1 

0 


-11 

0 

0 

-1 


0 1 
0 0 
1 1 
—2 0 


0 

-1 

4 

0 

0 


0 3 
0 0 

-2 0 
0 0 

1 2 
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4 Prove: There are n! terms in the expansion of a determinant of order n. 
6 Prove: If ail the elements in one row, or all the elements in one column, 
of a determinant are zero, then the determinant is zero. 

6 Prove: If all but n — 1 elements in a determinant of order n are zero, 
then the determinant is zero. 


7 Prove: 


011 

0 0 

021 

a t t 0 

031 

032 033 

■ 

• 

<Im-l.l 

0»-l,2 0n— 1*8 

0» 1 

0«2 0f»3 


• • • 0 

0 

• - • 0 

0 

. . . 0 

0 

• • • • 

• 

• • • 0»-l.«-l 

0 

• * * 0«.«-l 

dnn 


011(122038 


[In a determinant of order n the elements a l% (i = 1, 2, • • • , n) are 
called the elements of the main diagonal.] 

*8 Prove: If all the elements of one row, or all the elements of one column, 
are multiplied by X, then the determinant is multiplied by X. 


*9 Prove: 


011 

012 

* * * 0 In 

0t_l 1 

0»-1.2 

* • ' 0»-l.i» 

0»i 4- hi 

0i2 + ^12 

• • • a in + b t 

0i+i 1 

0. f 1.2 

0H 1*« 

0»i 

0n2 

• • • 0»» 


011 

0]2 

* • • 0m 


011 

012 

* # • 01« 

• • • • 

0»-l 1 

0%-l 2 

• ' • 0,-1 n 


0»-I 1 

0*— 1.2 


0il 

0» 2 

• • • 0»« 

+ 

6.1 

fc 2 

• • * bn 

0i+I.l 

0t+l,2 

• ■ • 01+1 1, 


01-1.1 

0.+1.2 

• ’ * 0x+i.« 

0.1 

0»2 

• * • 0«« 


0»i 

0»2 

• * * 0»n 


10 Prove: If every element of a determinant is a polynomial in a?, then 
the determinant is a polynomial in x. 

11 If ju jiy • • • , jn is an arrangement of n distinct positive integers, the 

number of inversions in the arrangement is defined as the number of 
times a larger integer precedes a smaller one. For example, in 7, 2, 1, 4 
there are four inversions (7 before 2, 7 before 1, 7 before 4, 2 before 1). 
It ji, J 2 , * • • ,i» are the integers 1,2, • • • , win some order and V is the 
number of inversions, prove N = (ji - 1) + (the number of inversions 
in ‘ , jn). Show then that the sign of the term ± a\ n • • • a HIn 

in the expansion ot the determinant D is the sign of ( — 1)*. 
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4. Cofactors In the definition of a determinant the elements of 
the first row play a special role. This distinction, however, is only 
an apparent one; we now show that a determinant can be expressed 
in a similar way using the elements of any row. 

If alt it* an element of the determinant D of order n, the deter- 
minant of order n — l obtained by deleting from D all the elements 
in row i and all the elements in column j is called the complement 
of a*,; we shall denote it by A tJ . 

THEOREM 

For any i between 1 and n inclusive 
D = (— l)‘ +1 [o,id,i — + o^A^ -•••-(- (~l) n “ 1 atni4»»] 

For i = l this is exactly the definition (3). 

Proof: For n = 1 there is nothing io be proved. For n = 2 it 
is easily verified. 

Proeeedipg by mathematical induction, suppose it true for 
determinants of order n — 1 > 2. t'ousider the determinant of 
order n given by (2). 

For i = 1 theie is nothing to be proved, lienee, suppose i > 1. 

Let Ca$ denote t lie determinant of order n — 2 obtained from D 
by deleting the element* in the fir^t row and also those in row i t as 
well as all the elemenls in columns a and /3. 

Applying the hypothesis of ihe induction to each of the determi- 
nants An, A 12 , * * a y Ain appearing in (3) (noting that for each 
of these determinants the ro v containing a.i, a. 2 , • • * , o m is row 
number i — 1), we have 

An - (-1 )'{a, 2 Cu - anCu + o tl (\ - • ■ • + (-1 )^ z a in C ln ) 

A 12 = (-- I )’[«/ / 21 ““ 0 / Y 2I + 0*4^21 — • • • + (~ l) n “ 2 (l tn C*tn] 

A 13 = ( — — a l2 Cz 2 + — • ' * + ( — 1) w ~ 2 0»«C'3»] 


Am = (-l)'[tt,ir»l - 0* 2 C„ 2 f daCn 3 — ■ • ■ 

_|_ ( — l) w ~ 2 a, I n-lC , » ( »-i] 

Hence, by (3), 

D = ( — 1 ) , aiifa < 2 ^i 2 — 0,3(713 + a,iCi 4 — • ■ • + ( — lV*" 2 a lw Cin] 

— ( — lj'OinlOnCsi — 0,3^23 + 0,4^24 — ** # * + ( — l) n "" 2 a, n C2n] 

+ ( — 1)^1310*1(7.0 — a,iCz2 + 0*1^34 — • • • + ( — lj n ~ 2 a,„f7sn] 


+ ( 1 ) 1 Oin[Otl^nl - a l2 (lt2 + 0* 3 C« 3 —••• 

+ ( ““ 1 ) n ~~ 2 0»,n_ 1 (7n t n— l] 
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= (-l) i+1 a*Jai2C 2 i - auCu + • • • + (-l) w “ 2 ai„C*i] 

— ( — l) t+1 o,2[auCi2 — aisCw + • • • +(— l) n "“ 2 ai n C r »2] 

+ (“"l) t+ 1 Clt 3 [flllCi 3 — CI12C23 + * • " +(“l) n “ 2 ttiftC n 3 ] 

+ 

+ (-l) n " 1 (-l)‘ +1 ^nla 11 r ln -a 1 2(72n+ • • • 

+ ( — l) n ^ 2 ai, fi -lC f n-l,n] 

By the definition of a determinant 

At\ = dnC\2 — 013^13 + • • • + (“ l) w ” 2 ainCin 

Art = duCn — ai3( T 23 + • • • ”f (~l)”*“ 2 fllnf f 2n 

AtS = «ll^31 ~~ 023^3? + • • • +(~l) n “ 2 ainC , 3n 


A tn — dllC nl drtOn^ H” * * * "f"C 1)” 2 ®l,n— l^»,n— 1 


Thus, since C«q = Cp a , the last expression for D is the one sought. 

By the principle of mathematical induction, the theorem is 
proved. 

(— j) lh A XJ is called the cofactor of a tJ . Hence, the previous 
theorem may be restated as: If each of the elements in row i be 
multiplied by its cofactor, the sum of the n pioducts is the vfflue of 
the determinant. Expressing the determinant in this form is called 
expanding the determinant according to row L 


Example Evaluate 



3 2 0 

0 -2 1 

3 1 0 

-1 1 -1 


It is evidently advisable to expand a determinant according to 
a row which contains the gieatest number of zero elements, for this 
will require the evaluation of jl minimum number of cofactors. 
Hence, using the thiid row, 



-1 

2 

0 


-1 

3 

0 

D = ( — l) 3f2 3 

1 

-2 

1 

+ (-l)’-> 3 1 

] 

0 

1 


1 

1 

-1 


1 

-1 

-11 


We can now evaluate each of the third order determinants by 
expanding according to the first row. 


5. Expansion by columns In the definition of a determinant and 
in the theorem of §4, the rows of a determinant play a special role 
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as compared to the columns. Again, this distinction is only an 
apparent one, for we now prove: 

THEOREM 

If each of the elements in any one column be multiplied by its cofactor , 
the sum of the products is the value of the determinant . 

Proof: Consider the jth column of the determinant D of order n . 
Then (§3) every term in the expansion of D has as a factor one and 
only one element of column,/. Hence, grouping the terms according 
to which of ai,, a 2j , • • • , a nj they have as a factor, we may write 

D = ai 3 <p\ + a?jfp2 + • * * + a nj <p n 

Oxjfpt contains all the terms of D which have a l3 as a factor. 
But, these terms are exactly where B tI is the cofactor of a,,, 

as we can see by expanding I) according to row i. Thus, 

D = aijBij + Q'ljBij + • • • + a nj B n j 

and the theorem is proved. 

6. Interchange of rows and columns Let D be the determinant (2) 
and D r the determinant obtained from D by interchanging the rows 
and columns of D. That is, 

b u bio • • • bln 

bil bi2 9 • • bin 

bnl bn 2 * * bnn 

where = a Jt for all values of i and j. 

D r is called the transpose of D . 

THEOREM 

A determinant is identical with its transpose. 

Proof: For n = 1 there is nothing to be proved and for n = 2 
the theorem is easily verified. Hence, proceeding by mathematical 
induction, suppose the desired result established for determinants 
of order n — 1 ^ 2 and consider a determinant D of order n. 

If A,f is the complement of a tJ in D, the complement of a*,* in 
D' is the transpose of a, ; . By the hjfyothcsis of the induction, the 
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transpose of A %) is identical with A„. Hence, the cofactor of a,/ in 
D' is ( — which is also the cofactor of a,,- in D. 

Thus, if we expand D' according to its first column, the result 
is identical with the expansion of D according to its first row. 
Hence, D r is identical with D, so that, by the principle of mathe- 
matical induction, the theorem is proved. 

By virtue of this theorem, from a theorem concerning the rows 
of a determinant we can immediately deduce a corresponding 
result about the columns, and vice versa. For instance, in §7 we 
show that interchanging two rows of a determinant changes the 
sign of the determinant. From this we can conclude that inter- 
changing two columns also changes the sign of a determinant. For, 
if D' is the transpose of I), Di the determinant obtained from D by 
interchanging columns i and j, D\ the determinant obtained from 
D' by interchanging rows i and j, then D — D' and D\ = D[. But 
D[ = -D'. Hence Di = -D. 


7. Some properties of determinants 
THEOREM 

If determinant Di is obtained from determinant D by interchanging 
two rows ( or two columns) of D, then Di = —D. 

Proof: For n — 2 tins is easily verified. Proceeding by mathe- 
matical induction, suppose it true for determinants of order 
ii - 1 is 2. 

Let rows i and j be interchanged in the determinant D of order n. 
Since n ^ 3, there is a row, say row number /.-, which is not dis- 
turbed. Expand both D and J) i according to this row. Then 

D — (— 1/ — a t 2 /l k 2 + • • • +(— l)" -, OA»^li„] 

Di - (-l) k+1 [a n Ihi - + • • • -K-1) B ~WU 

where An, An, • • • , A kn are the complements of an, an, • ■ • , 
a kn in 1) and B kl , Bn, • • • , Bin are the complements of a*i,o* 2 , • * • , 
Oi„ in Di. 

Bn is obtainable from An by interchanging the row containing 
0 , 2 , o, 3 , • • • , o,» and the row containing a j2 , a,t, • • • , o,«. 
Therefore, by the liypothesis*of the induction, Bn = — An. 
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Similarly, B k2 = -A k 2 , •• • , B kn = -A hn . 

The desired result now follows immediately, and the theorem 
is proved for the interchange of two rows. 

The theorem for the interchange of two columns can be estab- 
lished in a similar way, or by using the theorem of §6. 

THEOREM 

Jf two rows (or columns') of a determinant arc identical , the determinant 
is zero. 

Proof: If 7)i is (he determinant obtained by interchanging the 
two identical rows (or columns; of then D\ — — I) by the pre- 
vious theorem. But, since these two rows (or columns) are iden- 
tical, Di = D . Hence, /) = - />, 21) - 0, D - 0. 

THEOREM 

If the elements of one row (or column) of a determinant are changed 
by adding to them a common multiple of tin com^pondnig dements of 
another row (or column), Hu eahu of th< di'tsminani is unchanged . 

More precisely, il / and j aie distinct integers between 1 and n 
inclusive, then (slating the theorem for lows) 


Oil 

« 12 

• • • a i„ 




(ll 1 1 

0,1 f Xa,i 

Oi-l,2 
a t » f“ \<Ij y 

• • • a, i . 

W,r ( 

an 

Ui\ 

i 

a 12 • • • 

0 2 . i * 

U2*i 

fl, r 11 

Clirh2 

' • * 0,11, | 

a r t l 

(ini ' ■ ’ 

Onn^ 

Onl 

On? 

• • • o„ 





Note that the elements of the two determinants are exactly the 
same except for those in row i 

Proof: First use ex. 9, §3; then ex. 8, §3. Then apply the 
theorem above. 

This theorem is useful in evaluating determinants. For, by 
means of it we can make some elements zero (in fact, all those in 
any one row or any one column, except possibly for one element in 
that row or column) without altering the value of the determinant. 
If we expand a determinant according to a row or column containing 
zeros, we do not have to evaluate the eftf actors of the zero elements. 
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Example Evaluate 


D 


2 4 14 

2-361 
-1 1 5-1 

1 - 1-3 2 


Alter the third row by adding to its elements the corresponding 
elements of the fourth row, leaving unchanged all elements not in 
the third row. Then 


12 



1 


4 

-3 

0 

-1 


1 4 
6 1 

2 1 
-3 2 


Now alter the third column by adding to its elements —2 times 
the corresponding elements of the fourth column, leaving all other 
elements unchanged. Then 



2 

4 

-7 

4 

D = 

2 

-3 

4 

1 

0 

0 

0 

1 


1 

-1 

-7 

2 


If we now expand J) according to the third row, we shall have 
to evaluate only one cofactor. 


Exercises 
1 Evaluate: 


a) 


1 

2 

-2 


2 

1 

-2 



b) 


2 

-3 

5 


1 

-1 

7 


-4 

4 

9 


2 2 2 

3 3-4 

4 4-3 


1 

2 

-4 

-3 


d) 


3 2 

1 -1 
2 1 



e) 


1 

0 

0 

-1 


-1 

1 

0 

0 


0 

-1 

1 

0 



f) 


1 2 3 4 5 

2 3 4 5 6 

3 4 5 6 7 

4 5 6 7 8 

5 6 7 8 9 
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g) 1 - 1 2 t 

i) 

0 

1 1 

1 




l+» -» -1 


1 

2 1 

1 




^ 1 1 +t 


1 

1 • 2 

1 






1 

1 1 

2 




K) 1 u co* to a cube root of 1 

m) 

2 

-3 


4 

— 

1 

CO CJ 2 1 


4 

2 

— 

1 


2 

(O 2 1 CO 


1 

-1 


2 


3 



5 

0 


3 

10l 

i) ]1 1 1 1 

n) 

1 

0 0 

- 

-1 

0 


12 3 4 


0 

0 1 

- 

-3 

0 


1 3 0 10 


1 

2 1 

- 

-1 

0 


|l 4 10 20 


0 

1 1 


0 

1 




0 

0 0 


3 

2 


j) 1 1 1 1 

o) 

1 

-1 


-1 

- 

-1 

1 1 l-i 


-1 

-1 


-1 


1 

1 1-1-1 


-1 

1 


-1 

- 

-1 

1 -1 -1 -1 


-1 

-1 


1 

- 

-1 


k) 1 1 

l 2 

2 2 

3 3 

3 4 

-4 -4 

4 3 

-3 -3 

2 Prove: 


a) 1 x 

2/ + z 

1 y 

x + z =■ 0 

1 z 

x + y 

b) 1 

x —y 

—x 

1 3 = X 2 + y*+ Z 2+ 1 

y 

-2 1 

e ) y + z 

x + 2 /tifl x y z 

3 

2 11 = 2012 

l 

2 3 1 2 10 

d) I <i 4- b c — d 1 1 

a - 

6 r + d 1 -= 2d{b — a) 

\2a + b c — 2d 1 1 

e) x 

x 2 2x 2 — 3x + 1 

1 

£ 2x — 3 =l + i — 

x — 1 

1 — 3x + 5 

f) 0 

a be 

—a 

—6 

-d 0 f = ~ + t* 1 )* 

— c 

—e —f 0 
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3 Solve for x: 

a) 1 1 1 1 

1x23 

1 x s 4 9=0 

1 x‘ 8 27 

b) x 10 

0x11 

x -1 10=0 

0 x -1 1 

c) 1 1 -1 0 

1 x + 1 x x 

1 2r+l 3x + l 4x + 1 =0 

1 3x + l 6x + 2 lOx + 3 

4 Prove without actual calculation; 


0 

012 

013 

011 

016 

— 012 

0 

023 

021 

025 

— 013 

— 023 

0 

034 

035 

— 011 

-024 

— 034 

0 

01b 

— 015 

“ U.B 

— 0J5 

— 0J5 

0 


(ITiut: Multiply each row by —1 and compare with original.) 

5 Prove: 

x? + axf + 6x, + c x? + rtXi + 5 Xi + a 1 , . . . 

xi + ax? + bx t 4 r 4 + «x, + b x* + a 1 = <*> “ 

x* + axl + bx, + c x| + «x s + 6 Xi + a 1 ; Xl X '\, Xi x *v 

xj + «x* + 6x, + r x\ + ax, + b x, + a 1 (Xj ~ Xi)(x * ~ £,) 

(Hint: Use factor theorem.) 

6 Prove: If a nt = \iu u + Xifls, + “ * - + Xn-i,* (» = 1, 2, • • • , n) 3 
then 

( in • • • d\n 

=0 

a„ i • • • a nn 

7 Prove: If the elements of one column are altered by adding to themXt 
times the corresponding elements of a second column and As times the 
corresponding elements of a third column, all elements not in that 
one column remaining unaltered, the value of the determinant is 
unchanged. Extend this result. 
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8 Prove: 


1 

1 

1 

1 

• 

• i 

i 


1 

1 + 1 

1 

1 


• i 

i 


1 

1 

1 + 2 

1 

• 

• i 

i 


1 

1 

1 

1+3 • 

• i 

i 

- 

n! 

1 

1 

1 

1 

• 

• i 

1 + n 


2 

1 1 

• - • I 

1 





l 

2 1 

• • • 1 

1 





• 

- • 

... . 


= n + J , the determinant being of order n, 

1 

1 l 

• • - 2 

1 





1 

1 1 

• • • 1 

2 





X 

-1 

0 


• • 0 

0 

0 


0 

X 

-1 


• • 0 

0 

0 


0 

0 

0 


• • x 

-1 

0 

= x n + aiX" -1 

0 

0 

0 


• • 0 

X 

-1 

+ • • • 

0» 

a»- 

1 011-2 


• • as 

a 2 

x + ai 

+ On-iX + a. 


9 Prove: 


an 

• • • 0i» 

0 


... o 




• 

• ■ • • 

• 


... 




0»i 

* * * 0n» 

0 


... o 




0n n.l 

• • • a»*i.n 

0>n f-l.n n 

* " * a»-H,n+m 


• 

• • • ■ 

• 


... 




0»+m.l 

• • • a»+«.n 

a»4 wi 

n * I 

a n | in t 

4 «* 





«11 

* • • a In 


0» + l.nH ‘ * ' 0n+l„ +B , 



= 

■ 

... 

* 


... . 




a»i 

• • • 0nn 


a»+«,»+l * * a»+m.nfn»] 


*10 Prove: If each of the elements in row (or column) i is multiplied by the 
cofactor of the corresponding element in row (or column) j, where 
% j, the sum of the products is zero. 

11 If each of the a %] is a polynomial in x , show that, the derivative of 





011 

012 

018 







021 

022 

023 







031 

032 

033 




is 

<hi 

/ 

fl l2 

/ 

013 


011 

012 

013 

l 

011 

012 

013 


a 2 i 

022 

023 

+ 

021 

t 

022 

0 23 

+ 

021 

022 

023 


0»i 

032 

018 


031 

082 

c4s 


031 

032 

0„ 
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Show also how the derivative may be obtained by differentiating in 
columns. Extend these results to determinants of any order. 

12 Prove: If a and 6 are rational and 

|1 1 1 01 



10 1 a b\ 

then <z = 6=1. (Hint: Show that if a - l ^ 0 then (6 — l)/(a — 1) 
is a rational root of z 2 — x + 1 =0.) 

8. Product of determinants If A and B are determinants of order 
n with elements a tJ and b L] respectively, it is often desirable to 
express AB as a single determinant of the same order. Lot 

c x j = (kJ>ij + a* 2 & 2 / + • ■ • + o in b n j (/« 1, 2, • • • , n ; j = L 2, • • • , n) 
so that Cij is the sum of the produets of the elements in the ?th row 
of A and the elements in the jth column of B. Let C be the deter- 
minant whose elements are c t j. We show: 

THEOREM 
C = AB 

Proof: For simplicity, let n = 3 (although the proof is perfectly 
general). Then 

fln&u + + CLiubsi Oub\n + rxi 2 ho 2 + o 13632 

(7 = anbn Hb u 22^21 “b 021631 021612 'b 022622 “b O23632 

03I&11 + 032&21 + ^33^31 ^31^12 + 032&22 + ^33&32 

dnbu + G12623 ”b <*13633 

0 2 l6l3 + U‘22^23 “b <*23633 

dsibis + 032&23 + 038^33 

FiXpanding C, we obtain (§3) 

C = 2 ± (aubijt + ai 2 6 2j i + 0136371) (02161,* + 02262*2 + 02363;*) 

(tt 3 lfclj 3 + fl 32 & 2 j# + 033637a) 

where ji 9 j 2 , is are the integers 1, 2, 3 in some order (the summation 
extending over all possible such terms). Each of these products, 
when multiplied out, is a sum of terms of the form ai; x a 2 fca 3 v,6. m 6i s , a 6 la ,a. 
Thus, multiplying out each of the products and collecting terms 
involving like products of o’s, we obtain for C a sum of terms of the 
type P» 1 i 2 i I ai» 1 a 2 ,-,a 3 » J , where I% iU is an expression involving only the 
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V s (and no a’s) and t’i, is, ia may have any of the values 1, 2, 3 (not 
necessarily distinct). 

Since the P’e do not involve the a’s, their Values are the same 
for all values of the a’s. To determine a specific say Pk iM ., 
let aui = (hit — a *ki — 1 and let all other a’s equal zero. Tn the 
expression C — 2P litM a i tl a 2 „a8„ every term becomes zero except the 
one for which i\ = k,, i 2 = k 3 , i s = k 3 , and we obtain C — 

On the other hand, returning to the original form for C as a deter- 
minant, we see that C has become 

foil fr*, 2 frliS 
fr/ljl frjl.2 bkt 3 

frjlO bl,2 fr»i 3 

Thus, P uklk , is this determinant 

If any two of A*i, l't, hi are equal, two rows of this determinant 
are identical, so that 7*/,/ () = 0 (§7). It /.' i, k z , k 3 are all distinct, 
this determituint is obtainable fiom B by interchanging rows of B 
a sufficient number of times; since the interchange of two rows of a 
determinant merely changes its sign (§7;, /’/,/,/, = ±5. 

Thus, disregarding the P, llt , which equal zero, we have C — 
2 ± Ba 1 , 1 a»,.a 3 „ = QB, where Q is an expression involving only the 
a’s fand no fr’s). 

To determine Q let frn = b u = fr S3 = 1 and all other fr’s equal 


zero. Then 5 = 1, so that C 


On the other hand, 


an 

aix 

On| 

C = 

a. i 

<Z2' 

a = A. 

i 


flu 

Oj2 

an 


TTence, Q = A. Thus, C = AB, and the theorem is proved. 

Example Let A lx; a determinant, of order n }£ 2 with elements 
a,,. Let A t , be the cofactor of a,,. The determinant D with ele- 
ments At, is called the adjoint of A. Prove: AD = A n . 


AD 


an 

• • • ai» 

a n i 

• - • a nn 

an 

• • • a^ 

«n 1 

a nn 


Ah 

A»x 

An 

.1 1» 


Ax. 


1 nri I 

lull 


A,, 


(by interchanging rows 
and columns of D) 
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• + ai»Ai» • • • aiiA nl + • ■ • + Oi»A,« 

* “4" flnnAin * * * flnlAnl ' ' ' 4" 

0 0 

0 0 

(by §4 and ev. 10, §7) 

AO 
0 A 


Exercises 

1 Express as a single determinant: 

a) 3 -1 41 'i 0 3| 

0-2 1 1 -1 O 1 

-1 2 2 ,1 12| 

b) 1 0 3 2 1 0 <) | 0 1 -1 2l -1 

2 1 2, 3 2 l| II 0 -2 3| 2 

4 3 2| !l 2 3; -1 -2 0 4 2 

| 2 3 4 O 1 0 

2 Show tliat 1 1 I, 2 |3 x x’ + 2 

x 1 — ll - x x 1 i- 2 x’ 

a* 1 11 |^ + 2 x 1 x‘ + 2 

3 A determinant ol order n w 1 II 1 elements a ; is e died oitho^onal iJ a i (iji +■ 
« t2 a, 2 + • • * + a^iin - 0 w In »e\ ci i X j .nxl 1 ulienevei i = j. Show 
that an orthogonal determinant equals ±1. 

4 Prove: 

flu an |fl>u b \2 bn 

(in di 2 bn bi 2 

\bi i b-u bz\ 

«n&n *t 0\i>n d\\f>\2 + Oi2b?2 (hi bn + (hJ> n 

= <121^11 + (ipbix (i»\b\2 + Vi'bn a J)n + n» bn 

X&n + /x&2i + b i Xfei2 -+- fib 22 + bz2 X6u + pbn + b^i 

for all values of X and n . 

9. Rank of matrix As in §2, wc define an m by n matrix (where 
m may or may not equal n) as a rectangular array of mn numbers 
or variables 



aiiAn + • 
0»lAii + 

A 0 • 

0 A • 

0 0 • 

0 0 • 
= A n 
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'flu 

0« • • • 

din 

021 

O22 * • * 

fl2 n 

lOtoI 

0»2 • * * 

dmn. 


arranged in m rows and n columns. 

If m and n are unequal, there is no determinant of the matrix, 
since a determinant must have as many rows as columns. How- 
ever, by omitting some rows or columns, certain determinants asso- 
ciated with the matrix can be formed. 

If t S3 »i < <2 < ■ • ■ <U ^ m and 1 g ji < jz ■ • * < jk ^ n, 
where the V s and j*s aie integers, the determinant of order k 

\diih flu a * dii)k\ 

fl**/x QitJi * * * 


|®*W 1 fl*«a ’ * " AumI 

is called a Ar-rowed minor of the matrix. Thus, a Ar-rowed minor is a 
determinant whose elements are the elements of the matrix which 
appear in any k row s and any k columns, the order of the rows and 
columns being the same in the determinant as in the matrix. 

If there exists a A -rowed minor which is not zero, while every 
minor of order higher than A* is zero, the matrix is said to be of 
rank k (or to have rank A ). We also say the r ank of the matrix is k. 

If the matrix has no minor which is different from zero, the 
rank of the matrix is said to be zero. If the rank is zt ro, every one- 
rowed minor, i.e., every element, is zero. Conversely, if every 
element is zero, the rank is zero. 

Example Determine the rank of 


/I -1 2 3 \ 

1 0 2 -2 4 1 

\l 1 07/ 


There are four three-rowed minors 


l 

-1 

2 1 

-1 

3 

2 

3 -1 

2 

3 

0 

2 

-2 0 

2 

4 0 

-2 

4 2 

-2 

4 

1 

1 

0 , 1 

1 

7 , 

0 

7 , 1 

0 

7 


and each is zero. 
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The two-rowed minor 


1 

0 


-1 

2 


in the upper left-hand corner is 


non-zero. Thus, the rank of the matrix is two. 

To determine the rank of a matrix it may be necessary to 
evaluate a great many determinants. There are, however, many 
theorems by means of which the computation involved may be 
greatly lessened. We state and prove only one fairly obvious 
theorem. 


THEOREM 

If some k-rowed minor of a matrix is non-zero while every (k + 1)- 
rowed minor is zero , the rank of the matrix is k . 


Proof: We must show that every minor of order higher than k 
vanishes. 

By hypothesis every ( k + l)-rowed minor vanishes. 

Any (A* + 2)-rowed minor is the sum of the products of the 
elements in one row and their eof actors (§4). The cofactors are, 
except possibly for sign, [k + l)-rowed minors. Therefore, all 
the cofactors are zero. Hence, Ihe (k + 2) -rowed min or, % vanish. 

In the same way, every (k + 3)-ro\ved minor vanishes. Con- 
tinuing this line of reasoning, we see that every minor whose order 
exceeds k is zero. 


Example Show tliai the rank 


/ 1 4-1 2\ 

of I 2 8 —2 4 I is one. 

\-l -4 1 -2/ 


There is a onc-rowed minor which is not zero while each of the 
18 two-rowed minors is zero. It is not necessary to evaluate the 
four three-rowed minors. 

If wc mal^e use of the result in exercise 10 below, we can sec 
more easily that the rank of this matrix is one. For, if we add to the 
elements in the first row the corresponding elements in the third 


( 0 0 0 0 \ 
2 8 —2 4 J 

-1 -4 1 -2/ 


with the same rank as the 


given matrix. If wc now add to the elements in the second row 
twice the corresponding elements in the third row, we obtain 


( 0 0 0 0 \ 
0 0 0 0 ), 
-1 —4 1 -2/ 


which again has the same rank as the given 
matrix. The rank of the last matrix is obviously one. 



EXERCISES 


209 


Exercises 

1 Determine the rank of each of the following: 



2 Determine the rank for all possible values of x: 

a) / ap — 1 2 \ c) / x + 2 0 -1\ 

( 2 -2® 4 ) ( 0 j + 2 -3] 

\-l 1 -2 t/ \— 2 L x! 

b) / 11 \ 

( 1 0 1 ) 

\-l -1 x + \/ 


3 Determine the rank of 



for all values oi a, b, c. 

4 Prove: 1 ntei changing t\\ o lows (or columi s) of a malm does not change 
its rank. 

5 Piove: If the lank oi 



is k, then the rank of 



is k or k + 1. 

6 Prove: If the rows of one matrix arc the columns of another, then the two 
matrices have the same rank. 
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*7 Prove: 




Ml 

012 * * * 01 A 

■ • • 1 



\0ml 

0m2 • • • &tnnf j 


<*u • • • 

• • • • 

01n 

OnXi + < 112 X 2 + ' ‘ 

■ + 

0m2 ' ‘ * 

0m» 

a m i*x + a. + • • 

• + OmnXn/ 


have the same ranks. 

8 From an m-rowed matrix of rank k, m — 1 rows are selected. Show that 
the (m — l)-rowcd matrix has rank at least k — 1. 

*9 Show that 


i 

&11A1 + 021X2 + 


012 

022 


+ Um-l.lKn-l 


Ctm-1 2 

OiaXi + 022X2 + ' • • + Ow-i.iXm _1 


01n 

* ’ ’ Ojn 

* * 0m 1 n 

‘ * * OinXi + 02nX S + ' * ’ + Om-l-nXm-l 

has rank les^ than w. 

10 Prove: Adding to the elements of one row (or column) a common multi- 
ple of the corresponding elements of another row (or column) does not 
change the rank of a matrix. 

11 Prove: If r is the rank of the matrix formed by the elements in the first 
m rows of an rwowed square inatnx, where 1 ^ m 2 * n, then the lank 
of the n-rowed matrix is r + (n — m) or less. 

12 Prove: The rank of 


( 0i + 012 

0m + b m dm2 



does not exceed the rank of either 



012 
0m 2 



or 





EXERCISES 


21t 


13 If A and B are square matrices of order n with dements a„ and b„ 
respectively, and c,, = a tX b u + a,a& 2 , + • • • + a M b», (i = 1, 2, • • • , 
«; j = 1, 2, • • • , n), the matn\ whose elements are c,, is called the 
product AB (compare §S). Prove. The iank of AB does not exceed the 
rank of eithei A or B. 



LINEAR EQUATIONS 


1 . Linear dependence of constants If <*i, at, • • • , a n and bi, bi, 
• • • , fe B are two sets of numbers, we say they are proportional if 
the ratios 01/61, at/bi, • • • , a„/fe„ are all equal. This, however, 
precludes the possibility of any of the fe’s being zero Hence, a 
better way to phrase the definition is to say that the two sets are 
proportional if there exists a X such that a, = Xfe, for i = l, 2, 

Even this, however, is not completely satisfactory since, for 
example, 0, 0 and 1. 2 would be proportional (with X = 0) if a t = 0, 
at = 0, bi = 1, &2 = 2, but not proportional if a x = 1, a 2 = 2, 
fei = 0, b 2 = 0. 

To remedy this, we can say that the two sets are proportional 
if there exists a X such that a, = Xfe, (i = 1, 2, • • • , n) or a p 
such that b t = na, (i = 1, 2, • • • , n). This is satisfactory, but 
cumbersome. Notice, however, that in the first case we have 
CiO,- + cA = 0 (t = 1, 2, • • • , ») with ci = 1, o = —X, and 
in the second a similar relationsliip with Ci = p, Ct = -1. In 
either case, at least one of ci and c 2 is non-zero. 

Conversely, if such a relationship exists and at least one of ci 
and Ct is non-zero, then either 

( % 

(a) Ci 0, so that a, = Xfe, with X > or 

Cl 

(b) ct t* 0, so that 6, = po, with p 

C2 

Thus, we have a convenient and symmetrical way of expressing 
the proportionality of two sets of numbers. Furthermore, the form 
of the expression suggests an extension of the concept to three or 
more sets of constants. 


sis 
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Let 0 , 1 , a,*, • • • , o, „ (t = 1, 2, • • • , m) be m sets of con- 
stants, n in each set. (Each number has two subscripts, the first 
indicating which set it is in and the second which number in the 
set it is.) We say the m sets are linearly dependent if there exist 
numbers ci, c», • • • , c m , not all zero, such that 

ClOll + C2O2I + ‘ + CmOml = 0 

ClOlS + Ctdn + ‘ i&mt = 0 


Clflln + CjQin “1“ * “f" Cm®mn — 0 

These equations may be written compactly as 

ClOu + C2O2J + • • * + Cmdmj =0 (j = 1, 2, • • ■ , nj 

They express the fact that the jth numbers of the m sets are con- 
nected by this relation, the numbers ri, c«, • • • , c m being the 
same for all values of j. 

We have seen that linear dependence of two sets of constants 
is nothing but proportionality. 

If the rn sets are not linearly dependent, they are said to be 
linearly independent. 

Example The three sets (2, —2, 4. 3), (0, 1, —2, —3), (i, —5, 10, 9), 
with four numbers in each set, are lineally dependent, as we can 
see by taking ci = 2, c 2 = — 1, r? = —1 as the multipliers. (Here 
the multipliers are easily guessed; in §2 we sliall develop a syste- 
matic way of obtaining them.) 

Example The three sets (0, 1, —1), (2, 0, —3), (4. 1, 0), with three 
numbers in each set, are linearly independent. 

For, if ciflj, + CtQ 2 , + Cafltj, = 0 for j = 1, 2, 3, then 

Ci0 + e 2 2 + Ci4 = 0 
Cil + r*0 + o*l = 0 
Cj(— 1 ) + C 2 (— 3 ) + Ci 0 = 0 

Solving these simultaneous equations to find the values of ci, c*, 
<•*, we find ci = c* = C| = 0. 
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Exercises 

1 Prove: A single set.of numbers is linearly dependent if and only if all the 
numbers in the set are zero. 

2 Prove: If among m sets of numbers there are in — 1 or fewer sets which 
are linearly dependent, then the m sets are linearly dependent. 

3 Determine whether the following sets are linearly dependent: 

a) -2, 3, 1, 0; 1, 4, -4, 2; 5, -2, -6, 2 

b) 1, -2, -1,2; 3, 4, 2, 1 ; 8, 4, 2, 6 

e) 1, 1; 2, 3; 3, 5 

d) 1, 0, 0; 0, -2, 0; 0, 0, 4 

e) -1, 1 + i, 0, 0; i, i, 1, -1 ; 1 - t, t, -», » 

f) 1, -1,2; 2. 3, -4; 3, 2,2 

g) 3, 4. 1,0: -1,2, -2, 1; 1, 8, -3, 1 

4 Find all the values of k for which the following sets are linearly depend- 
ent: 

a) 4, 1, 1, 1; 1, k, l, 1; 1, 1, A-, 1 

b) k, 4, 3, -2; 1, k , 2, -2; k + 2, 8. 10, -8 

c) 4, 0, 2, 1; -1, 1,4,1: 1, 3, 2, k 

d) 0, 1,2; 3,4,4;!, h 4 1, - 2; 0, k, 0 

e) 1, —k, 4-1. -1:0,4*+ I, 1,4 + 1; 4. 1,4*, 1 

f) -3, l, k - 1, 4; A + 1, 2, -2, 1; 2 - 4, 1, 4 + 3, 1 

6 Prove. If the thiee sets (oj, a 2 , • • • ,a n ),(bi,b>. • • • , 6 »), (c, f c 2 , • • ■ , 
c„) arc linearly independent, then the three sets (<Ji, a 2 , • • • , a„), 

(«i + 6i, fls + 6s, ••,«» + («i + 6, + ci, <it + 62 + Cj, • • , 

(i n + b„ + e„) are also. 


2 . Criterion for linear dependence If Oi, Os, * * * , <*» and 61 , 62 , 
• • • , 6 », n > 1, are proportional, then there is a X such that a, = X&, 

or a m such that b, = na, (t = 1, 2, • • , n). Suppose, to be 

specific, that a, = Xb,. Then, for any two-rowed minor (§9, 
Ch. 12) of the matrix 

( 111 02 • * On\ 

bx 62 • - • bn) 

we have 

a, 0,1 _ 16, X 6 ,X .16, 6,1 - 

6 , 6,1 " 1 6 , 6 , “ | 6 , 6,1 “ U 

Thus, the rank of the matrix is less than two. 
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Conversely, suppose the rank of the matrix is less than two. 
Then every two-rowed minor vanishes. 

If every o, is zero, then la, + 0 b t — 0. Hence the two sets are 
linearly dependent. 

If not every a, is zero, suppose, to be specific, a x 0. By 
hypothesis, 

f 1 ?' = 0 for i = 2, 3, • • • , n 

bi b, ’ ’ 

Therefore, —biOi + aA = 0 for t = 2, 3, • • • , ». For i = 1 
this equality obviously holds. Hence fio, +- c A — 0 (i = 1, 2, 
•••,») where Ci ~ —bi, c 3 = oi y* 0. Thus, again vc have 
linear dependence. 

This result for two sets of numbers is a special case of the follow- 
ing general result: 


THEOREM 

If m £ n the m sets of n constants a, i, a,». • • • , o,„ (* = 1, 2, 
• • • , m) are linearly dependent if and only if the rank of the matrix 


is less than m. 


fan 

0 12 

• • ’ Oi„ 

1 021 

022 

• * • a 2n 

\ttml 

0m 2 

0mn 


Proof: Suppose the m sets lineally dependent. Then 

ciOy + c»a sj f ’ ’ * *h c m a mi = 0 (j = 1, 2, • • • , n) 

with at least one of the r’s different fri in zero. 

We may and do suppose, for convenience, that c« s* 0. For, 
if Cm — 0 but c, ^ 0 where i ^ m, we may rearrange the m rows 
so that the ith row becomes the last. 

Since c» y* 0, we obtain from the preceding equations 

flmj — XiOy + XjOy + • • • + Xm-lOm-l,/ 0 = 1 , 2, • * • , n) 


where Xi = — -» X 2 , X»_i = - £ 2 =!. 

Cm C*n Cm 

The matrix may now be rewritten as 
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an 
a«i 

tXiail + A 2^21 + • • • + Am-iam-l.l 

an 

an 

Ow-1,2 

Aiai2 + A 2^22 + • " • + Am-lOm— 1,2 
am 
fl2n 


a m — i, n I 

Aiai„ + A2<l2n + " * " + Xm-lOm-l.tt / 

By ex. 9, §9, Ch. 12, Ihe rank of the matrix is less than m. 
Hence, one part of the theorem is proved. 

To establish the converse, suppose the rank of the matrix is 
less than m. 

If the rank is zero then all the a tJ are zero (§9, Ch. 12) and we 
obviously have linear dependence. 

Suppose the rank is k where 0 < k < m. Then some A -rowed 
minor is non-zero. We can rearrange the rows and columns of the 
matrix, if necessary, so that a /r-rowed minor v hich is non-zero is 
in the upper left-hand corner. Hence, for convenience, we suppose 


an 

<Ui 


Ou 


5* 0 




We show first that the first k + 1 rows of the matrix are linearly 
dependent. 

Since the matrix is of rank k , every ( k + l)-rowed minor 
vanishes. In particular, every (/r + l)-rowed minor obtained by 
adding row k + 1 and any one column to the fc-rowed minor in the 
upper left-hand comer is zero. That is, 


an • • • 

• • • # 

a* i • • • 

Ufct-1.1 ’ * ' 


ai* 

°iy 

akk 

a ki 

ak-khk 



0 for j = k + 1, k + 2, • • • , n 
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For j — 1, 2, • • • , k this determinant has two identical columns 
and, therefore, is zero (§7, Ch. 12). Hence, the determinant is zero 
for all values of j from 1 to n inclusive. 

In this determinant the cofactors of the elements in the last 
column do not depend upon the value of j . Hence, expanding 
the determinant according to the last column (§5, Ch. 12), 

CiOi, + r*202j + • ■ • + cjM-ifljfc+ii = 0 for j = 1, 2, ■ • • , n, 

where c i, C2, * • • , c*+i are numbers independent of j. In par- 
ticular, c k 41, the eofactor of a^ is the determinant of order k in 
the upper left-hand comer of the matrix, which is different from 
zero. 

Therefore, the first H 1 rows of the matrix are linearly 
dependent. 

If k + 1 = ?w, there is nothing more to be proved. If k + 
1 < m, we may take c*, 42 = 3 = * • • = c M = 0. 

R email: 1 Looking over the proof of the second part, we can see 
that we have shown the following: Suppose m g n and that some 
Ar-rowed minor, k < m, is non-zero. Consider any k + 1 row r s of 
the matrix which contain the row’s of this minor, and suppose that 
in this (At + l)-rowed matrix every ( k + l)-rowed minor which 
contains the given minor is zero. Then the k + 1 rows are linearly 
dependent. 

Remarl 2 Note that the proof of the theorem supplies a method 
for obtaining the multipliers Ci, c 2, • • • , c m . 

THEOREM 

If m > 71 any m sets of n numbers are linearly dependent . 

Proof: Let a % 1, a» 2 , • • • , o, n (1 = 1, 2, • • • , m), m > n, be 
given constants. Add m — n zeros to each set, obtaining the m sets 
«ti, a t 2, • • • , flt», 0, • • • , 0 (i = 1, 2, • • • , m) with m numbers 
in each set. 

The matrix formed by these numbers is an m-rowed square 
matrix with at least one column of zeros. The determinant of the 
matrix is zero. Therefore, the rank of the matrix is less than m. 

By the preceding theorem, the rows of the matrix are linearly 
dependent, which proves the theorem. 
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Example Show that the three sets (3, 0, 1, 4, 9), (0, —1, 2, 0 ; 3), 
(2, —2, 1, —1, 6) are linearly independent. 

The matrix 



has rank three, since 


3 0 

0 -1 
2 -2 



= 11 ^ 0 


Example Show that the four sets (5, 2, —2, — 1, 1), (3, 1, —2, 1, 0), 
(1, 1, 2, — 5, 2), (2, —2, 4, ft, 9) aro linearly dependent. 


Consider the matrix 



-2 -1 1 \ 
—2 1 0 \ 
2-52/ 
4 6 9/ 


The minor 


5 2 
3 1 


— 1 7*^ 0 


appears in the first two rows. 

The minors in the first three rows which contain this minor are 


5 

2 

O 


5 

2 

-1 


3 

l 

-2 


3 

1 

1 


1 

1 

2 

if 

1 

l 

—3 

> 


and each of these is zero. 

By Remark 1 above, the first three sets tand, therefore, all four) 
arc linearly dependent 

We may take c 4 = 0 and for c h c 2 , c 3 the cofactors of the ele- 
ments in the last column of any one of the three-rowed minors 
above. Thus, 



3 1 0 

5 21 „ 

5 2 

Cl = 

j 1 “2, a 

1 l|-“ 3 ’ C *~ 

3 1 


Exercises 

1 Show that the following sets are linearly dependent and find multipliers 
c,: 
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a) 2, -1,1; 3, -2,4; -1, 1, -3 

b) 3, 2, 2, -1; 3, 1, -1, 1; 3, 5, 11, -7 

c) 1, 4, 3, -1, 2; -2, 1, -3, 4, 1; -8, -5, -15* 14, -1 

d) -7, 1, 1, 4; 3, 3, 2, -5; 6, -8, 3, 0; -14, 16, 3, -2 

e) -2, 1, 0, -1, 4; 1, 3, -4, 1, 2; 5, -1, 1, -5, 2; -2, 8, -8, 0, 12 

2 Show that the following sots are lineally independent: 

a) 2, 1, 5, 6, 1; 0, 4, 7, —9, 5; 0, 0, —3, 2, 6 

b) 1, 2, -1, 0; 1, 2, -1, 3; 3, 6, -2, 0 
<■•) 3,0,1; -1,4, 2; 0, 5,7 

d) 2, 1, -1, 1; 0, -1, 3, -4; 5, 6, -2, 3: 1. -2, 2, 1 

3 Determine all the values of A for which the following sets are linearly 
dependent, and for these values of k find multipliers c, : 

a) 1,1,1; 1,*+ 1,1; 1,1,* 

b) 1, l,fc;l, 1, 1 ; 2, A, 2 

c) k - 2, 2A, 2A; 2, -A- 2, 2, 2, —A 

cl) 0, A + 1, l, A - ; A- + 1, 0. A-, 1 : 1, A, 0, A 4 1 

e) —2, 0, —1,2; 0, 2, —a, —A; A, —2, o, 0 

f) 1, — I, A, a) 1, 0, A, A + n; 1, 1, A + 1, 2A + 1 

g) 1, -1, 2, A; A, 0, A + 1, -A; A - 2, 2, A - 3, -3A 

h) 2, A, -2k, 3; -1, A. 3, -3A; 1, 5, 5. -3 

i) A 2 , 1, A, 1; -A, -1, 0. A - 1; -1, -1, 1. A 

4 Piove: If «,», • • • , a, n (t — 1, 2, • ■ • , ?n), m > 1, aie linearly 

independent, then u.i, a,*, • • • , a » (t = 1, 2, ■ • • , r/ — 11 and 
ran + a m i, ra 12 + a m2 , • • • , ai,« + are linearly indeijendent. 

5 Prove: If m ^ n and the lank ol 



islcssthan/n — 1, then there are two set*- of numbers <*i, t t , • • • , c m and 
c'i, c' 2 , ' ' ' , c' m which are not propoitional such that 

'’in., + + • • • 4 rwi«, = 0, + • • • +c w p„} = 0 

O' = i *•*,«) 

3. Linear equations A system of equations of the form 

ailTl + 0123-2 + • * • + aivJTn = h 

021*1 "t 022*2 + • • • -h 02n3-» = 62 

• *•••••■ 

Qml%l + Clm2^2 " 4 " * * * 4 0*mnX a ~ 
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where the a,, and 6» (* = 1, 2, • • • , m; j * 1, 2, • • • , ») are 
given numbers and a?i, xt, • * • , x n are numbers which may or 
may not be known,* is called a system of m linear equations in xv 

X2f j 

Generally, the ar's are unknowns which are to be determined. 
The system is then referred to as a system of m linear equations in 
n unknowns. It is not necessary that m = n. 

A solution of the system is a set of n numbers (Xi, X*, • • • , X») 
such that eveiy equation in the system becomes a true statement 
of equality when we simultaneously replace ii by Xi,*j by X*, • • • , 
x n by X«. Such a set of numbers is said to satisfy the equations. 
To solve the system means to find all the solutions. 

Example 1 Solve the system of three equations in the unknowns 
x, y, z: 

x — y + 2z = 4 
2x ■+ y — z = ‘3 
3a; + z — 5 

Let (z, y, z) be a solution, if there is one. From the first two 
equations, by adding loft sides and right hides, 3x + z — 7. But 
this contradicts the third of the given equations. Hence, there is 
no solution. 

Example 2 Solve the system 

x — y + 2s = 4 
2x + y — z — 3 
4x — y + 3z = 11 

As in example 1, if (x, y, z) is a solution, then 3a? + z *= 7. 
Thus, a solution, if there is one, must have the form (a?, y, 7 — 3a:). 

To see if any such set of numbers is a solution, we substitute 
directly into the given equations. From the first equation we then 
find, alter simplification, y = 10 — 5x. Thus, the only possible 
solutions are of the form (a", 10 — 5x, 7 — 3x). 

Direct substitution shows that every such set of numbers, 
regardless of what value x may have, satisfies all three of the given 
equations. 

Thus, there are infinitely many solutions and every solution is 
obtainable by letting x have g specific value in («, 10 — fix, 7 — 3®). 
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Example 3 Find all the solutions of the system 

x — y + 2z = 4 
2x + y — z = 3 
4® — y + 4z = 9 

If (x, y, z) is a solution, from the first two equations we obtain 
by addition 3x + z = 7 and from the last two, in a similar way, 
2x + z = 4. From these two equations in x and z we obtain by 
subtraction x = 3. 

Letting * = 3 in 2x H- z — 4, we have z = —2. 

Letting x = 3, z = —2 in the first of the given equations, we 
have y = — 5. Thus, (3, —5, —2) is the only possible solution. 
Direct substitution shows that it does actually satisfy all the given 
equations. Hence, the given system has one and only one solution. 


4. Cramer’s rule In view of the preceding examples wo naturally 
inquire: Under what conditions does a system of linear equations 
have solutions, and how can they be obtained? To discuss the 
general situation we first consider the special case when m = n and 
the determinant of the system 



Gil 

fli2 

* * • Oln 

D = 

fl21 

<*22 

• • • a in 


Onl 

Un- 

• • • a„n 


is different from zero. In this case we show that there is always a 
unique solution and it can Ik? obtained by a method known as 
Cramer’s rule. 

In each of the examples of §3 we have m — n. The determi- 
nants of the systems are 


1 -1 2 


1 -1 

2 


1 -1 

2 

2 1-1 

3 0 1 

= o, 

2 1 

4 -1 

-1 

3 

= 0, 

2 1 

4 -1 

-1 

4 


respectively. Thus, Cramer’s rule can be applied only in example 
3, and we did see that in this example there is a unique solution. 

To establish Cramer’s rule, consider the n linear equations in 
n unknowns 

o,i®i + OisXa + • • • + o<«®« = 6 , (i = 1 , 2, • • • , n) 
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where D 5* 0. 

Let (xi, x 2 , • • • , £ n ) be a solution, if there is one. 

Let A v be the cfifactor of a l3 in D. 

Let j be a fixed integer between 1 and n inclusive. Multiply 
both sides ot the ith equation by A tJ and then add the right sides 
and the left sides of the equations for i = 1, 2, • • • , n We 
obtain 

A\j(anx 1 + 0,12X2 + • • • + a>irt?n) + A 21(0,21X1 + 022X2 + • • • 

+ 02nXn) + • “ * + A nj (O n \Xl + O ni X 2 + * * * + O nn X n ) 

= Aijbi + A 23 &2 + • • “ + A n] b n 
Regrouping the terms on the left side, we have 

(ouAh + a^Aij + • • • + o n i l nj )^i + (012A \j j- O22A2J + • • * 

"I” O n 2 A n j)x 2 + • # " + Hh O imn A 2 j 4 “ * * " 4 " O nn A nj)X n 

= Alibi + A 2 jh 2 + • • • 4 " Anjbn 

In this equation the coefficient of x K the sum of the products 
of the elements in column 1 of D by the cofactors of the conespond- 
ing elements in column j Hence, when 1 9* j Hie coefficient of jc x 
is zero (ex. 10, §7, Hi. 12) while* the coefficient of u, lsD (§5, Ch. 12). 
Thu^, the preceding equation is 

Dx l =• AiJ)i 4 * + • • * + A n b n (j = 1 , 2 , • • • , 71) 

Since D 9* 0, 

s, = -Jb 1 + A *b t + • • • + A £K (j - 1,2, •••,») 

These equations determine (rj, x 2j • • , x n ) uniquely, which 

means that there cannot be more than one solution. 

To verify that this one possible solution actually isa solution, 
substitute the expressions found for xi t Xi, • • • , r n into the equa- 
tions of the given system. The left side ot the rth equation becomes 

0 * 13-1 + 0x2X2 + • • • + o n r n 

0,2 (if bl + 7? + • • • + ’ • ' + 
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= ^ {dx\An + a»2^4l2 + • • • + CttnAin)bl + 

^(0*1^21 + ^2^22+ " * * + O m i42n)&2 + ‘ ' ' + 

~jj (Oji+ni + O l2 A n 2 + * * * + Q%nA nnfon 

Tlio coefficient of bj is [}/D){a l iA } \ + a % 2 Aj2 + • • ■ + a tn A jn ) 
(j = 1 , 2, • • • , ?*). The factor in 1 he long parentheses is the sum 
of the products of the elements in row i of D by the cofactors of 
the corresponding elements m row j. Hence, this iactor is zero 
when and 1 ) when j = i. Thus, 

o*i*Ti + a U Tz -t- • • + a in r n = &» 

which shows that the \ alue^ of jc 2 , • • x n satisfy all the equa- 

tions of the given system. 

Now let us examine more closely the expression for x 3 . 

We know t§ 5 , Ch. 12) that 


A^a^ + A 2^2] 4 • • • + A nj a n j = D 

Aij, Ain * ■ • . A n] are, except possibly for sign, certain deter- 
minants of order /? — 1 obtained fioin I) by deleting column j and, 
in each case, some one row. Theicfore, they are independent of 
a an), • ■ • , o n ,. Ilenci -li/>i 4 - A >]l>2 + • * d A n ,b n is 

what AijOu + AtjOoj b • • • + A n ,a nj become- when in the 
latter, we replace a\j by h h a*, l it l)>, • • , a n by b n - Therefore, 

■dij&i + A 2 i b2 + • • • 4 A nj b n is wha 4 D becomes when in 1 ) we 
replace the elements a i h a>, • • • , a nJ by &i, 62, • * * , b n respec- 
tively. That is, 


A ifii + A 2jf>2 + * ’ • + A njb n 


Oil 

0 12 

• • • flj >-i 

6l 

Gl 7-11 

• • ■ Ol» 

On 

(Zj2 

• • • a.,-i 

bt 


• • • a in 

Onl 

On2 

• • • Qni-l 



0>nn 


This equality can also be scon directly by expanding the deter- 
minant on the right according to column j. 



224 


LINEAR EQUATIONS 


ICH.13 


If we denote this determinant by D„ then we have proved that 
the unique solution of the given system is 


Xl= D> 


, _D t 
- D , 


,r *~D 


Example Solve by Cramer’s rule 


(This is example 3 of §3.) 
We have 



1 

-1 

2 

JD = 

2 

1 

-] 


4 

-1 

4 


4 

-1 

2 

/>. = 

3 

1 

-1 

u» 

-1 

4 


x — y + 2z = 4 
2 x + y — z = 3 
4x — y +■ 42 = 9 


3) 


L h 


7 ), = 


D 


i 

3 

0 

-1 

1 

-1 

n 2 


2 

-1 

4 

4 

3 

9 


9, 


-15, 


6 




Hence, x = J = 3, y = J = -5, 2 = = -2 


Exercises 

1 Solve the following systems: 

a) 2x + y - 3 
y + 22 = 1 
x — 32 - 4 

b) x — y + 2 — 1=0 
& + 2/-s + 2 = 0 
or — y — 2 — 3- 0 

c) 3x — Az « 0 
2* — 33 / + 62 — 3 

a? + 4y — 7z = 1 


d) x — y + 2w = 0 
3 y — 22 + 3 w> == 0 

y - 3 u> = 1 
5 x + y — 22 = 0 

e) x + 2y - 82 = 1 
2 / — y + w = 3 

3 x — 22 + w = 6 
7y + 4z — 2w = 2 


2 In three-dimensional analytic geometry, if every point (x, y, 2) is assigned 
new coordinates ( x', y', 2') whpre x' « 3 x — 4 y + 2 2, y' =*- x — 2, 2' = x 
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+ 2y — 2z, what point (x, y, t) has been assigned the new coordinates 
(3, -1, 4)? 

3 Prove: If/(x) be ox* + bx + e where a, b, c are integers, and if/(l),/(2), 
/( 3) are divisible by the odd integer k, then a, b, c are divisible by k. 

5. Consistent and inconsistent systems A system of linear equa- 
tions is said to be consistent if there exists a solution. Otherwise 
it is called inconsistent . 

Whether a sybtem is consistent or not depends, naturally, 
upon the a, t and To investigate the dependence it is convenient 
to consider two matrices connected with the system. 

The matrix formed by the coefficients of the unknowns, that is, 


a n 

a 12 

• • Oi* 

a 21 

0,22 

• * 02n 

1 • « 

iflml 

<Xml ' 

■ • a mnt 


is called the matrix of the svstem. 

The matrix obtained bv adding to the matrix of the system an 
additional column composed of 6i, b t , • ■ , b n , 



is called the augmented matiix 

[We remark (ex 5, §d, ( h. 12) 4 hat either the two matrices 
have the same rank or the rank of the augmented matrix exceeds 
by one the rank of the matrix of the system.] 

We establish: 

THEOREM 

A system of linear equations is consistent if and only if the augmented 
matrix has the same rank as the matrix of the system. 

Proof: Suppose the system is consistent and (xi, **,•••, ®») 
is a solution. Then 

b, = 0 , 1 X 1 + o» 2*2 + * • • + (* — 1, 2, • • • , m) 
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end the augmented matrix is 

Oil O 12 • • ; Oln CLllXl + Ol2%2 + * * * + Oln^nN 

O21 O22 ’ • * Ct 2 n 021^*1 + 022^2 + * * * + 02 n%n 1 

• ••••• ■ I 

0>m\ Om2 * Omn Oml^l “I" Ovt2^2 H~ * “f“ Omn^nf 

Hence, the augmented matrix has the wime rank as the matrix 
of the system (ex. 7, §9, Ch. 12). 

To establish the converse, suppose the tw o matrices have rank k. 

If k = 0 then all the a tJ and ?>, are zero (§9, Ch. 12), so that 
any set of values (Xi, x 2} • • • x n ) is a solution. Suppose, there- 
fore, k > 0. 

In the matrix of the system some A-rowcd minor is different 
from zero. Hy rearranging the rows and columns, if necessary, 
(which amounts to changing the order of the equations in the given 
system and renumbering the unknowns*, we may and do suppose 
that the A-rotved minor formed by the elements in the first k rows 
and first k columns does not \anish, i.e. T 

a ii fli2 

Q 21 

a LI ( 1/2 

(There is no loss in geneiality in doing this and it makes the subse- 
quent discussion somewhat nioie convenienl.) 

Since this minor appears in the fust /; rows of the augmented 
matrix, the first A rows ot the augmented matrix aie linearly inde- 
pendent (§2). 

Suppose Ic < w. Since the augmented matiix is of rank A, any 
A + 1 of its rows are lineally dependent (§2). In particular, if i is 
any integer between A + L and m inclusive, 


Oil, 

O 12 , 

> 01n, 

hi 

021, 

o>t, • 

t 0*271} 

b. 

dkly 


? Okn, 

h 

0*1, 

a.2, * 

1 Qtn, 

b t 

are linearly dependent. 

Hence, there exist numbers Ci, c 2 , • • • 

ct, c„ not all zero, such that* 
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Cidu + C 2 d 2 , + • • • + CkCLKj + c t a t j =0 (j = 1 , 2 , • • • , n) 

cibi + c 2 b 2 + • • • + c h b k + c t b t = 0 

c t 0. For if c* = 0 the first k rows of the augmented matrix 
would bo linearly dependent. 

Since c,^0we obtain from the preceding equations 

Otj = didi, + d 2 d 2j + • * • + dkdiLj (j = 1, 2, • • • , n) 
b% = di6i + d 2 b 2 + • • • + dkbk 

where di = - % d* = - % • • • , & = - - 

Ct Ct c% 

Now, if fa, x 2 , • • • , :r n ) is any solution of the first /: equations 
in the given system of vi linear equations, and i is between k + 1 
and m inclusive, then from the preceding, 

dtlXi + d % 2 X 2 + • • • + o in x n 

= (djdn -j- di<in + • ■ • + dkdk\)xi + 

(diai > + rfja 22 -f * * • + dkd k2 }x 2 + 

* • • +■ (rflUin-t + • * • + dkak n )x n 

= diian-T 1 f 0 12 r ? + • - - + ainffn) 

+ dlianfi + < 102 X 2 + • • • + d2nXn) + 

• • • + d k (a ki xi + a k2 x 2 + • • • + d kn Xn ) 
= d\bi 4 d 2 b 2 + • • • + dkbj, 

- K 

Thus, every solution of the first k equal ions satisfies all the 
equations. 

If A- = m the last statement is obviously true, since the first 
k equations then constitute the ontno system. 

Clearly, any solution of the entire system satisfies the first k 
equations. Combining this with the preceding result, we see that 
the first L equations and the entire system have exactly the same 
solutions. 

To solve the system composed of the first k equations, first 
rewrite them in the form 

Oil^l + di 2 X 2 + • * * + dtkXk = bi — d lt \ U l^M 1 “ d t ,k+2Xk+2 

— ■ • • — d tn Xn U * 1, 2, • • • , k). 

If we assign to • * • , x n any values whatsoever, 

we have k linear equations in the k unknowns Xi 9 Xi 9 • • • , x k with 
a determinant 
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an 

a 12 

• • • <*u 

aai 

022 

• • • a n 

a*i 

a* 2 

• • • a a 


which is different from zero. By Cramer’s rule (§4) there is a 
unique set of values for x 2 , x 2 , • • ■ , x* such that these, together 
with the assigned values of xn+i, x* +2 , * • • , x„, form a solution of 
the first k equations. 

Conversely, if (Xj, X 2 , • • • , X„) is any solution of the first k 
equations, then, assigning the values X*+i, Xjl+ 2 , • • • , X„ to x*+i, 
Xfc+ 2 , • • • , x„ respectively, these equations become a system of k 
linear equations in the k unknowns Xi, x 2 , • • • , x* having (Xi, X 2 , 

• • • , X*) as its unique solution. 

Thus, we have shown, all the solutions of the first k equations 
and, therefore, all the solutions of the given system of m equations, 
can be obtained by assigning arbitrary values to Xi+i, x*+ 2 , • • • , 
x„ and then solving the first k equations for Xi, x 2 , * • • , x*. (If 
k — n then, of course, none of the x’s can be assigned arbitrary 
values, since the first k equations then determine Xi, x 2 , • • • , 
x» uniquely.) 

In all cases, a solution of the system exists, so that the given 
system is consistent, and the theorem is proved. 

Actually we have proved: 

THEOREM 

If the matrix of a system of linear equations in n unknowns has the 
same rank k as the augmented matrix, then all the solutions are obtain- 
able by assigning arbitrary values to any n-k of the unknowns, provided 
(if k > 0) the matrix of the coefficients of the remaining k unknowns 
has rank k, and then solving for the uniquely determined values of 
these other k unknowns. 

Example 1 Solve the system 

x — y + 2« — 4 
2x y ~ z •= 3 
3x rf" z_ =B _S 


(This is example 1 of §3). 
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The matrix of the system 



has rank two, and the augmented matrix 



has rank three. Therefore, the system is inconsistent. 
Example 2 Solve the system 

x — y + 2z - i 
2 x + y — z = 3 
4x — y + 3z = 11 

(This is example 2 of §3). 

The matrix oi the system 



and the augmented matrix 



both have rank two. Hence, the system is consistent and we may 
assign an arbitrary value to any one of the unknowns provided the 
matrix of the coefficients of the mnainmg two unknowns has a 
minor of order two which is not zero. For instance, we may assign 
x arbitrarily since 

-1 2i 0 

1 -l| 

If wo allow x to be arbitrary and solve the first two equations 
for y and z in terms of x, wc obtain i$y Cramer’s rule 
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4 — x 

3 - 2x 

2 

-1 

= t 10 — 5x, z = 

-i 

i 

co »*- 

1 1 

-1 

2 

-i 

2 

1 

-1 


i 

-1 


Example 3 Find all values of k for which the following system is 
consistent: 

x + kz — w = 2 — k 
2 ky + z + (2 k — l )w = — 1 
x + 4y + 3-3 + kw = 3 — 2k 

We first consider the rank of the matrix of the system 


1 0 A- -1 \ 
0 2k 1 2k - 1 ) 
,14 3 k / 


The three-rowed minor formed by the first three columns is 


1 0 L 

0 2k 1 

1 4 3 


-2{k* - 3 k + 2 ) 


which vanishes only when k is 1 or 2. Hence, when k is not 1 or 2 
the rank of the matrix of the system, and therefore also the lank 
of the augmented matrix, is three. Therefore, the system is con- 
sistent when k is different from 1 and 2. 

For k = 1 the matrix of the system 



has rank two and the augmented matrix 


1 0 1 -1 l\ 
021 1 - 1 ) 
,14 3 1 1/ 


had rank Him*. Hence, the system ia inconsistent. 
For k = 2 the matrix of the system 


10 2 
0 '4 1 
,14 3 
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has rank two and the augmented matrix 

( 10 2-1 0 \ 

0 4 1 3 — 1 1 

1 4 3 2 -1/ 

also has rank two. Hence, the system is consistent. 

6. Homogeneous systems If all the right sides in a system of 
linear equations are zero, i.e., if hi =- b 2 = * * • = b n — 0, the 
system is called a system of homogeneous linear equations or, 
bra fly, a homogeneous system. Otherwise it is called a non- 
homogencous system. 

Since = 0, .r 2 = 0, • • • , x n = 0 is olniously a solution of a 
homogeneous system m n unknowns, every homogeneous system is 
consistent.. This can also he seen from the fact that the matrix 
of the system and the augmented matrix necessarily have the same 
rank, since the latter i^> obtained from the former merely by adding 
a column of zeros. 

The solution ^0, (),•••, 0) is called the trivial solution. 

If the rank of the matrix of the system is n, the number of 
unknowns, there can he no solution other than the trivial one. For 
in this case some n-rowed minor of the matrix of the system is 
non-zero, so that by ( Earner's rule the corresponding n equations 
have a unique sol lit ‘on. This unique solution must be the trivial 
one, so that then 4 is no otln »*. 

On the other hand if the rank of the matrix of the system is 
less than n , there are other solutions >c&idcs the trivuil one. For if 
the rank is k < w, ccitain n — h of die unknowns can bo assigned 
arbitrary non-zero values, the remaining unknowns then being 
uniquely determined. 

Wo have showm, therefore: 

THEOREM 

A homogeneous system of linear equations has a non-trivial solution 
if and only if the rank of the matrix of the system is less than the 
number of unknowns . 

COROLLARY 

If the number of equations in a homogeneous system equals the number 
of unknowns , there exists a non-triinhl solution if and only if the 
determinant of the system is zero . 
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Proof: This follows immediately from the theorem, ranee the 
rank of the matrix of the system is less than the number of unknowns 
if and only if the determinant of the system is zero. 

COROLLARY 

If there are fewer equations in a homogeneous system than the number 
of unknowns , there exists a non-trivial solution. 

Proof: The rank of the matrix of the system cannot exceed the 
number of equations. Therefore, the rank is less than the number 
of unknowns. Hence, the theorem applies. 

Exam-pie Find all values of k for which the following system has a 
non-trivial solution: 

3x — 2 ky + kz = 0 
x + y — 2 = 0 
kx — Ay + 3z = 0 

The number of equations equals the number of unknowns. 
Hence, there is a non-trivial solution if and only if the determinant 
of the system 

3 —2k k 

1 1 -1 

k —4 3 

vanishes. This determinant equals/:* -f- 2k — 3 = (k - l)(/r 3). 

Thus, there is a non-trivial solution only when & is 1 or —3. 

Exercises 

1 Solve the following systems of non-homogeneous linear equations, if 
consistent: 

a) 2x — 3y + Az = 0 d) 2® + 3# — 5z — 7w = 3 

x — 10z = 3 x — 4z — 3 to = 1 

x — y — 2z = 1 3y + 3z — to = 2 

b) 3x + 2|f+z = l e) 3x — y + 2s + w = 0 

6x + 4y — z = 2 2x+ y+ s — w = l 

3® + 2y — 2z = 1 2r— 4t/ + 2z — to = 4 

9x + 6y — 3 f) i — y + 2z — 3w 2 

c) 2x— y-fz = 3 3x — 2y — z + 2w = 6 

x — 3z = 4 9x — 7j/ + 4z — 5u» = 18 

3® — 2y -f- 5z *» 1 
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2 Solve the following systems of homogeneous linear equations: 


a) x — y + 2z = 0 
* + 3y — 2s = 0 

3y + s - 0 

b) 3® — 9y + 4z = 0 

® + y + 2 = 0 
5® — 19 y + 7s = 0 

c) ® + i/ + s + u> = 0 
x + z + u? = 0 

2 / = 0 

d) x + y + z — w = 0 
x + y — z — w = 0 
x — y — z — w = 0 
x — y + z — w = 0 


e) 2® + y + s + ta ■■ 0 

x + 2y+ s + ta = 0 
® + y + 2s + w = 0 
2j/ + 2s + w = 0 

f) 2® — 3y + 4s — u> = 0 

® + 2/” 3«+ 10 = 0 
® — 42/ + s + 2u> = 0 
5y — 10s + 3u? = 0 

g) 2® - 2y + z + w = 0 

® + y + 2 — 2w = 0 
3y — 2 s — iy — 0 
3® + 2|/ — 2w = 0 


3 Determine the values of A for which the following systems are consistent, 
and find the solutions for these values of A: 


a) 3® — 4y + 2s = 0 

x + y — 20 = 0 
5® — 2y — 20 = & 

b) ® — 2/ + As = 1 
2® + y + 3s = 0 

3® + (A 2 + l)s = 1 

c) 2® — 3 y — 0 = A 

® + 2/ + A0 -= 2A — 

4® — 2/ + (2A — l)s = 3 

d) ® — Ay + 2A = 0 

A® — 4y + 5 =0 

® + 2y — 1=0 


e) x — y =- k 2 

y — 0 = — 3A 
0 — ic = 0 
w — x — 2 

f) 5x — A // f 3s + 2w? = 6 
3x + 2?/ — kz + m» = 4A 

® — Ny + 9s + v* = 0 

g) x 4- y - 0 f A 10 = A + 1 

1 x —■ y + Iz = A 

Jr + (A — Ds f A<0 ~ 2A 

hi 3r + 9 j - oAs + u = 2A 

® + 7>y — 7z + w 1 - A 

® — y 1 2As — w — k 


4 Find the values of A foi which theie is a non-trivial solution, and solve 
the systems for these values of A: 

a) 3® — 4y -r 2s = 0 

4® + As = 0 

4Ay — s = 0 

b) A® — y + s*0 

2 x+y — 2As = 0 

® + 2y - 2(2A - 3)s = 0 



234 


LINEAR EQUATIONS 


ICH. 13 


c) x + ky — 0 
y + kz = 0 
z + kw = 0 
w + kx = 0 

d) y + kz + (1 + k)w = 0 

* + (1 + k)z + kw = 0 

kx + (1 + k)y + w = 0 

(1 + k)x + ky + z — 0 

e) 2x — 2y + kz — kw = 0 

2* — t/ + 2 =0 

y — 2z + kw = 0 
(k + l)x — 2y =0 

f) — 15 * + 5y + 9 kz = 0 

x — 2y + 32 = 0 

kx —2 = 0 

ky + 2z = 0 

6 For what values of x, y , z are z — 2r, 3 z — 2y, 2 x — y proportional to 
x, y , 2? 

6 If, in three dimensional analytic* geometry, to eanli point (ar, 2) in space 
we assign new coordinates (x\ y', z ') whore x r = 2j — 2// + 32**/' = 2x 
— 2y + 82, 2' = x — 3i/ + Sz, what points, if any, have tlieir coordi- 
nates unchanged? 

7 If the system x + ky — kz •= 0 

(k + l)x - 2// + 32 = 0 
(ak + b + l)x + ay =0 

has a non-trivinl solution for every value of k, determine a and ft. 

8 Prove: If the determinant of a system of n linear equations in n un- 
knowns is zero, then there exists no solution or infinitely many solutions. 

9 Prove: If n + 1 linear equations in n unknowns are consistent, the 
determinant of the augmented matrix is zero. 

10 Prove: If the rank of the matrix of a homogeneous system in n unknowns 
is n — 1, then any two solutions are linearly dependent. 

11 Prove: If (x lf * 2 , • • • , x n ) and ( y lf y 2i 9 • • , y n ) arc solutions of a 
homogeneous system and X, n are any numbers, then (Xa?i + y,y u 
X$a + pyij • • • , X*„ + nyn) is also a solution. 

12 If in the system a % &i + 0,2*2 + • • ■ + = ft, (i = 1, 2, • • • , m) 

we replace all the right sides by zero, we obtain what is called the 
associated homogeneous system. Let (Xi, X2, * • • , X») be a particular 
solution of the non-homogeneous system. Prove: If (t/i, y 2i ••• f y n ) is 
a solution of the associated homogeneous system, then (2/1 + Xi, 
y% + X 2 , • • • , y n + X n ) is a solution of the non-homogeneous system 
and, conversely, every solutioA of the non-homogeneous system is obtain- 
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able in this way from some solution of the associated homogeneous 
system. 


7. Linear dependence of polynomials We say the polynomials 
f(x ) and g(x) are proportional if one of them is identically equal to 
the other multiplied by a constant factor. We might, if we like, 
broaden this concept of proportionality by permitting the factor to 
be any polynomial, instead of restricting it to be a constant. This 
would be useful for some purposes, but we shall not do so here. 
As in §1, however, we extend the restricted concept of proportion- 
ality to any number of polynomials. 

We define the polynomials fi{x), fz(x), • • • , ^ 1, 

to be linearly depend* nt if J; here exist constants Ci, o, • • , r m , 

not all zero, such that cji{x) + c^x) + ■ • ■ + r^u) ^ 0. 

If no such constants exiht, the polynomials are said to be linearly 
independent. 

For two polynomials linear dependence is the same as pro- 
portionality. 

Example 1 Show that fi(x) as x — 1, f 2 (x) s= 2x + 3, f 3 (x) as 1 
are linearly dependent. 

This is obvious since 2/j(jr) — f 2 (x) + 5f 3 (x) = 0. 

Here it is a simple matter to guess the constants. We shall 
see below how to aetermir.e whether there is linear dependence 
without guessing the constants, and we show how to find the 
constants. 

Example 2 Show that fi(x) = x — 1, f 2 \x) _ = 2x + 3, f>(x) as x 2 
are linearly independent. 

Suppose cifi(x) + cif 2 {x) + c 3 f A (x) as 0 where c h c 2 , c 3 are 
constants. Then 

ci(z - l) + c*( 2x + + c 3 x 2 m 0 

c 3 x 2 + (ci + 2 c 2 )x + (3c, — ci) s 0 

This requires (§1 Ch. 2) c 3 = 0, ci -L 2 c 2 = 0, 3c 2 — C\ = 0. 
Solving these equations for r h a, c 3 , we find that they are all zero. 

Linear dependence of polynomials is closely related to linear 
dependence of constants. In fact: 
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THEOREM 

If ft(z) ts OtoX* 4 OtiX*- 1 + • • • 4 + Otn (* “ 1, 2, 

• • * , m), then fi(x), /*(*), • • • , f m {x) are linearly dependent if 

and only if them, sets of n + 1 constants a,o, a»i, • • • , a,, (i = 1, 
2, • • • , m) ore linearly dependent. 

(The polynomials are not necessarily of the same degree since 
no assumption is being mode concerning which, if any, of the coeffi- 
cients are different from zero.) 

Proof: 

Cifi(x) 4 c t fi(x) 4 • ' * 4 rmfmix) 

= Ci(rtior" 4 cua-” -1 4 * * • 4 ain-ix 4 Oi„) 

+ Ci(azoX n + an*” +• * * * 4 o 2 n-\* 4 a 2n ) 4 

• • * + e m (a m0 x n 4 Or, ix n ~ l 4 • • • 4 a m n -iX 4 Om») 

== (ciaio + ( } a 2 o 4 ’ * • 4 c m a m0 )x n 
+ (ci« a 4 e : at j 4 * • ' 4 c m a m i)r n ~ 1 4 
" * * 4 (Cl«1 »-l 4 C.asn-l ' • • + CmOmn- j)x 

+ (ClOi„ 4 CiPtn 4 * * * 4 CmOmn) 

This vanishes identically if and only if 

CiOin + r 2 fi s0 4 • * * 4 c™Omo = 0 

ClOu 4 CjOi 1 4 • • * 4 CmOml = 0 

• •••It* 

ClOln 4 Ci0 2n 4 • • * 4 CmOmn — 0 

Thus, the given polynomials are linearly dependent if and only 
if the m sets of constants are linearly dependent (§1 ). 

Remark When the polynomials are linearly dependent the multi- 
pliers Ci, c 2 , • • • , Cm can be obtained by the method of §2. 

Example In example 1 above, we have three sets of constants, 1, 
— 1 and 2, 3 and 0, 1, with two constants in each set. Since there 
are more sets than numbers in each set, we certainly have linear 
dependence (§2). 

To find ci, c 2 , fa we proceed (as in §2) to add a column of zeros 
*o make the number of constants in each set equal to the number 
ot sets. We obtain 

1, -1, 0 
2, 3, 0 

0,. 1, 0 
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The matrix formed by these numbers has rank two. 

For ci, Cs, c* we may take the cofactors of the elements in the 
last column in the determinant of the matrix.' We obtain ci = 2, 
C2 1, C3 ~~~ 5. 

From the preceding theorem and the theorems of §2 we have: 
COROLLARY 

The polynomials a, or" + a x ,x n ~ l + • • • + a,. n _ix + a,„, (t = 1, 
2, • • • , m), m g n + 1, are linearly dependent if and only if the 
matrix of the coefficients 

( OlO On * * * Oi„\ 

O20 O21 • * • C2» ] 

/ 

OmC Qml * * * dn*n / 

has rank less than m. If m > n + 1 the 'polynomials arc necessarily 
linearly dependent . 

Exercises 

1 Determine whether the following set? of polynomials are linearly 
dependent and, if they are, find multipliers c»: 

a) x 2 — 2x + 3, x — 1,2 

b) x 2 + 7x + 4, x 2 + 5x - 1, 2x + 5 

c) x 3 , x 2 , x 2 - 1 

d) x 3 +- x 2 — 3x — 1, 2x s — x 2 — 4x + 1, x 3 — 5x 2 + x 

e) 3x G — 7x 3 + 4x 2 + 2x — 1, 2x° — 10x 6 — 10x 3 + 7x 2 — x, 4x® •+ 

10x 6 — 4x 3 + x 2 + 5x — 2 

f) x n — nx n ~ l — a, x n + nx n ~ l + a, x**" 1 + 1, where a is a constant and 
n > 1 

g) x n — nx + 1, 2x n — 7r + 1, x + 1, where n > 1 
2 Prove : A single polynomial is linearly dependent if and only if it vanishes 
identically. 

3 Prove: If among /i(x), />(x), • • • ,/m(x) there are n < m polynomials 
which are linearly dependent, then all m polynomials are linearly 
dependent. 

4 Prove: If /i(x), fi(x) } • • • , f m (x) have different degrees, they are 
linearly independent. 

*5 Prove: If/i(x), • • • ,f n (x) are lineally dependent, then 0(x)/i(x), ■ • • , 
0(x)/w(x) are linearly dependent. Establish the converse if g{x) ft 0. 

6 Prove: 7//i(x), • - • ,/m(x) are linearly dejiendent then/i(^(x)), • • • , 
fm(g(x)) are linearly dependent. 
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7 Prove: If fi(x), ■ • • , / m (x) arc linearly dependent, their derivatives 
are linearly dependent. Is the conveise true? 

8 Prove: fix) is identically zero or of degree at most k if and only if /(x), 

/'(a*), • • • , f (k 4 1} (x) are linearly dependent. 

9 Prove :/i(x),/»(x), • ■ • , / n (x) ai e linearly dependent if and only if 

fAx) f 2 (x) - • • f n (x) 

fa) fa) • • • fa) 

/r 5> « A" fa) ■ • • fa) 

vanishes identically. 

[This determinant is called the Wronskian of /i(x), / 4 >(rr), • • • ,/»(x).] 


8. Linear equations in a field If the elements of a determinant are 
required to be numbers in a given field 3, instead of being allowed 
to be any complex numbers, the theory presented in t’h. 12 is still 
valid. For, in defining determinants and developing their prop- 
erl ios, the only operations performed upon Ihe elements are the 
rational operation*-, and the only properties of these operations 
which are used hold in every held. In particular, if the elements 
of a determinant lie in a field $ then the determinant is a number 
in ff. 

It follows that the small part of the theory of matrices in §9, 
Hi. 12, where the elements were allowed to be any complex numbers, 
aho applies to matrices whose elements are required to be in a 
given field. 

The theory of linear dependence also carries over to any field. 
If Oil, a lL , • • • , a in (j = 1, 2 f • • • , m) arc 1 m sets of n numbers 
in ft, they arc said to be linearly dependent over SF if there exist 
numbers Ci, c 2 , • • • , c m in fF and not all zero such that Cidi, + 
C 2 (i 2j + • ■ • + c m a mj = 0 for j = 1, 2, • * • , n. 

It follows as before that if m ^ n the m sets of constants in 9F 
are linearly dependent over SF if aud only if the rank of their matrix 
is less than ra. If m > n the m sets are always linearly dependent 
over SF. 

Since the theory of linear equations depends only upon the 
theories of determinants, matrices and linear dependence, and only 
the rational operations are used in the development of the theory, 
it follows that if the a X j and in the system of equations a % 1 X 1 + 
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0,2X2 -f • • • + o,„x„ = b, (i = 1 , 2 , • • • , m) belong to a field SF 
and the numbers Xi, x 2 , • • • , x„ in a solution (x\, x it • • ■ , r„) 
are required to be in SF, then the entire discussion of linear equations 
in this chapter applies. 

We might also remark that all the preceding theory concerning 
determinants, matrices, linear dependence, and linear equations is 
independent of any particular field in which the elements lie. In 
particular: 

(a) If the elements of a determinant lie in SF and also in SF', 
then the determinant also lies in both fields. Thus, the value of a 
determinant does not depend upon any particular field in which 
the elements lie. 

(b) If the elements of a matrix lie in SF, the rank of th( matrix 
does not depend upon SF. Since the rank is determined by the 
\ alues of the minors of the matrix, and these values do not depend 
upon fT, the rank is the same whether we regard the elements as 
belonging to the field ,T or to any other field which contains them. 

(e) If m sets of constants are linearly dependent over J, they 
are linearly dejxmdeut over any field ST' which contains these 
constants. For, if they are linearly dependent over SF, the multi- 
pi ieis • • • , c m can he determined as the values, or the nega- 

tives of fhe values, of cert am minors of the matrix. Hence, the 
multipliers belong to SF and also to 3 '. 

(d) If the a„ and 6 , in a system of m linear equations in n 
unknow 11s lie in SF, and SF' is a*>y other liehl containing these numbers, 
then the system is consistent over SF, that is, there is a solution 
(xi, x 2 , * * • , x„) where xi, x_>, • • • x„ are in SF, if and only if it is 
consistent over 5 '. This follows fron the fact t hat the n riles of the 
matrix of the system and the augmented matrix do not depend upon 
the field containing the elements. We remark, however, that it is 
possible for the system to have a solution txi, X2, * ■ • , x«) in 
which Xi, x 2 , • • • , x„ lie in SF but not in SF . For, if some of the 
unknowns can be assigned arbitrary v dues, the remaining unknowns 
then being uniquely determined, it/ is possible to choose the assigned 
values in such a way that they lie in £F but not in SF'. 
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1. Definition of elimination It is sometimes necessary to deter- 
mine whether polynomials /Or) and g(pc) have a common root when 
it is impossible or inconvenient in any practical way to obtain all 
the roots of cither one. Obviously, they can have a common root 
only if some relation exists among their coefficients. The deter- 
mination of a condition on the coefficients which is satisfied if and 
only if the polynomials have a common root is called eliminating x 
from the equations f{x) = 0, g{ x) = 0. 

Example 1 Eliminate x from x 3 + 2x 2 + (a — l)x + a = 0 and 
3J 2 + 2* + tt ““ 3 =0. 

Multiplying both sides of the second equation by x and sub- 
tracting from the corresponding sides of the first, we have x 2 + 2x + 
a = 0. Multiplying both sides of this equation by x and sub- 
tracting from the first of Ihe given equations, we have — x + a = 0. 

Thus, x = a is the only possible common root. 

Letting x — a in the second of the given equations, we have 
a 2 + 2a — 3 = 0, so that a is 1 or —3. 

For a = —3 the given equations are x z + 2x 2 — 4x — 3 = 0 
and x 2 + x — 6 = 0, with x = a = —3 as a common root. 

For a = 1 the given equations are x z + 2x 2 +1=0 and 
x 2 + x — 2 = 0, which have no common root (since the only 
possible common root x = a = 1 is not a root of the first). 

Thus, the equations have a common root if and only if a = —3. 

When we assumed that x has the same value in both equations 
and arrived at the conclusion that a is 1 or —3, we showed: if there 
is a common root then a is 1 or —3. The converse is not true since 
it is possible for a to have one of the values 1 or —3 without the 
given equations having a common root. Thus, the original elimi- 
nation was faulty, but direct testing of the condition obtained 
supplied the necessary correcVion. 
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Example 2 Eliminate x from x* + ax + 6 ■ 0 and x* + ex + 
d -0. 

We can solve one of the equations and substitute the roots into 
the other. Actually, however, we do not need the roots. For, if 
ri, r 2 are the roots of the first, then there is a common root if and 
only if (rj + cr 2 + d)(r| + cr 2 + d) = 0. 

Multiplying the two factors, we obtain the condition 

r\r\ -f crir 2 (ri + r 2 ) + d(r\ + r$) + cVjr 2 + cd(r i + r 2 ) + d* = 0 

But 

rir 2 = 6, r 2 + r 2 = —a, rf + r\ = (rj + r t ) 2 — 2rjr 2 — a 2 — 2b 
Thus, the condition is 

6* - ahe + (a* - 2b)d + be 2 - acd + d 2 = 0. 

In theory, this is a perfectly general method of elimination 
applicable to polynomials of all degrees, but it is difficult in practice 
except when the degrees of the polynomials arc small. 


2. Resultants If two polynomials have a common roof r, they 
have a common factor x — r. Conversely, if they have a common 
factor which is not a constant, they have a common root Thus, 
the condition for the cxe-ter^e ct a common root is the condition 
for the existence of a non-constant common factor. 

The condition for the exigence of a non-constant common 
factor is the vanishing of the last remainder (the one which does 
not involve x) in the Euclidean algorithm (,§8, Ch. 2). 

For example, if f(x) = (o — l).r 2 -} x i (o — l) 2 , g(x) = ax 2 + 
x + (a — l)o, the Euclidean algoiithm is 


, W .. t=J ,(*) -* ? 

g{x) m (a 2 x + a) % + a(a - 1) 

CL 


Since the last remainder is a(a — 1), apparently we may say 
that /( x) and g(x) have a common root if and only if a is 0 or 1. 
Actually, the algorithm gives us no»faUch right, since for a = 0 
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certain parts of the algorithm fail to exist. However, we do have 
the right to say that if a is not 0 or 1 there is no common root, and 
if a = 1 there is. 

For a = 0 the algorithm does not apply, but in this case fix) a 
— x 2 + x + i and g(x) = x, and wc see there is no common root. 

It often happens, as in this example, that the use of the Euclidean 
algorithm leads to the inconvenience of requiring special consider- 
ation for some values of the coefficients. The trouble arises from 
the fact that in the quotients and remainders some of the coefficients 
may not be polynomials in the coefficients of fix) and g(x). 

A polynomial in the coefficients of fix) and g(x) which vanishes 
if and only if /(x) and g(x) have a common root is called a resultant 
or eliminant of fix) and g(x). The Euclidean algorithm does not 
always lead to a resultant. Sylvester’s method of elimination, 
which we shall present, does, and also lias the advantage of greater 
simplicity. 

Exercises 

Eliminate x from the following pairs of equations and, if possible, find 
the common roots; 

n) aa 2 + 2x + a — 0 

a 2 x 2 + fix -f a 2 — 1 - 0 
10 ox 2 + 2x + a — 0 

a 2 x J + a l x — 4x + a 2 = 0 

c) x ’ — 3x + 2 = 0 

x* + — 1-0 

d) x a -+ bx 2 + x + a - 0 
x 2 + (6 — a)x + 1 — fib = 0 

3. Linear dependence and common factors Let 

f{x) ss aoX n + uix*- 1 + • - • + a n _ix + o n , n ^ 1 

g(x) = box™ + bix m ~ l + • • • + b m -ix + b m , m ^ 1 

We may or may not have m = n. We are not at tl e moment 
making any hypothesis concerning which, if any, of the a’s and 
V s are different from zero. 

Let 1 g k g Pi where k aiul p are integers and p does not exceed 
either m or n. 


c) x’ - 3* + 2 = 0 
x • + ax + b = 0 
1) x' + < ix 2 + bx + r = 0 
x 2 + dx + c - 0 
g) x 1 + ax 2 + n + 1 =■ 0 
x 3 — x + 2a + 2 = 0 



53] LINEAR DEPENDENCE AND COMMON FACTORS 243 

THEOREM 

If f(x) and g(x) hove a common factor of degree p, then any m + n — 
k — p + 2 of the polynomials x'f(x) (i — 0,* 1, ■ • • , m — k), 
x’g(x) (j = 0, 1, • • • , n — k ) are lineal ly dependent. 

(For a discussion of linear dependence of polynomials sec §7, 
Ch. 13.) 

Proof: Suppose 

/(*) = v(x)F(x) 
g(x) S' <f>(x)G(x) 

wheie <p(x) is of degree p and F(x) and G{x) are identically zero or of 
degrees n — p and m — p al mo&t. Then 

x'f(x) sx x\ (x)F(x) ==. <p(z)F t (x) where Ffx) = x‘F(x ) ; 

x’g(x) = x’<p(x)G(x) ^ <p(x)Gj{x) where G t (x) = 

Since * = 0, 1, • • • , m — k, the maximum possible degree of 
F t (x) is m + n — k — p. 

Since j — 0, 1, • • • , » — /:, the maximum possible degree of 

G,{x) is also m + n — k — p. By the coiollary in §7, Cli. 13, any 

m + n — k — p + 2 of the F t ( r) and G 3 (x) are linearly depen<lent. 
Therefore (ex. 5, §7, Ch. 13), any m -)- n — k — p ■+ 2 of the 
polynomials x'f(x) and x’g{x) arc linearly dependent, which estab- 
lishes the theorem. 

THEOREM 

If a 0 or ho is different fiom zero and any m + n — k — p •+• 2 of the 
polynomials x'f(x) (i — 0, 1, • • • , m — k\ x’g(x) (j = 0, 1, 
• • • , n — k) are linearly dcyindinl, I’len f{.v) and g\x) have a com- 
mon factor of degree p or higher. 

Proof: Suppose, to be specific, that ao ^ 0. 

By hypothesis, x'f(x) (i = 0, 1, • • • , m — k) and x } g(x) 
(j = 0, 1, • • • , n — p) are linearly dependent. Therefore, there 
exist constants Xi, Xi, • • * , \m-i, Mo, mi» * ' ' » M»-/>» n *>t all zero, 
such that 

X(/(x) + \ixf(x) + •••-( \ m -ix m - l f{x) -|- ;i 0 g(x) + Mixg(x) 

+ • • * + M»- ■pX H - p g(x) m 0. 
Ilcnce, A (x)f(x) + B(x)g(x) = 0 

where ^(-r) £ lo+ Xi-r +•••*+ \ m -ix m ~ h 

B(x) = MO + Ml* + * * * + Hn-fX* P 
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If B(r) s 0 then A(x)f(x) = 0. Since f(x) ^ 0, this requires 
A(x) s 0. But A(x) = 0 and B(x) s 0 is impossible since not 
all the X’s and /x’s 'are zero. Therefore, B(x) ^ 0. Hence, B(x) 
is of degree » — p or less. 

It follows (ex. 10, §10, Ch. 2) that f(x) and g(x) have a common 
factor whose degree is at least p. 

4. Condition for common roots In considering the number of 
common roots of f(x) and g(x) we agree to count each root as often 
as its multiplicity. Thus, the statement that f(x) and g(x) have 
p common roots means that they have a common factor of degree p. 

In view of the theorems of §3, to obtain a convenient condition 
for the existence of p common roots we have only to express con- 
veniently the condition that any m + n — k — p -f 2 of the poly- 
nomials x'f(x) (i = 0, 1, • • • , m — k) and x'g{x) (j - 0, 1, 
•••,» — &) are linearly dependent. This can be done by means 
of the matrix of the coefficients of these polynomials. 

We have 



x m ~ t f(x) a 0 £" +n - i + flijm+n-fc-l . -j- o,_ ia; «-*+l 


+ + 


n i 

O O 

4 - + 


s % 


+ + 


+ + 


+ + 


6 k 

-o rO 


+ + 


i * 

-o 


1 1 

rO rC 

+ + 


I I 

rC hO 

+ + 


+ f 

e e 

*2, i 

rO ~S 


S45 



If we put in zeros for the mining coefficients, the coefficients form a matrix 
At with m + n - 2k + 2 rows and m + n — k + 1 columns 


o o o 


o o o o o 


o o o 


1 I 

(5 Sf *5 

C Q C 


1-4 d eo 

i * i 

q cs e 


e d? o o o 


c* -4 © 

<3 a a 


« - ss 
c 3 o rO -C; 


. . . 1 i 

ts C3 -O 1-0 hO 


I i I 

o BBS 

c O -C> tO -O 


rM»-4C- 

O O -o -c iO 


it o 

O O 


o O -© -o O 


O O rC O O 
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k^l. Therefore, 2 (k - 1) ^ k - 1. Hence m + n - (k - 1) ^ m + n 
— 2 (k — 1). Thus, the numbej of columns in A* is at least equal to the 
number of rows. 
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Since p ^ k, k + p — 2 ^ 2 k — 2. Hence m + n — (A + 
p — 2) gm + n — (2/c — 2) ; that is, m + n — i — p + 2 is 
equal to or less than the number of rows in A*. Therefore, any 
m + n — k — p + 2 of the polynomials x'f(x), x } g(x) are linearly 
dependent if and only if any m + n — lc — p + 2 rows of A*, are 
linearly dependent (§7, corollary, Ch. 13). It follows that any 
m+zi — A — p + 2 of the x'f(x ), x 3 g(x) arc linearly dependent if 
and only if the rank of A*, does not exceed m + n — k — p + 1 . 
From the theorems of §3 we now have: 

THEOREM 

If f{x ) and g(x) have p or more common roots , then the rank of A* does 
not exceed m + n — k — p + 1. 

THEOREM 

// a 0 or b Q is different from zero and the rank of A* does not exceed 
m + n — A' — p + 1, thenf(x) and g(d ) have p or more common roots . 

By taking k = l we obtain the corollaries: 

COROLLARY 1 

[f /(.r) and g(x) have p or more common roots thtn the rank of Ai does 
not exceed m + n — p. 

COROLLARY 2 

If do or bo is different from zero and the rank of Ai dots not exceed 
m + n — p, then f(x) and g(x) have at hast p common roo^s. 

By taking k = p in the theorems (in which case ± p has m + 
n — 2p + 2 rows and w+^-p+1 columns), we have the 
additional corollaries: 

COROLLARY 3 

If /Or) aw/ 0(.r) /wre p or more common roots , then the rank of A p 
does not exceed m + a — 2p + 1 . 

COROLLARY 4 

// do or 6o different from zero and t! *' rank of A p does not exceed 
m + n - 2p -+ 1, that f(x) and g(.i) have at least p common roots. 

Ai is an (m + /i)-rowed square nintiix. Henee, its rank does 
not exceed m -f n — 1 if and only if the determinant of Ai is zero. 
Thus, this determinant is a polynomial in the coefficients of f(x) 
and g(x) which, if a u or b 0 is non-zero, vanishes if and only if /( x) 
and g(x) have a common root . 
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Wo denote this determinant by A and call it the Sylvester 
resultant of /(x) and g(x). 

Ai is made up 6f two groups of rows, the first m rows formed 
from the coefficients of /(x) and the last n from the coefficients of 
g(x). If we delete the first column of Ai and also the first row of 
each group, we obtain A s . If we delete the first two columns of As 
and also the first two rows of each group, we obtain As. 

In general, A, is obtainable from Ai by deleting the first p — 1 
columns of Ai and the first p — 1 rows of each of the two groups of 
rows in A*. 

Example 1 Determine the number of common roots of f'x) ss 
2x 3 — x* — 1 and g(x) = 2x* + 3x 2 4- 2x + 1. 

We have m = n = 3 and 



= 2x 5 - x 4 - x J 
= 2x* — x* — x 
= 2x 3 - x 2 - 1 
= 2x s + 3x‘ + 2x* + x 2 
= 2x 4 + 3x 3 + 2x 2 + x 
= 2x s + 3x 2 -f 2x 4- t 


The determinant of Ai is zero. Hence, there is at least one 
common root. 

The rank of As is obviously two. Hence, there cannot be three 
common roots (corollary 3). 
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Thus, if the rank of A 2 is four there is one common root, and 
if its rank is less than four there are two common roots. 

A 2 has five four-rowed minors and each of them is zero. 
Therefore, f(x) and g{x) have two common roots. 

Example 2 Find the values of a for which x* — 3x -f a and 
x* — ox + l have a common root. 

Since the leading eopfhcients are different from zero, there is a 
common root if and only if the Sylvester resultant vanishes. We 
have 

1 0-3 u 0 

0 1 0 -3 a 

A = I -a 1 0 0 = (a 3 - 4) 8 

0 l-o 10 

0 0 1 -a 1 

Thus, the polynomials have a common root if and only if a is 
2 or -2. 

For a = 2 the polynomials are x 3 — 3x 4 2 and x 2 — 2x + 1, 
with 1 as a common root. 

For a = —2 the polynomnls are x 3 — 3x — 2 and x* + 2x -f 1, 
with —1 as a common root. 

Exercises 

1 Determine the number of common roots: 


a) x 3 - 3/ + 2 = 0 
4x 3 + 9x 2 — 4 = 0 

b) x 3 + 3x 2 — fix + l = 0 
x 3 - 5x 2 4 3x + 1 =0 

c) x 3 + 5x + 2 = 0 
x 3 f 3x + 1 - 0 

d) 2x 3 + x* — 2r — ] = 0 
2x 3 — x* - 2x + 1 - 0 

e) x* + 3x — 1 = 0 
* 3 + 2x* + 1 - 0 

f) x* + 3x* + 2x + 3 = 0 
x 4 + x* + 1 = 0 


g) X 3 + x + 1 =0 

x 4 — x 3 + x 2 — i = 0 

h) x 4 - x 3 + 2x 3 - x + 1 = 0 
x 3 — 2' 3 f x - 2 = 0 

i) x* 4 3i F 1 =■ 0 
x‘ + a’ + 3 = 0 

j) F x 2 + 1 + t = 0 
x* F 2x — i = 0 

k) 4x' + 3x 3 + 123 = 0 
3x 3 - 4x 2 + 25 = 0 
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2 Determine the number of common roots for all values of a v or of a and b: 


a) x — a = 0 

x 3 — 3 a 2 x + a = 0 

b) x 2 + ax + a = 0 
x 3 + ax + a = 0 

c) x 2 + ax + a = 0 
x 3 + ax 2 + a = 0 

d) x 2 — ax + a — 1=0 

x 3 + x 2 - (a 2 + l)x + a 2 = 0 

e) x 3 + 2x — 1 = 0 
a- 3 + ax — 1 ■= 0 

f) x 3 + ox 2 — 2x + 1 = 0 
x 3 — 2x 2 + ax + 1 =0 

g) ax 2 + bx + a = 0 

x 3 - 2x 2 + 2x - 1 - 0 

h) x 3 + ax + b - 0 
x 2 + ax + b = 0 


j) 2x 3 - x 2 + a = 0 

2x 3 + x 2 + x - 1 =0 

k) x 3 + ax 2 + 6 = 0 
x 3 + ax + b = 0 

l) x 4 + ax + a + 2 = 0 
x 4 + (a + 2)x + o = 0 

m) ax 4 — x 3 — 3x 2 — fix — 2 w 0 
x 2 + x + 1 =0 

n) x 4 — x 3 + ox 2 — x + 1 = 0 
x 3 — 2x 2 + x — a - 0 

o) x r> + 2ox + a =- 0 
x 3 + 2 ax + o = 0 

p) x 3 + ox b + 1 = 0 
x 1 - 1 = 0 

x 3 + 2ax + b = 0 

q) x 4 + ox { + 1 =0 
x 4 + fcx‘ + 1 =-0 
x 1 + ax 2 +1=0 


i) x ? — x + 1 = 0 

x 4 5 + (a - l)a 1 + x 2 + a = 0 


3 Dcteimine the v.iluch of « for which tlie following have multiple roots 
(see §2, Oh. 4) : 

a) x 3 + 3 ox + a =- 0 c) x 4 + 4ox 3 + 27o = 0 

b) x 4 — 4ux + 3a = 0 


4 If f(x ) ~ o(x — r), ^(r) =r + Six™- 1 + • • • + b mf show that the 
Sylvester resultant of f{x) and g{x) is a ,l g(r). 

5 Let/(rl be of degiee n > 0. By the di\jsion algoiithm (§0, Ch. 2) let 

x^(x) — QJx)f(x) + r7 1() x n 1 + tf.ix" -2 + - • + a t „_>x + a x «_i ( i - 

0, 1, • • • , n — 1). Prove. /(a) and g[x) have a common root if and 
only it 


ttoo 

Un-l 0 


Oo.w -1 


= 0 


e n— l.n— J| 


(This method of elimination is due to Lament.) 

6 Show that there exist polynomials A(x) and B{x) such that the Sylvester 
resultant of f(x) and g(x) equals A(x)f(x) + B{x)g(x). (Hint: Multiply 
the first column by x and add to the second. Multiply new second 
column by x and add to the third. Etc. Expand according to last 
column.) 
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5. Two equations in two unknowns Suppose wc have a system of 
two equations f{x f y) = 0, g(x , y) = 0, where f(x, y) and g(x, y) 
are polynomials in x and y , neither identically zero, and we seek 
all pairs of values (x, y) satisfying both equations. Such a pair of 
values is called a solution of the system. 

We suppose that both x and y appear in the system, i.e., at 
least one of the polynomials has a positive degree in x and at least 
one a positive degree in y. 

Let the polynomials, arranged according to powers of x, be 

/(*r, V) — do(y)x n + ai(y)x"- 1 +"••+■ a n -i(y)x + a n {y), 

<*o (y) ^ 0 

g(fy y) s b 0 (y)x m + bi{y)x m - J + • • • -f 6*-i (y)x + b„(y), 

' o (y) ^ 0 

where the a t (y) and bj(y) are polynomials in y . 

We may have w =■ 0 or m = 0, but not both. 

If neither n nor m is zero, we can eliminate x and obtain the 
Sylvester resultant, which will be a polynomial in y . We denote 
this resultant by li(y) and wo call Ji (y) — 0 the final equation in y. 

If ( x 0 , y») is a solution of the gi\en system, then J(x , yo) and 
g{x y 7/o) are polynomials in x with x = do as a common root. The 
resultant of these two polynomials in x is 7?(y 0 ). Hence (§4), 
R(yo ) = 0. 

If one of n and m i*^ zero, and (.ro, //«) is a solution, th^n obviously 
is a root of that equation fix, y) = 0 and g{x, y) = 0 which does 
not involve x. In this case we call the equation which doco not 
involve x the final equation in //. 

Thus, in all cases: 

THEOREM 

If (x 0 , t/o) f* a solution of the system f(x, y) - 0, g(x, y) = 0, then 
yo is a root of the final equation in y . 

We can, in a similar way, define the final equation in x and 
show that Xo must be a root of that equation. 

The converse of the theorem is not true. It is possible for yo 
to be a root of the final equation in y without any value Xo existing 
such that (xo, yo ) is a solution of the system (see example 1 below). 
However, this cannot happen if ao(yo) 0 or &o(&o) ^ 0 (corollary 
2, §4). 
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To find all the solutions of f(x, y ) = 0, g(x, y) — 0, we have only 
to find all the roots of R(y) = 0 and then, for each such root y,, 
find tho common roots of the equations in x, f(x, y t ) = 0, g(x, y t ) = 
0. (Or, it may be more convenient to proceed by first finding the 
roots of the final equation in x.) 

Example 1 Solve the system of equations x 2 y + 2x + 1 = 0, 

xy + y + 6 = 0. 

Eliminating x by Sylvester’s method, wt have 
y 2 1 

R(y) =- y y + 6 0 = y(y + 3)(y + 8) 

0 y y + 6 

The roots of the final equation in y are 0, —3, —8. 

For y — 0 the given equations are 2x + 1 = 0, G — 0, with no 
common root. 

For y — —3 the given equations are — 3x 2 + 2x + 1 = 0, 
— 3x + 3 = 0, with x = 1 as a common root. 

For y — — 8 the given equations are — 8x 2 + 2x + 1 = 0, 
— 8x — 2 = 0, with x = — 1 1 us a common root. • 

Thus, the solutions of the system arc (1, —3; and (—}£, —8). 

Example 2 Solve the system of equations y 2 — X s + 2y — 2x — 0, 
2 xy — x 2 — y 2 + 2y — 2x = 0. 

Eliminating x by Sylvester’s method, we have 


-1 

R(y) ^ _i 

o 

We also have 

A 2 = 


—2 y* + 2y 0 

-i -2 y a + 2y =ft 

2y — 2 2y — y 2 0 
— 1 2y — 2 2 y — y l 


(- 1 -2 y 2 + 2 y \ 

1 2y — 2 2 y — y 2 / 


Investigation of the three two-rowed minors of A* shows that the 
rank of A 2 is two except v hen y = 0 in which case it is one. 

Thus, for y 5 * 0 there is exactly one solution (x, y) and for 
y = 0 there may be two. (We say “may” since the two solutions 
may turn out to be the same.) 

For y = 0 the equations are x 2 + 2x = 0, x 2 + 2x = 0, with 
0 and —2 as common roots. ( 
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For y t* 0 the common root ia x — y (by the method of §6, 
Ch. 3). 

Thus, the solutions are (y, y) for all values of y, including 
y — 0, and (—2, 0). 


Exercises 

Solve the following systems of equations: 


a) (* — !/)* + 4 -x4 2 y 
xy + 2 = 2x + V 

b) x 2 +xy + 'iy 2 -= 5 
x 2 + 3 xy 4- y 2 - 3 

c) x a + xy 2 — 2 x 2 y — 2y — 0 
xy — x 1 — 1 

d) xy + x 4- y - 1 

x^y 4- x 1 — x — xy 2 — y 2 4- y -- 1 

e) x 2 + xy — y - 0 

x 2 Ax — y 2 — y — 0 

f) xy 2 — xy — y 2 4- 1 = 0 
xy — y - 1 - 0 

g) x 2 — x - y 2 4- y = 0 
x 2 + y 2 = 1 


h) x 2 y + x 2 — y — 1 = 0 

xV — 2xy - x4y41 = 0 
il ( x 4- y)U + xy) + xy = 0 
xy[ 1 4- x 4- ?/) 4- 2(.x 4- y) = 0 

j) i(y + a) 4- 4a = 0 
y(x 4- 1 1 4- a — 0 

k) x 2 4 xy + a 1 — 0 
xy + y‘ - oa 2 = 0 

l) xy 4- ox 4- 2 =- 0 

(n 4 b)xy 4- y + b = 0 
m) xy 4- x 1 = ay 
xy + y 2 - ax 


6. Common factors of polynomials in two variables The theory of 
elimination provides a way of determining whether polynomials 
f(x, y) and g( x, y) have a . >mr..on polynomial factor. 

THEOREM 

7/ f{x, y) and g{x, y ) arc non-constant -polynomial <f, at least one of 
positive degree in x and at Last one of postfix digree in y, then they 
have a common polynomial factor of positive degree in x if and only 
if R(y) = 0. 

Proof: Suppose /tr, y) and g(r, y) have the common polynomial 
factor h(x, y) s: co(y)x v 4~ * • * + e^y), p 1, Co(y) ^ 0. If yo 
is any number such that Co(yo) y* 0, then h(x, yo) = 0 has at least 
one root xo. Thus, for every such yo there is a solution (xo, yo) 
of the system f(x, y s = 0. g(x, y) -= 0. Hence, every such yo is a 
root of R(y) = U. Since there are infinitely many such values of 
Vo, R{y) = 0 (§4, Ch. 21. 
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Conversely, suppose R(y) = 0 . If 

f(x, y) s a 0 (j/)a: n ( + • • • + a n -i(y)x + a n (y), a 0 (y) ^ 0 

g(x, y) = bo(y)x m '+ • • • + 6 ™-j( y)x + b m (y), b 0 (y) ^ 0, 

then necessarily n ^ 1 and m ^ 1. For, for instance, if n — 0 
then R(y) = a 0 (y) ^ 0 . 

If we treat f(x, y) and g(x, y) as polynomials in x and obtain 
a highest common factor by the Euclidean algorithm, starting the 
algorithm by dividing / by g, then it is eahily verified (by proceed- 
ing step by step down the algorithm) that all the quotients and 
remainders are polynomials in x whose coefficients are quotients 
of polynomials in y by powers of b n (y) In particular, this is true 
of the highest common factor D{x, y) which is obtained. 

If we divide f(x, y) and g(x, y) by D(x, y), regarding these as 
polynomials in x, avc obtain 

y) = F(x, y)D(x, y), g(r, y) = G(x, y)D(x, y) 

where F, G , D are polynomial in x \\ hose coefficients are quotients 
of polynomials in y . Those equalities hold for nil values of x and 
y for which the coefficients of the powers of x in F, G, 1 ) exist. 

If 60(2/0) ^ 0 the algorithm is applicable and I)(x, y 0 ) is a high- 
est common factor of f(x, y<>) and g(x, y 0 ). Since R{ijo) =■ 0 and 
60(2/0) 7* 0, /(.r, 2/0) a,nd g(x, 7/0) have a common root. Hence, 
D(x, ?/o) is either identically zero or of positive degree in x. 

But if D(x, 7/0) ^ 0 , then y{x, y 0 ) 0 , which is impossible since 

6o(//o) * 0. 

Thus, DU, y 0 ) is of positive degree in x. Therefore, D(x, y) 
is also. 

If c(y) is a common denominat or for the coefficients of the powers 
of x in F } G , Dj tlien we may write 

f(x, y) - Flix, y)Di(x, y) 

g(x, y) - ^ Gi(x, y)Di(x, y) 

where Fi(x, y), Gi(x, y), Di(x, y) arc polynomials in x and y. Theso 
equalities hold for all values of x and y for v\ hich c(y) 5* U. 

Since c(y) can vanish for only a finite number of values of y 
(possibly none), for any given .value of x 
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c(y)f(x, y ) = Fi(z, y)Di(x, y) 
y) = Gi(x, y)Di(x, y) 

for infinitely many values of y. Since, for the given value of x, 
the right and left sides are polynomials in y, they are equal for all 
values of y (§1, Ch. 2). Ilence, these equalities are identities 
holding for all values of x and y. 

If c(y) is a constant, then D\(x, y) is a common polynomial 
factor of f(x, y) and g(x, y) of positive degree in x. If not, let r he 
a root of c(y) and c(y) =s Ci{y){y — rj. Consider D x , F h G x as 
polynomials in x w ith coefficient s w Inch are polynomials in y. Then 
(m.. 12, §3, Ch. ID either y — r is a fjetor of every coefficient in 
lh or a factor of every coefficient in I'\ and (7j. In either case 

( V - r)ci(y)f(r, y) - {y - r)b\{x, y)D 2 (x, y) 

(y — ry^yifffx, y) ==((/ — r)G\(x, y)D 2 {x, y) 

where F s , G } , U 2 are polynomials in x and y, J) 2 of positive degree 
iu j\ 

It follows, hy canceling y — r (§3, Ch. 11 ), that 

ci{'/)f(x, y) - F 2 ( i, y)D.{x, y) 
r i{y')y(x, y) ~ G 2 {x, y)D 2 (i, y) 

rf Ci(y) is a constant, the proof is complete. If not, we proceed 
as before. 

Ml or a number of such st< p- [equal to the degree of c(y)\, we 
arrive at the* desired result. 

Example 1 Find all values of a for which 

/(a-, y) = axy \- (2 a - 1)- + (.1 — a)y <- a — 1 
g( x, y) s ay 2 + (2a - l)y + 1 1 -fl)/+l - a 

have a common factor of degree one or more. 

The values of a for which there is a common lactor of positive 
degree in * an* those for which ~ 0. 

Eliminating j: to obtain It (y), we nave 

», \ = a y + 2a — 1 (1 — a)y + o - 1 
" w ~l-a ay* + [2a - tjv -!- I - a 

* a(y ■+ l)[ay 2 + (3 a — 2 )y + 1 — a] 

R(y) m 0 only for a = 0. 
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For a = 0 the polynomials are —x + y — 1 and —y + * + 1, 
with an obvious common factor. 

The values of a for which there is a common factor involving 
y (whether or not the factor also involves x) are those which make 
the final equation in x an identity. Eliminating y, we have 

ax + 1 — a (2a — l)x + a — 1 0 

Ri(x) *= 0 ax + 1 — o (2a — \)x + a — 1 

a 2a — 1 (1 — a)x + 1 — a 

= o(l — a)[ax s — (a — 2)x 2 + (5 — 7 a)x + 2 — 2 a] 

which vanishes identically only when a is 0 or 1. 

We have already taken care of the case a = 0. 

For o = l the polynomials are xy + x and y 2 + y, with y + 1 
as a common factor. 

Example 2 Find all the values of k for which xy — kx + (k — 1 )y 
is reducible. 

A polynomial is reducible if it is the product of two polynomials 
neither of which is a constant. 

If it is reducible it has a factor of degree one. If the factor 
involves .r we may suppose it has the form x + ay + b. To find 
when such a factor exists we ask: For what values of a, b, and k 
d ot's the resultant R(y) of xy — kx + (k — 1 )y and x + ay + b 
vanish identically? 

We have 

K(y) - f j~ * {k y 1 J )s | - o» s + (1 + b - al: - k)y - bk 

which vanishes identically if and only if 

a = 0, 1 + 6 — a& — & = 0, —bk = 0. 

Solving these equations for a, 6, and k , we find a — 0, 6 = 0, 
k = 1 or a = 0, 6 = — 1, k = 0. 

For k = 1 the given polynomial is xy — x s x(y — 1), and for 
k « 0 it is xy — y = (x — 1 )y. 

We must also seek the values of k for which the given poly- 
nomial has a factor which involves y. We leave it to the reader to 
show that we obtain again k =^0, 1 . 



EXERCISES 


257 


Exercises 

1 For each of the following pairs of polynomials find a common factor 
of degree one or more or show that none exists.* Also find the solutions 
of the systems of equations obtained by setting the^e polynomials equal to 
zero. 


a) 4d? a + 4x — y 2 + 1 

4x a + fay — fy 2 + 5^ — 1 

b) x*y — xy 2 — 2x 2 — 2x + 3 xy 
x 3 + 2x 2 — xy 2 — 2 y 2 


c) 2x 3 — 2x 2 y — xy + y 2 + x — y 
x 3 + xy — 4x — x l y — y 2 + 4 y 

d) x 2 y +xy 2 — y + 2 j ? + 2x0 — 2 
a? 2 // - X0 2 + y + 2x ? - 2xy + 2 


2 Find the values of a for which there is a common polynomial factor of 
degree one or more, and find such a factor for each such value of a: 

a) x 2 — ay 2 

x 3 — T/ a + ax 2 — xy 2 

b) (x-y) 2 +(a + l)(x-y)+a 
(x - y) 2 - (a + l)(x - y) + a 

c) y s — ax + axy — 1 

x s y + 2xy 2 — a — ax’ — 2axy + y 

d) x 2 — xy — a + cue - x — ay 

x 2 + 2xy + if + (a + U(x + y) + a 

e) x 2 4 (a + l)xy + ay 2 — ax — <i-y 
x s + 3j : 2 y + 3xy 2 + y" — V — x 

f) x A + x\a - y) + xy - y 2 + ay 
x 2 + x(a - y + y 2 ) + ay 1 — y 1 

3 Find the values of <7 for which the following are reducible: 

a) x 2 f x + ay 2 + y 

b) - y 2 + 2ax 4- a, 

c) x 2 + xy + ay + (a — 2)x 4 a 

d) x 2 y + axy 2 + (2 a — 3)x 2 — xy + {a — \)y 

e) x 2 — ay 2 4 (1 — a)xy + a(a + \yj — a 2 

f) xy 4 ax + y' + ay 2 f 1 

g) x s + ax 2 — Axy 7 + 4 ay 2 — 4x — 4a 

4 Prove: If /(j\ ?/) and 0(x, ?/) are non constant polynomials, at least one of 
positive degree in x and at least one of positive degiee in ?/, and if the 
system /(x, y) -- 0, g(x, y) — 0 has infinitely meny holutions, then fix, y) 
and g(x y y) hove a common polynomial factor of degicc one oi more. 

6 Prove: If/(x, if) vanishes whenever the (non-constant) in edueible poly- 
nomial g(x, y) does, then /(x, y) ^ g(x , y)h{x , y ). (Hint: Use ex. 4.) 

6 Prove: If /(x, y)g(x } y) is divisible by the (non-constant) irreducible 
polynomial h(x , ?/), then either /(x, ?/) or gr(x, ?/) (or both) is divisible by 
h(x, y). [Hint: Show that either /(x, y) = 0, A(x, 0) « 0 or g(z, y ) = 0, 
A(x, 0) ■= 0 has infinitely many solutions; then use ex. 4.] 
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7 Prove. Every non-constant polynomial f(x, y) is uniquely factorable into 
irreducible factors. (Define “unique” factoiization as in §12, Ch. 2.) 
(Hint: Use ex. 6.) 

8 Prove: If f(x, y) ^ 0, g(x, y) ^ 0, then there exists a highest common 
factor. (Define a H.C.F. as in §K, Ch. 2.) (Hint: Use ex. 7.) 

9 A complex number is said to be algebraic if it is a root of a polynomial, 
not identically zero, with rational coefficients. Prove: If o + hi is alge- 
braic then a and b are also. [Ilint: Lot a + hi be a root of fix). Let 
fix + yi) s= <p{x, y) + vpix, y). Eliminate a bom <p(a , b) = 0, yp{a, b) 
= 0 to show b algebraic.] 


7. Successive elimination Suppose wo seek the solutions, if any, 
of the system of three equations f(x, y ) = 0, g(x , y) = 0, h{x, y) — 0 
in two unknowns, where /(.r, y ), g(x, y), and h(x, y) are polynomials 
in x and y . 

If wo form the final equa+ions Rf g (y) = 0 and R 0 h(y) = 0 by 
eliminating x from f(x, y) = 0, g(x, y) = 0 and from g(x, y) = 0, 
h(x y y) = 0 respective! j r , we obtain two equations in y which must 
l>c satisfied by y whenever (r, y) is a solution of the given system. 

If we eliminate y from those two equations we obtain a condition 
R = 0 which must be satisfied if the given system lias a solution. 

The converse is not generally true. That is, it is possible that 
even though the ghen system lias no solution. 

In a similar way w r e can form the equations R/ g {y) — 0 and 
Rfh(y) = 0 and then, by eliminating ?/, obtain R' = 0. 

We can also form the equations RjiAy) = 0 and R U h(y) = 0 and 
eliminate y to obtain R ,r = 0. 

If the gi\en system has a solution it is necessary that all three 
conditions R = 0, R r = 0, R" = 0 hold. It is possible, how'ever, 
that all ihico conditions hold without the system having a solution. 
Nevertheless, the information supplied by these conditions may 
enable us to determine whether there are any solutions and to find 
them. 

Example Find the values of z for wliich 

fix, y, z) s xy + xz — 2 = 0 

g(x, y* z) s y + xy — 2 — o 

h(z, y, z) = yz- zy « 0 

has a solution (.r, y). 
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Forming resultants by Syl\ ester’s method, we have 
R/M = V z -2 = y 2 + yz,- 2z 

y y - 2 

Rnh(ij) = y y — 2 * y 2 z + y 2 — 2ij 
-il yz 

Rfh(V) — \y + z —2 y'z yz — 2y 

|- 9 yz 

Eliminating y from R/ e (y) - 0, R/h(y) = 0, we have 
1 z —2 z 0 

0 1 s — 2~ - ls(* - IK;* + 2z + 2) =0 

z z 2 - 2 0 0 

Os z> -2 0 

Eliminating y frr m R;,(y) — 0, R„>(y) = 0, we ha\e 

1 s - 2-0 

0 1 s -2 s \uz - l)(3 2 + 2s + 2) = 0 

1 + z-2 0 0 i 

0 1 h —2 0 j 

Eliminating y from Rji(y) 0 , It Ay) = 0. we ha\e 

s s 2 - 2 0 0| 

0 s ~ — 2 0| 0 

1+3-2 0 0 

0 1 + ’ -2 0 

Thus, the only values of 1 >i which then might Ik i solution 
(r, y) arc the loots of L(~ 11(3 1 2. ) 2) = 0, oi : - 0 1, 

— 1 + 4, — J — / 

Toi 3 — 0 the tqn ition aic 

iy — 2 = 0 
y + iy — 2 - 0 

iy — 0 

There is no solution since the fiist and list equations eontiadict 
each other 

For 3 = 1 the equations aie 

ry -f x -2 = 0 
y + Jcy — 2 •= 0 
y — zy "=*0 
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By adding corresponding sides of the last two equations we obtain 
y = 1. The last equation then shows that x — 1. Direct sub- 
stitution into the equations shows that (1, 1) satisfies all three. 

Similarly, for z = — 1 + < there is a unique solution (— 1 + i, 
—2 i) and for z = — 1 — i a unique solution ( — 1 — i, 2 i). 

If we regard the given system of equations as equations in the 
unknowns x , y, z, and (x 0 , yo f Zo) as a solution if the values x = zo, 
y = yo, z = Zo satisfy all the equations, then we have shown that 
the solutions are (1, 1, 1), ( — 1 + i, —2 i, — 1 + i), (—1 — t, 2t, 
-1-0. 

Exercises 

Solve the following systems of equations: 


a) x* - y 2 + 2 = 0 

y 2 — — 1 = 0 

a; — z + 1 =0 

b) x 2 — y -= 

y — z = 1 
y 2 - z 2 - 2 

c) xy « 2 
xz = 2 

s 2 * y 2 + z 2 + 2 

d) a: — yz = 0 
y — xz = 0 
z — xy = 0 


e) xz — yz -f z = 1 

or - y + z = 1 
rz + yz — a: — y - z = 0 

f) x 2 + V - 2 - 0 
y 2 + x - z = 0 
x + y + 1 ^ 0 

g) x 2 + y — z -- 0 
y° + x - z = 0 
x -i - y — 1 = 0 
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1 . Principle of mathematical induction The principle of mathematical 
induction may be stated roughly as follows : If a statement involving n 

(1) is true when n ~ 1, and 

(2) whenever the statement is true for a positive integral value of n, 
say n = k, then it is also true for the succeeding value of n, » == 
k + 1 , 

then the statement is true for all positive integral values of n. 

Although this is called the pnnciple of mathematical induction, it lias 
nothing to do with induction in the dictionary sense of the word. To 
reason inductively is to draw a general conclusion from specific data. 
Such reasoning is generally not valid, the conclusion not being one which 
must follow but only one which probably lollows. Such reasoning is 
inadmissible in a logical development. 

The principle of mathcmalical induction is not a mode of reasoning 
but a property of the system of positive integers which may be used, like 
any other property, to establish results involving those numbers. That 
this is so becomes clearer when we state the property moie pieciseLy, as 
follows: 

Principle of mathematical induction: If a set of positive integers has the 
properties: 

(1) 1 is in the set 

(2) if k is in the set then k + 1 is also, 

then the set contains all the positive integer. 

This is fairly evident intuitively. Actually it (or some equivalent 
form) is one of the axioms from w Inch the structure of algebra and arith- 
metic is built. 

Example Prove: If n is a positive integer, then 1 + 2 + 3+ • • • + n — 
w( n + 1) 

2 

Proof: 

(1) For n = 1 the statement is 1 — — — , which is true. 

(2) Suppose the statement is true for n = k. Then 

1 + 2 +•••+*= f^k(Jk + 1 ) 
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(This is referred to as the hypothesis of the induction.) 

For n — k + 1, 

1 + 2 + - • - + (k + 1) = (1 + 2 + • • • + k) + (k + 1) 

- hk(k + 1) +- (k + 1) 

= 3 2(fc + l)(* + 2) 

Thus, the statement is true for n = k + 1. 

By the principle of mathematical induction, the desired result is estab- 
lished for all positive integral values of ??. 

To show inoie precisely that the piinciple of mathematical induction 
a])plies, let S be the set of positive integers for which the desired equality 
holds. We have shown: (1) I is in and (2) if k is in S then k + 1 is 
abo in S. Therefoie, by the piinciple, S contains ail the positive integers, 
i.e., the equality holds for all positive integral values of n. 


2. An equivalent property The principle of mathematical induction 
is equivalent to: 

Property (a) In any set (finite or infinite) of positive integers there 
is a smallest. 

We show: 

(1) Property (a) follows from the principle of mathematical induction. 
Let S be the given set. Proceeding by the indirect method, suppose S 

has no smallest integt r, 

1 is not in S, for if it were it would be the smallest integer in A*. 

Let T be the set consisting ol those positive integers v with the property 
that all the integers in f< exceed n. 

We have already seen that 1 is in T, 

Suppose k is in 7 T . Then every integer in S exceeds k If k + I were 

in S it -would be the smallest integei in S t contradicting tire assumption 

that S lias no smallest. Tim®, k 4* 1 is not in *S. Hence, every integer 

in S exceeds k + l. Then fore, k | 1 is m T . 

By the principle of mathematical induction, T contains all the positive 
integers. 

This is impossible; for, if p is in S , p is not in T. 

Tlii.s contradiction establishes the desired result. 

(2) The principle of mathematical induction J chows from property (a). 
Let S be a set of positive integers containing 1 and such that k + J 

is in S whenever k is. 

If S does not contain all the positive integers, let T be the set of those 
positive integers which are not in S. By property (a) there is a smallest 
integer, p f in T. 

Since 1 is in S, p > 1. 

Since p is the smallest positive integer not in S, p — 1 is in S. Hence, 
by hypothesis, p is also in S. Since p is in 7 7 , this is impossible. 

This contradiction show 7 s tRat S must contain all the positive integers. 
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3. Other forms of the principle The principle of mathematical induc- 
tion may be stated in other useful forms. (Throughout the text these, as 
well as the statement in §1, arc referred to indiscriminately as the principle 
of mathematical induction.) 

Let S be a set of integers (not necessarily all positive). 

(b) If S contains 1 and contains k + 1 whenever it contains 1, 2, • • • , k, 
then $ contains all the positive integers. 

(c) If S contains X (positive, negative, or zero) and contains k + 1 when- 
ever it contains k, where k §: X, then S contains all the integers equal 
to or greater than X. 

(d) If /S' contains X and contains k + 1 whenever it contains X, X + 1, 
• • • , k, where k ^ X, then S contains all the integers equal to or 
g i eater than X. 

(e) If >S' contains 1 and contains k + 1 whenever it contains k < a (where a 
is a given positive integer), then S contains 1,2, • • • , a. 

(f) If /S' contains 1 and contains h -t J whenever it contains 1,2, • • • , 
where k < «, then S contains 1, 2, • • • , a. 

Each of these is equivalent to the form of the principle as stated in §1, 
or to property (a). We illustrate with (d;, leaving to the reader the proofs 
of the equivalence of the other forms. 

Suppose /S' contains X and contains k + 1 whenever it contains X, 
X +- 1, • • • . k, whoie k ^ X. 

Suppose there is an integer p > X not in S. Let T be the set of all 
positive integers n such that n -+ (X — J ) is not in S Then T contains 
p — (X — 1), for p — (X — 1) 0 and [p — (X — J)] -f (X — 1) = pis not 

in /S. 

IJy property (a), there is a hmallcs-t integer r in T. 

Since I + (X — l) = X is in S 9 1 is not in T. Hence, r 2. 

Since 1,2, • * • , r — 1 aie n * m /', I + (X — 1) - X, 2 -f (X - 1) - 

X + 1, • * ■ , (r — 1) + (X — 1) -= r + X - 2 arc in /S'. There foie, by 

hypothesis, (r + X — 2) -f J = r + (\ — 1) is also in S. lienee, r is not. 

in T . 

Since r is in T, we have a '•ontriulielion, which shows that thc-e cannot 
be an integer greater than X which is not in /S'. Thus, tlic desired result 
is established. 

[Incidentally, by taking X = 1, this also proves (b)*l 
Conversely, property (a) follow's from (d). The proof is the same as 
part (1) in §2. 

Example 1 Prove: Tor every positive integer n, n + 1 is a prime or can 
be factored into primes. 

(An integer greater than 1 is a prime if it is not the product of two 
postivc integers neither of which is 1 .) 

Proof: Since 2 is a prime, the statement is true for n = 1. 

We assume, as the hypothesis of the induction, that the statement is 
true for n = 1, 2, • • • 9 k, i.e., that each jf 2, 3, • - - , k + 1 is a prime 
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or can be factored into primes. We show that the statement is true for 
n * h + 1. 

If k + 2 is a prinqe, there is nothing more to be proved. If not, then 
k + 2 = pq, where p and q are positive integers neither equal to 1. 

Since q > 1, p is less than k + 2. Hence, the hypothesis of the induc- 
tion applies to p. Thus, p is a prime or can be factored into primes. 

Similarly, q is a prime or can be factored into primes. 

Thus, k + 2 = pq can be factored into primes. 

Therefore, the truth of the statement has been established for 
n - k + 1. 

It follows from (b) above that the statement is true for all positive 
integral values of n. 

Remark In this proof we could not hove used the principle as stated in 
§1, since we cannot say that p = k + 1 or q = k + I. 

It will often be found that (b) is more useful than the statement in §1. 
In applying the latter we have to show: The hypothesis that S contains 
k implies that S contains k + 1. In applying (b) we have to show: The 
hypothesis that >S T contains 1, 2, • • • , k implies that S contains k + 1. 
The usefulness of (b) lies in the fact that the second hypothesis contains 
more infoimation than the first. 


Example 2 Show that ( 3 £) n > 1 + n for n > 4. 

For n = 4 the statement is true, since ( 3 ^) 4 5 6 7 >1+4. 

Assume, as the hypothesis of the induction, that the statement is true 
for n = k ^ 4. Then, for n - k + 1, 


= (H) k H > (1 + k)* 2 0>y the hypothesis of the induction) 

- (1 + 4) + >2(1 +&) — (!+ i) 4 1 j( 1 + 4) > (1 + k) + l 

=■ 1 + (k + 1) 

which proves the statement for n - k + 1 . 

By (c) above, the statement is tiue for all v g 4. 


Exercises 

If n is a positive integer, prove: 


1 

2 

3 


l 2 4 2 2 + • • • + = 

+ 

l+r + r 2 +**‘+r* = 


- -- + — + 
l-2^2-3^ 


n(n + l)(2w 4- 1) 
G 

1 n 


n(7t + 1) n + 1 
r« 41 — 1 


r - 1 


- for n 


for n ^ 1, 
for n 1. 
^ 1, r ^ 1. 


4 (1 + a) w 1 + na for n ^ 3, a > 0 

5 (n + l) 3 > 27 n for n > 3 

6 n z + 1 > n 2 + n for n ^ 2 

7 8* — 3 W has 5 as a factor if n ^ 1 
8n*-« has 3 as a factor iff* > 1 
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9 The maximum number of lines determined by n > 1 points is 

Hn(n - 1). 

10 The maximum number of points of intersection of n 2 lines is 

Mn{n - 1 ). 

11 The sum of the angles of an n-sided polygon is (n — 2)180°. 

12 If an amount of money P is invested at an annual interest rate r and 
interest is compounded annually, after n years the sum amounts to 

P(1 + r)\ 

13 The number of positive prime factors of n ^ 2 is less than 2 log. n. 

14 In a set of n distinct integers there fa a greatest. 

15 If 1 +- 2 + + n= 1 *(w + 1 i) 2 is true for n = k ^ 1 it is true 

for n — k + 1, but the equality does not hold for all values of n. 
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SOLUTIONS OF STARRED EXERCISES 


The results contained in the staried exercises constitute an integral 
pint oi the text since they are used in proving later theorems or in estab- 
lishing important methods. This Appendix contains outlines of theii 
proofs. 

Those exercises to which reference is made (in lemarks, examples, etc ) 
but winch are not required in establishing essential results have not been 
starred. 


CHAPTER 2 

§4. <x. 17 (Used in §3, Ch .4) 

If n — 0, foi) is a non-zero constant and F(x) is a constant. Hence, 
F(x) - r 0 fu(j). 

Assume the l exult for « ^ k. Let n - ^ 1, 

F(x) an. r* n -+ a { r* f • • • +«iu 

/* ,i(.r) 25 btf. 1 '’' 1 4- + * d 6* f i, &o 5^ 0 

Then ^(-r) — (c/o'WAhC 1 *) i s identically zero or of degree at most k. 
By the hypothesis of the induction, 


F(r) —pfknW « c 0 /</j*j + C]/j(r) d • • • 4 Cnfk(x) 
oq 

which establishes the desired result for n = k + I. 

To establish the uniqueness, suppose 

r ( /o(.r) + cji(x) + • • • + c*f»(r) == d<tfuO) + d./i(a;) + • • * + df n (x). 

Then (c Q — ch)fo(x) + (ci — di)fi(x) + * * I (c„ - d n )f (x) = 0. 

If not all the r, — d, — 0, the degree* of the left side is the hugest value 
of % for which < x t 6 d,. This is impossible since the zero polynomial has 
no degree. Hence, c* — d, = 0 for every i. 

§4, ex. 21 (Fsed in §7, Ch. 7^ 

(a) Since /(r) — fin) vanishes for x =■ a, by the factor th^oicm/Cr) - 
f(a) » (x - a)g(x). 

If \x — a\ < X, then r -= (x — a) + </, Jx| ^ |r — u| -f |</| < X 

|o| = II. 
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If g(x) s b& n + bix n ~ l + • • * + b H -iX + b n , then for \x — a\ < X, 

\g(x)\ g \b&»\ + IftiJ;"- 1 ! + • • • + \b n -ix\ + |6„| £ |6 0 |/* n + + 

• • • + + \bn\ - M. 

Hence, |/(x) — f(a)\ ^ \x - a\M. 

(b) Choose 8 > 0 so that 8M < e. Then for — a| < 8 , |/(a?) — 
/(a)] S |x - a|Af g Sdf < «■ 

§5, ex. 2 (The fact that 0 and 1 are in every field is used in §4, Ch. 10) 
If a 9* 0 is then a — a = 0 and a/a ~ 1 are also in SF. 

§5, ej;. 9 (The fact that aoX n + ajX n 1 + • • • + a n is in SF is used in 

§5, Ch. 10) 

lor n = 0 it is obvious. Suppose it true for n = k. Let n = k + 1. 
By the hypothesis of the induction, adk k + niX*** 1 + • • - + a k is in 
SF. lienee XfaoX* + ajX*” -1 4 ■••+<?*) is in 3. Therefore, \(a 0 X* + 
«iX* _A + • • • + an) + (il 1 1 is iu SF, which establishes the desired result 
for n = A; + 1. 

§7, ex. 6 (Used in §12, Ch. 2) 

If / = ag, bh, where a and b are constants in T, then /-= (ab)h 
and ab is a constant in O'. 

§10, ex. 5 [Used in §2, Ch. 5 for m = 1 and /and g integers (see §13, Ch. 2)] 
Let /and g be polynomials, m - 1. 

For n — 1, /» and g are relatively prime. Suppose /*- and g are, k ^ 1. 
Then (§10, Ch. 2), Af k + Bg s 5 - 1 . Multiplying by/, we have/ sl A/* m + 
(Bf)g. Thus, every common la *tor of f L " x and g is a factor of / (and q). 
Since / and g arc relatively prime, evuy common factor of / and g , and 
therefore also of f« n and g, is a constant. 

This establishes the desired result for ' = k + l. 

§10, ex. 9 (Used in ex. 13, §11, Ch. 2 Also used, for integers [sec §13, 
Ch. 2], in §2, Ch. 5 and §0, Ch. 10, 

Since/ and h arc relatively prime, Af + Bh*& 1 (§10, Ch. 2). Multi- 
plying by g, g = Afg + Bgh. Since each term on the right has A as a 
factor, A is a factor of g. 

§10, ex. 10 (Used in §3, Ch. 14) 

Let D be a H.C.F. of / and g and D s A'f + B'g (§9, Ch. 2). Then 
BD s BA'f + BWg = BA'f - B f Af « ( BA ' - B'A’)f. 

BA' — B'A ^ 0 since BD ^ 0. llenre, the degree of the right side 
is n or greater. Since the degree of B is n — p or less, the degree of D 
is at least p. 
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§11, ex. 9 (Used in §12, Ch. 2) 

Suppose f{x) irreducible, /i(x) e cf(x), c a non-zero constant in 5\ 
If fi(x) s g{x)h(x) 



Hence, either h(x) or (l/c)^(.r) is a constant. Therefore, h(x) or flf(x) is a 
constant. 

§11, ex. 11 (Used in §12, Ch. 2) 

If they are not relatively prime, they hove a common factor h(x) in 
$[x] of degree one or more. Since fix) and g[x) are primes over 3, h{x) 
is an associate of each. If h(x) ^ af(x) bg(x) 1 a and b not.-zero constants 
in $1, then g(x) = (a/b)f(x). Thus, g(x) is an associate of f{x). 

§11, ex. 13 (Used in §12, Ch. 2) 

For 7? = l it is obvious. Suppose it true for n = k. Let n = Jc + 1. 
Let g(x) = fi(x)fi(x) • • • f k ( x). By hypothesis, /(x) divides g(x)f k ^(x). 
If f{x) is prime to/^ify), it divides g[x) (ex. 9, §10, Ch. 2;. There- 
fore, by tlie hypothesis of the induction, it divides one of /i(x), / 2 (x), 
■ * ’ yMx). 

If /(.r) is not prime to /*+i(x), some non-constant factor of fix) divide* 
/* n(jr). Hut f(x) is irreducible over £F, so that its only non-constant factois 
in ff[>] are its associates, lienee, i(x) is divisible by an associate of 
f{x) and, therefore, by f(x). 

§13, ex. 5 (Used in §C, Ch. 10) 

(a) If they are not all distinct, let o) 3 be the first one which is equal to 
a preceding one. Then (a 3 - w* where 0 25 i < j ^ p — 1. Hence, 

= 1 = 0 )°. 

If ? ** 0, then is a power of w which precedes «» and which repeats 
a preceding power of w. Bv definition of j , this is impossible. Hence, 
i — 0, so that o) 1 = w° — 1. 

If p = ft? + r where 0 ^ r < j, then w° = l = w p — w™ ,T = (w J ) fl w r 
= of. This is impossible since r < j. 

(b) Each is a pth root of a , since (aru x ) v = = a** = a. 

No two are equal. For, if aw* = aw* then w* = w', which is impossible 
by (a). 

They are all the pth roots of a since x v — a cannot have more than p 
roots. 

§13, ex. 6 (Used in §7, Ch. 10) 

If r sb 1 the desired result is obvious with each 6* = 1. Suppose it 
true for r =* 1 , 2, • • • , k and fct r » k + 1 . 
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If P is a positive prime factor of r, p is a factor of some a X} say ai. By 
hjrpothesis, a x a 2 • • • a n - br. Hence, (a[p)a 2 - • • a n = 6(r'p ), so that 
Oi^ 2 • • • a n = br'. 

Since r' is a factor of a[a 2 • • • a n and r' < k + 1, by the hypothesis 
of the induction r' = b[b 2 • • • 6 n w bore is a factor of and b x is a 
factor ai for i = 2, 3, • • • , n. 

Hence, r = pr' = (pb\)b 2 • • • 5 n = • • ■ 6 n , where 5* is a factor 

of a< for t = 1, 2, • - • , w. 

CHAPTER 4 

§1, car. 5 (The second part is used in §2 and §4, Ch. 4, and §6, Ch. 5. 
This follows from the first part by lotting f(x) x — a) 

For m ar 1 it is obvious. Assume it for m = k. Then 

U k U)f{2)]'^ f f\x)Vf(j) 4 Hx)f\x) 

- [kf k 'Hx)f'U)\fU) +f k Wf\x) 

■ (* + U/Wto 

CHAPTER 5 

§2, car. 15 (Used in §G, Ch. 10; 

Let f(x) 1)C a factor of jr* — a of degree m > 0 with coefficients in fF 
and leading coefficient 1, with the rooK r i, /**., - • • , r m . Then r = rir 2 
• • • r m = (— l) w a wheie o is the ••onstant term li)f(x). Hence, r is in 
Since each r, is a root of x n - a, r h ~ • • • r* =■ an • • • a ■= a m . 

If w < n then, since w is n prime, wi and v are relatively prime. Hence 
Xn -f = 1 (§13, Ch. 2;. Therefore, 

(aV 4 )* = rt nX (r n / = — a n\jmn - a 

Thus, a has an nth root, in T, contrary to the hypothesis. 

Hence, in = n. Therefore, the other fav tor of x n — a is a constant. 

§7, ex. 3 (Used in §7, Hi. 7; 

^(a) = £>(&) = 0. Sup] rose ^.r) 5/ 0. Tiien *p(x) has a finite number 
of roots in [a, b\. Therefore, it has two consecutive roots in the interval. 

Since g(x) is never zero in [a, 6], by the local i< 11 principle it has the 
same sign for every x in the interval. 

By the theorem of §0, Ch. 5, 

0(x) V \x) - g'(x)ip(x) = g(x)f(x) - f(x)g'(x) - |j|j - 

vanishes for x = ®o, where xo is between a and b . 

Letting x = x®, setting the right side equal to zero, and solving for 
[f(b)/g(b)] — \f(a)/g(a)] t establishes the d< tired result. 
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If <p(x) £3 0, then g(x)<p'(x) — g'(x)<p(x) ss 0. Hence, this certainly 
vanishes for any Xo between a and b , and the desired result again follows. 

§7, ex. 5 (Used in §7, Ch. 7) 

By the location principle, f(x) is always positive or always negative in 
[a, 6]. Suppose it is positive. 

If f\x) = 0, /(x) is a positive constant. Hence, an M exists. 

Suppose /'(x) ^ 0. 

If f f (x) has no root between a and b, it it always positive or always 
negative for a < x <b. Hence, f\x) is monotomcally increasing or 
monotonieally deci easing in [a, 6|. In the first case f(x) ^ f (a) > 0 for 
every x in [a, b\ and in the second f(x) ^ /(?>) > 0. In the first case let 
0 < M < f(a) and in the second 0 < M < /(&). 

If f'(x ) lias one or more roots between a and b , let them be fi, r 2 , • • • , 
r n arranged according to inci easing magnitude. Let r 0 = a, r m +i — b. 
Then r 0 < r t < • • • < r m < r nHl . 

f'{x) has no root between r*_i and r % (i = 1,2, • • • ,w + !)• Hence, 
from the ptembng, f(x) > M x for x in [r t _j, r,]. We have only to take M 
as the smallest oi the M x . 

If f(x) is negative in [a, 6], then g[x) s: — f(j) is positive. Hence, as 
already pi oved, g(i) > M. Therefoic,/(r) < — AT . 


CHAPTER 9 

§1, (x. 2 (Parts a, b, e, d, c are used m §2, Ch. 9) 

(a) and (10 ate obvious. 

(c) Tluough any point P diaw two rays U and U making an acute 
angle. On h lay off PQ -- 1 , Qli = a. On L make* PS - b . Diaw R T 
paiallel to QS. (Tins is a tuler and compass constiuction.) Then, 


XT PS 
Qli PQ* 


ST b 
a V 


ST =- ah 


1 Q o R 





(d) To construct a/b proceed as in (e), making PQ = h, QR = a , 
PS - 1. Then ST = a/b. 

(e) To construct y/a, in the accompanying diagiam make AB - a , 
BC « 1. Draw a semiciitle v*?th AC as diameter. Diaw BD peipen- 
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dicular to AC. Then Z ADC = 90°. Triangles ABD and BCD are 
similar. Hence BD/BC = AB/BD , BD 2 = I*t Y - A/i = a, = Va- 



§1, ex. 3 (T Tt *ed in §2, Oh. 9) 

j et B i, B>, • • ■ , 7i n be a succession of configurations, oath obtained 
from the preceding ones in the manner described in §1, Oh. 9, with 7b — if, 
^hich include all the figures in vl Let Oj, • • • , (\ n |>e similar 
succession of configurations with Ci — (\ including the figure, of B . 
Then C,, • • • , C mj B\, • • • , B n is a succession of configurations, each 
obtainable from the preceding ones in the required manner, including all 
the figures in *1. 

§2, (x. 1 (Used in §5, ( 'h. 9) 

Let Ci, r>, - • • , c T , where r P — c, be a sequence in which eveiy r is 
one of b\ 9 b» t • • • , b m or is a sum, product, difference, oi quotient of pre- 
ceding r’s. 

For t = 1, 2, • • • , w, let n t i, a ti , • • • , a }J>l l»e a sequence in which 
flip, = b x and each a is one of a iy • • • , or is a sum, product, differ- 
ence, or quotient of pi eroding u’s iu the sequence. 

Then Un, djj, , ti ij>,, it »i, a 2, . " ' * 1 ftm'*. ct m *> ; 

a m , a , Ci, Cz, • • • , c p is a sequen c 01 the required type in wlihh c P = \ 

§2, cx . 2 (Used in §2 and 7, Ch. 9, and ir cx. 3, §2, Ch. 9) 

Proof similar to that in preceding exeicise. 

§2, cx. 3 (Used in §7, Ch. 9) 

Since x - (—6 ± \/& 2 ““ 4i/r)/2fl, a; is oWaii able from a, b , c by 
rational operations and extractions of square roots. The desired result 
now follows by applying the preceding exercise. 

CHAPTER 10 

§1, ex. 7 (If £ is in ff then it is of degree on? over ff is used in §0, Ch. 10) 

This is obvious since £ is a root of x — £ which has coefficients in ff and 
is irreducible over ff. 
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§3, ex. 15 (Used in §5, 6, 7 and in ex. 15, §5, Ch. 10) 


If £ is in X, then £ = a x u x + • • • + ctnU n , the a< in £. 

Also, a< * c % iVi + • • • + CimPm (i =* 1, 2, • • • , w), the c<; in SF. 
Hence, 

£ = (cnWi + • • • + Ci TO y w )wi + ■ • • + (cmVi + • • • + c nm v m )u n 
= cnWi^i + • • ■ + + • • • + + • • • + c n »t/»w« 

To show this unique, suppose also 

£ = duUiVx + ’ • • + dimUxVm + • • ■ + d n iU n Vi + • • • 

+ d un u»v m , the d tJ in fF. 

By equating the two expressions for £ and rearranging terms, 

(cnWi + • • • + c lm ii m )u x + • ■ • + (c nX v 1 + • • • + r nm r,n)v n 

= (di\Vi + • • • + d\ m Vm)U\ + • • • + ( dnlV\ + " • • + d nm v m )u n 

The r’s, d' s, are in £. Hence, the multipliers of the u s arc in £. 
Because of the unique express ; bility of the numbers in X in terms of the 
basis ifi, • • ■ , 

euf’i + • • • + ^ J 1^1 + • * • + d lm .v n 


Cnii'i + • • • f r BTO r m dniVt + • • • + d„ m /* w 

Because of the unique ex possibility of tlie numbers in «£ in terms of the 
basis »!,•••, t’«, = t/», for all t and j. 

§3, c.r. 10 (That X is of finite degree over it is used in ex. 15, §5, Ch. 10) 

Let Hi, • • * , v H be a basis for X over S’. Then every number in X 

has Ihe form 'vq + • • • + c u u H with r\s in it (since this is true with c’s 

in fT). 

l*t k ^ 7i 1)0 the smallest value of m for which there exists a set of m 
u’s such that ('very number in X is expressible in this form, with c’s in £, 
using only these mu's. To be specific, suppose v h • • • , u* are such w's. 

We show that every such expression is unique, i.e., if c x u x + • • • 

+ CjcUk *= rfiMj + " * * + dkUk w itli c’s and d’s in £, then c< = d< (i = 1, 

2 , • * ■ , *). 

From the equality, (ct — d))v x + • • • + (ck — </*)«* = 0. 

If & = 1, then (Ci — d\)u x = 0. If Ci — d\ 0, then u x = 0, so that 
eveiy number in X is zero. This is impossible. 

If k > 1 and not every c % — d* is zero, suppose, to be specific, c* — 

di j* 0. Then Uh = a L ux + • • • + where a< = — ~ — y -• 

Ch — dh 

The a % are in £. 
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Thus, every number in X has the form 

C1U1 + • * • + CkUh = CiUx + • • * + Ck—xllk—X 

+ + • • • + a*_it£jb_i) 

= biUi + • • • f b M Uk-i 

with b*a in £>, 

This is a contradiction, since k is the smallest number of u’n for which 
this is possible. 

Thus, u lf • • • , ut is a basis for .TC over L. 

§5, ex. 15 (Used in §0 and §7, Ch. 10) 

Since X contains ,7 and a, it contain** ft(a). 

•Since X is of finite dcpice over 7, it is of finite decree over ft(a) (e\. 16, 
§3, Ch. 10). Let X be of degree p ovei ft (a). Since ft(«) is of degree m 
over ft (§5, Ch. 10), 3C is of dcgiee pm over ft (ex. 15, §3, Ch. 10). lienee, 
pm =- n. 


CHAPTER 11 

§2, ex. 1 (Used in §5, Ch. 11) 

Let n > 1 . By arranging the teims in f{x h • • • , x n ) according to 
powers of x n , 


/ =/o(Xi, • • • , E»-i) +/l(Xj, ‘ ‘ , Xn-JXn + ' * * 

+ fp(x 1, • • ' , 


Suppose also 


/ = go(x h ■ • • f Xn-i) + gi(x h • • • , r»-i)x n + ■ • • 

+ g«(* i> * * * i 

where q ^ p. 

If ai, • • • , a*-! aie any values of x, 7 • • ■ , £«_i, tlion 

/o(oi, • • • , ««-i) +/i(ai, * * • , a n ^)x n +/p(ffi f • - • * On-i)a£ 

= flfo(Ol, • • • , 0»-l) + gAaU * # • > 'In- Jj-n + * * * 

+ 1, • • • f 

for all values of Xn • 

Therefore (§4, Ch. 2 ), 

0 ,(oi, • • • , o»_ i) = 0 for t > p 

= •*’»«<-; for * = 1 , 2, • • • , p 

Since this is true for all values of ari, • • • , *»-i. 


g,(x x, • • • , x._i) ~ 0 for i > p 

Mn, • • • , for » = 1, p 

Thus, the uniqueness of the jeprescntaVon is established. 
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§3, (X. 11 (Used m §0, Oh. 11) 

m 

Let f(x, Xn) = l !>,(*, • • • , x n )x>. Then 

J -0 

m in m 

f =f -0 = - ^PtBi ~ ~ ffi) 

1-0 ,% j-l 

ffl 

** ^ P/x — g,)U' 1 + j' ’gi I • • + xg[-* f- g\~') 

A 

■s- (x - ^i)/i(-r jti, ■ ■ ■ , x„) 

Thus, the desired Jesuit holds for k — 1. 

Assume it for k =* r, and let A % - r + 1. By the hypothesis of the 
induction, 

/(ii, X,, * ■ • , X n ) = (JC - 0l) • • • (* - 0r)?(x, XI, * • • , X„) 

Tlieiefore, 


* * ' ,X») ~ (tfrU “0 I, ?1, ' * * , X J =0 

Bv hypothesis, jf r ,i - g, ^ 0 (7 * 1, 2, • • • , r). Therefore (§3, 
Oh. il), g(q rH , xj, - - • , Xn) - 0 From the Jesuit for k - 1, 0 (x, &i» 

• ■ • , x n ) - (x - r/r,i)/i(x, Xi , Xn). 

Thus, the desired icsult is established for — r + 1. 

§3, fx. 12 (Used in §0, Oh. J4) 

Since y — r is a i actor, [ao(r)x n 4 • * + u n (r)]\ba{r)x m 4- • 

b m (r)] - 0 foi ev'ij x Hence, one of the two factors vnnislies identically 
Tlieiefore, a t {r) 0 for e\eiy i or hj(i) - 0 for eveiy j. The desued 
ic&ult follows by the fac tor theorem. 

§5, tx. 7 < Par t d>) is used in §6, Oh. 11) 

Pait (a; is proved in §4, Oh. 3 (where it is shown that S % = 4 

f/n^-i)- Bait (b) follows from (a) by solving the equations for l Jf t iy 

• • • , i in lei ms of Si, $>, • • • , fin-i* 

§6, f x . I (Part (b) is used in §7, Ch. 11) 

(a) If Xi, • • - , Xu are the roots of x n — ffjx w_l 4- * * " 4“ (-1) n 0*i 

then &(x i, • • - , x n ) = (- 1)’K — l)w t ] = a*. 

(b) Let (ii, • • • , o« lie any complex numbers. Choose Xi, • ■ • , x« 
so that Si(x i, • • • , x n ) = u* (t = 1, 2, ■ • • , w). Letting xi = a u 
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On in g(Si , • • • , £») =s 0, we obtain g{a i, ■ • • , fl») = 0. 
Hence, f(yi f • • • , y n ) as 0. 


CHAPTER 12 

§3, or. 8 (Used in §7 and ex. 7, §9, Ch. 12) 

Since every term in the expansion of the determinant has as a factor 
exactly one clement of this row (oi column), if e\eiy element m the row 
(or column) is multiplied by X then e\ery tcim m the expansion is multi- 
plied by X. 

§3, ex 9 (Used in §7 and ex. 7, §9, Ch. 12) 

The determinant on the left is 


2 ± ai n a 2 « • * • a. i U J( i xu 4 

IH1 * " ’ Q n>» 

" ^ i jf ’ j 1+ i " * fl»j« 

+ w ± a Ui a ■ 0,_1 ,. + , • • • OnJn 

The last two sumt> aie the detcimmanlb on the light side of the dc-dred 
equality 

§7, ex. 10 (Used in §4, Ch. 13) 

Ian * " * ai»l 


If in 



a*. | 


we replace a, 1 , a, s, • • • , a,„bv a,„ a • • ,n, and expand the lesulting 

deternunint Z>i according to low i, we ohtuu — a 1 4,i + 0,2 l,i + 
- • + dtnAjny wheie Aji, A , 2 , • • , A Jti ue the cofautois of a,i, a ;2 , 

- , Gijn in 7). 

Hut Vi =- 0 since lows % and j aie the snne 
§9, ex, 7 (Used in §5, (’li. 13; 

If the fiist m itn\ h is rink / , the r ink of the second is at least k , since 
anv non-7eio l-mwtd imnoi of the fust is i A-ioved minor of the second 
If i (A +- 1 j loved mmoi of the sc con 1 docs not line elements of the 
last column, it is 1 (k + l)-ioved mmoi oi tin fust and, theiefore is me 
Suppose it does nave elements of the list column Ten eximple, let it be 


Gil flu 

■ * • Out 

flllTi + fli Xi 4 

4- OlvXn 1 

«21 022 

• • ■ Oik 

0 M iXi f a„Ci 4- • * * 

4“ O ln X n 1 

®*+ 1 1 Ofc+1 2 

* • Ofc + 11 

<*k+ 1 'Tj Util .”2 f 

4“ **K+l n C n 
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We may express this (ex. 9, §3, Ch. 12) as 

flu flis * " * flu flu X\ 

flj! fl22 ' • • fl2* fl21 X\ 

flifl.l flfc+1,2 * ’ ‘ At l,k fllsH.l^l 

All fll2 * * ' G'k A 12 X2 

+ fl2l fl22 ’ * " fl 2k 022 

• • • • • • f 

Ojf+1,1 0^1,2 * * * flAH,2*2 


flll 

«12 ' ’ * 

flu 

flln 

X n 

an 

«22 * ’ ' 

fl2* 

fl 2n 

X n 

fl*n.i 

flA f 1,2 ‘ * * 

«*+!.* 

flA-f l.i 

nX n 


From each of these w determinants we can factor out the a\ which 
appears in every dement in the last column (ex. «S, §3, Ch. 12). We obtain 
the sum of 

flu (hi * ' * flu a u 

A."? * * * A2A fl2» 

.... . Xt 

fllbfl 1 A* H ’ * ' * (fl H (, fl* + ] » 

for i — 1, 2, • • • , n. 

The first k of these vanhh since they have two identical columns. The 
others are zero because they are (A* + 1 ) -rowed minors of the first matrix. 

Thus, every ( k 4 l)-rowod minor of the second matrix is zero. lienee, 
this matrix has rank k . 

§9, ex. 9 (Used in §2, Ch. 13) 

According to ex. 7, §0, Ch. 12, ^ wot king with rows instead of columns), 
the given matrix hits the same rank as 

flu * ‘ * flin 

fl TO —1,1 * * • Ato-1. 

which is surely less than m since there arc only m — 1 rowrs. Or, we can 
show directly that eveiy tit-row ed minor vanishes by pioceeding as in ex. 7. 

CHAPTER 13 

§7, ex. 5 (The first part is used in §3, Ch. 14) 

If Cifi(x) + • - • + Cmf m (x ) = 0, where the c % are constants not all 
zero, multiplying both sides by g{x) establishes the desired result. 
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CHAPTER 1 

S<ct. Ex. 

2 — 8 12 and 14 fail 
9 12 and 14 lull 


8— 1 

a) 

-117 -1 44? 

c) 

+ 12i/6 

e) 2 — » g) —2 1 


b) 

— i 

d) 

i 

t) *21 

2 

o) 

r = 1, ?y - - l 


d) 

JT = -2, 1/ - -1 


1.) 

•r = ^*4, 2/ - -1 


c) 

J* — **2, // — 0 


0 

x = -" 2 , ij - - 

-2 

i) 

j* - S, // = 

3 

a) 

a = 2, ft = 3 

0 

a - ij, /» - 

- 1 1 <) « = *i, b = 


b) 

a — 2, 6 — 

d) 

a = 7 i2, & - 

'll 

13 

a) 

(1 + 0 
i_ V2 _ 


0 

+ (3 + 2i ) 


b)±(2-i) <1)1-,- 

V 2 


4 - 9 a) On carlo of rndiu-, 1, ccntor at origin 

J») In* (K* oi on citclo of i nlnis 1, rcntcj at (2, 0) 
r ) Points ilisnssi ^ 

d) On it A axis with m n-noM itivo abscissa* 
i ) 1 and — 1 

13 a) 's c) \ 4 e) 2 

1)) 2% d) \/j 1) 1 

5 — 8 a) — ^ 0 — 1 . i e) - \/‘3 + i 


10 12S(— 1 + i \/.\) <*' 
6 (o> 5 0 = cos* 0 — 10 o^ 
sin 50 a= 5 cos 1 0 sin 0 - 


6— In) 


8(1 t i y/.’. J 
- - 2 


i ; D -1 

0 sin- 0 -i 5 < os 0 sin* 0 

*0 i os J 0 sin* 0 t ^iii 0 

n . >f< ' -V3) 

d) - di - 


b) ±2. ±(1 ± i V 31 

c) ± V2 (1 ± i) 


p) K \ 7 d -h 0 


f ) ± 1 , i *, ± 


(1 4 0 

V2 


CHAPTER * 

4-19 a, = H[(X - 16)n* + (102 - 0X)n s + (11X - 17C)n + 96 - 6X] 
20 f(x) we - i,ir* + '„x, 

1* +•••+«*=«(» + l)(2n 4 1)/6 

6— 1 a) No p) No o) Yes g) Yes i) No 

b) No d) Yes f) No h) Yes j) No 

277 
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Sect. Ex. 

6— la)Qs2i-l,£sO 

b) Q m. x* + 2x - 3, R = -7 

c) Q * x 1 - 3® + 8, R = -27® + 7 

d) Q = 2®* - 3x, ft = 1 

e) Q s a: 2 + 7® + 3, ft s 14®* - 18® - 14 

0 Q= ?2(x a + x + 1),ft=0 

g) Q s 0, ft = 3®* - a - 1 

h) Q = x + 1, ft = — x> — x* — x 

3 a) 10 b) l."} e) r d) 0 e) 1 — r f) ® n — 1 g) r'*x 4 + l 

6 ft s= 0 

6/(1) = = 1 

7 3(® + 3) 

9 2® 4- 5 

10 h(®» + 3x) 

7— 1 a) Yes h) Yes e) No d) Yes e) No 

2 a) -1, -2 b) 2. -4 e) 3 d) 2, -1 e) None f) All 

3 a) A; — 4, 1 =• — L b) /.■ - 0, any 1; <n h -1,1- 0 

9 — 4 a) x + 1 d) 1 g) 2x -f 3 

b) x ! + r + 1 e)jH2i J -3 h) I 

e) x 1 - 2.r J 1 f) x” - 2 j) 4x’ 4 S®’ -* 3® - 9 

7 o — 0 or 1, 6 - 0 
8 r — 2 

13 / denotes the fir*-t of the i>hen jxily iiotuials, g the weond 

a) 2u+ 1) (®4 1)/- U 2 I 4r f 4)jr 

b) x" + 7 + 1 =< (x - ])/ — (x 2 4 2)g 

e) 5(x 4 - 2x 4 1 ) - V - (2. x 4- 3 )q 

d) 50 (Ox 5 4 3x’ - 19x - 21)y - fix + x 1 - 9x - 7)g 

e) 2‘l(x 2 + 2® + 3) =•- — 3(2r 4- 3)/ 4- 4 g 

f) 2(x* - 2) - -/ 4- ix - 1 ) g 

ft) 500(2® 4 3) < (9x - 22)/ - (lSx f 37 )q 

h) 1008 = (x° - 8® - 35)/ - (r* - 14x + 31)g 

i) 3(4®'' 4- ^x 2 - 3® - 0) = -/ f (2x 4 1 

10 — 1 a) llelatively prime d) llchitbely prime 

b) Relatively prime e) II.I'.K. x‘ — 2 

e) II.C.F. x* — x 4- 1 f) ltel.iti\ely prime 

11— 1 a) (x 2 4- 1)(® 2 4- 3) d) (x> - 1 4 V^fx* - 1 - y/'l) 

b) (® s 4- *)(■»* — t) e) (® f ’x 4- '.> V3)(® + — ',2 V5) 

e) (x — 1)(® S 4 - x — 1) f) (2® — 1)(® S +■ x + 1) 

12— 1 a) (® s - 3) (x s - 2) 

b) (x 4- \/3)(® — a/3)(x 4- V" 2) (® — y/2) 

e) (x + y/2 )(x - \/2)(x 2 - 3)_ 

d) (® 4- a/3)(x - V$,(x 4- V2)(® - V2) 
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Sect. Ex. 

e) (x - l)*(x* + x + 1)* 

f) (x - l)»(x* + x + 1)* 

*) <*-«■(»+ + ^y 

h) (x + 1) (x J + 1) 

i) (x + 1) (x* + l) 

j) (* + !)(* + i) (* -t) 

k) x* + 5x* + 2 

»G ,+5 “ ± ^)('’ + ^) 

CHAPTER 3 

3 — 1 a) Triple, ( x — 2) 3 (x + . r >) 

b) Doable, 9(x — ‘-' 3 ) 2 (x -t i)(x — i ) 

c) Triple, 8(s + }%p{x + t'H.r - 0 

d) Not a root 

e) Double, (x + i) 2 [4x 4 + (4 — 8 i)x 9 — (3 + S i)x 2 

- (4 + 2i)x ~ 1] 

2 a) a? 5 — 6j* + 12x’ - Sx 2 -- 0 

b) x 6 - (1 + 4i> 4 + (4i - 5)x ' + (5 + 2i)x 2 - 2 ix = 0 

c) x 4 - 4x 3 + 24x 2 - 40x + 100 = 0 

d) x 3 + (\/3 - 3)x= - 2 -\/3 t f 2 - 2 V* = 0 

e) 4a* 4 — le J — x 2 -f x = 0 

11 a = 1 ; loots 1,1, < 2 (1 -L i\/7) 

12 If —2 ib a loot then «i 4 and root'- are -2, 2,-1 

13 a — 0, multiplicity 4, a = 4 1, multiplicity 2 

15 a = — 10 , 6 = —3 

16 a = 6 — —1 

4 — 1 a) a •= 9; r = 2, J 3i 

b) Kither a — 12; r = 1,2, —3 or n — — 12; r = —1, —2, 3 

c) a = 2; r -= -1, -1 ±i 

d) a = -2;r = H, H 

e) a =-- —11; 6 = — 6i; r = — i, — 2t, — 3t 

f) Either a = —108; r — —3, —9, 4 or a = 1940 ^i 97 j r = Jis, 

2 M», - 132 i3 

g) o = 2; 6 = 1; r = 1 ± a/2, 1 + \/2 

h) a = —4; b = 5; r = ±t, 2 ± i 

i) Either a = 2; r = ±i, —1 ± y/2 or a = —2; r = —1, — 1, 
-1,1 

j) Either a = b - r = 0; r = 0. 0, 0, —2, —2 or a* — 32 is; 

6 = — 26 9i25J <*' = 204 ^125‘, r = — ?s, — £6, — %* Ht H 
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Sect . Ex. 

k) Either a = 2; 6 = 16; r = 1 ± i, 2 ± 2t or a = —2; 6 = 16; 

r « — 1 !fc i, —2 ± 2i or a = 0: 6 = 129 % 5 ; r = ±i 

±2iV T ?I 

l) a = — > 2 ; 6 = 6; r = 2, 2, J 2 

m) Either a — 3; 6 = 1; r = —1, —1, —1 or a = —21; 6 = 9, 
r = 3, —3 + 2 \/3 or a = 6 = 0; r = 0, 0, -3 

n) a = 0; r = 0, 0, 0 

o) Either a = 6 = c = 0;r = 0, 0, 0 oi <i = —3; 6 = 3; c = — 1; 

r = 1, 1, lorc/ = 1;6 = c = —1; r = l, — 1, — 1 

2 a) r(26 — a 2 ) cl) 3c — <tb g) —2c/ + 46 — ah + 3c 

b) — b/c c) ab'r — 3 h) 3 ab — a 3 — 3c 

e) —1 — a — 6 — c f) (6* — 2ac)/c 2 

7 » > 2, a = 6 = 0 or w ~ 2, 6 = a 2 

8 21 

6— 1 a) x 3 + 3ax 2 + 96a; 4- 27c = 0 

b) x 3 — ax 2 4 6x — r = 0 

c) a; 3 — lx 2 4 (icx — c } — 0 

d) a: 3 4 (26 — ci 2 ;x 2 + (6 3 — 2c/c)x — c 2 = 0 

e) c ? x 3 — acx 2 4 bx - 1 =■ 0 

f) x 3 + (a - G)x 2 f (6 - 4a 4 \2)x + (4a - 26 4 c - 8) = 0 

g) ca* 3 4 (6c + 26) a* 2 + (12c 4 ,S6 4 4'/)x 

4 (St’ 4 86 4 Sci + 8) =0 

h) (1 — a 4 6 - c)x 3 +- (3 — c/ - 6 4 3 r)x‘* 

4 (3 |- a - 6 - 3c )o* 4 (1 + c/ 4 6 4 c) = 0 

i) ex 3 + (6 2 - 2c/c)x 2 4- (a 2 — 26 )x + r 1 — 0 

j) x 3 4- 2</x 2 4- (" 2 4- b)x 4- c/6 — c = 0 

k) x 3 4- o.x 2 4- (46 — u 2 )x 4- (4a6 — a 3 — Sc) =0 

l) x* 4 ax 4 4 6a 2 4“ c — 0 

2 a) x 3 4- 3x* - 3.r -5 = 0 d) 2x l - 2x 3 - 3x 2 - 4x = 0 

b) 3a; 4 - x 3 4 7x 4 4 = 0 e) 3x r ’ 4 3x 2 4- 2 - 0 

c) 4x® — 2x 5 — x 2 — x — 1=0 

3 a) 5x 3 — 3x 2 — 3x 4 1 — 0 d) None 

b) 4x* - 7x 3 4- x 4 3 = 0 e) 2x a 4- 3x 3 -3 = 0 

c) x® — x 5 4 x 4 — 2r — 4 = 0 

4 a) k = -2, x 3 4 Ox 2 - 12x — 40 = 0; k = 3 3 ', 27x 3 - 27x 2 - 9x 

4- 5 = 0; k = t, x 3 — 3ix 2 4- 3x — 5/ — 0 

b) k = -2, 3x 4 - 2x 3 4- 56x 4* 64 = 0; k = 1 5, 243x 4 4- 27x 3 - 

21x 4- 4 = 0; k = i, 3x 4 4- ?x 3 4 7ix 4 4 = 0 

c) k = -2, 4x® - 4x 5 - 16x 2 - 32x - 64 = 0; k = 2916x® 4 

486x 6 - 9x 2 4 3x - 1 = 0; A? = t, 4x® 4- 2tx 5 - x 2 4- ix 4 1 
= 0 

d) k = -2, x 4 - 2x 3 - 6x 2 - 16x = 0; k = JS, 54x 4 4- 18x 3 - 
9x 2 4 4x = 0; & = t, 2x 4 4- 2ix 3 4 3x 2 — 4ix = 0 
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Sect. Ex. 

e) k = -2, 3s 5 + 24a:* + 64 = 0; k = H, 729*® - 27** - 2 = 
0; ft *=■ t, 3x 6 + 3?** — 2i — 0 
6 a) 1 b) 3 p) 4 d) 2 e) 3 

8 27** + (276 - 9« 2 )* + (27c - 9nb + 2o») = 0 
6 — 2 a) —1 d) None g) — % 

b) }$(- 1 it\^| e) -I ±iV 2 h) None 

0 1, V-l ± V'O f) + \/2 i) 1, -»<, -** 

3 a) 1*^ e)Ji(-l±»V3) 

b) ±i d) 'i, 

4. a) 4, c) 2 c) 0 g) None 

b) 0, 1, —9 (1)0, -1,9 f) All k 

6 a) a aitntiary, b — 0 c) All values of a, b 

b) a mbit i my, b — 0 

7 The commou root is n 9 which is multiple 

CHAPTER 4 

1 — 14 a and b aic aibitruy const mts 

a) a.v t- b {) at i- - 1) e) j; 3 + ax 2 + b{2x — 1) 

b) cu 2 — x + 1 cl) a(u 2 — 1J -+ bx 

2 — 1 a) —2 tuple, 3 t z \/l 5 simple 

b) No multiple loots 

c) 1 M i double, i \ '2 simple 

d) 3 double; —1,1 snupl' 

e) No multiple root* 

f) — 1 —4 double, 2 4 2 i simple 

g ) (3 1 i y/~. 15,/d doul V, ( -J _ l i \ / T^ 3 simple 
li) No multiple loots 

i) i fouifold, -2 1 6 siri])le 

2 a) —4, 2 £ 2i \/ & t) Vll \ ‘lines 

b) 0, 2 li' 0 

e) 0, -4 2 / \/3/9 ]) 0 -h, fl t f V3)/S 

d) 0, j) No values 

e) 0, 1 k) 0, 1, (-1 ± iy/3)<2 

f) All values 
12 b) w = 3 

15 n = 4, a - — ^ b = 2 

16 II rz is oven, a - 0, — 1 j ; if n is odd, a =0, ± 

18 lather a = 0 or n = 3, a — —2 

4 - 1 a) 10 - tf>br 4 0 4 13(.r 4 l) 9 - S(j 4 l) 3 4 2(a: + l) 4 

b) -54(x-3)*4 (r-Z)' 

c) 18* H 2 -1 (x - 2z) 4 - 20 2 4 (x - 2H 3 

d) (x-l+ 20 4 

e) -H - 3(* - J 3 ) 4 9(s - h) 8 
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2 a) Co = 0, Ci = 1, Ci = — 3, cj = 1 

b) Co — —2, fi •= 3, C2 = 4, Cj = 1 

c) c 0 = —2, Ci = —2, Ci = 3, c* = —2, c< = 1 

d) Co = 1, Ci = — 2, Ct = 3, c 3 = — 1, C4 = 1 

e) Co = — t, c t = 1, C2 ■■ i — 2, c» = — 1, c« = 1 
la)i‘+ llx 3 + 47x 2 + 93* f 73 = 0 

b) x* - 5x 3 4- llx 2 - llx + 5 = 0 

c) 2x 3 - 25x* + 102;r - 133 = 0 

d) 2x 3 + llx 2 + lJvr + 11 = 0 

e) x* 4 (4t - 2)x 3 - (3 + Gi)x 2 + (2f + 4)x « 0 

f) 2x 4 - lfui 3 + 45x 2 - 45x + 5 = 0 
6 -W" + g" + g' + 6 ff 


CHAPTER 5 


1— 3 a) -2, -2, + 2 i o) 1 f t\ 1 + », ±i v) i, l ± y/3 

1») ±i, t- Vi, **(1 + i) d) 1, -1, l ± t, ±t 


4 a) x 1 - <Sx J 2Gx 2 - 40x 4- 25 

b) x 3 - 2x' 4- 4x 4 - 4x 3 4- 5* 2 - 2x + 2 

c) x‘ { 3x‘ 4 3x 2 4- 1 

d) x 1 - Gx< 4- 14 j 2 - IGx 4-« 

e) x 4 - 4x 1 + 1 lx 2 - 14x 4- 12 

5 a) n — - J -3, A* — —18 c) a •- 0, k = 0 

b) a — 4 1, k =• 0 f) a = 8, k = —8 

c) = 0. A- — 0 g) a » 1, * = 9 

d) a = —2, A- — —39 or 

a = L k - 


2— 1 a) ij. >i(-l i i\/3) 

b) No latioiwl roots 

c) ?i, 2 j, f i 

d) -'2, -**, -h, ±i 

e) No lutional roots 
3 a) k ■= 3, a: = —2 

b) k = 2, x = -1, -2,3; 

A; - —2, x =- 1, --2, —3; 

All other values of k, x = —2 

c) A; = 2, x - —1, —1, 3, 3 

d) None 

e) Ar - 1, x = 0 

f) h = — n 2 (n any integer), a; - 
— n; all other values of A;, x = 


f) -W, -M, ±iV2, ±» V2 
k) - 1 ;, -j*. ±< 

h) 2, *„ +2i 

i) Hi Hi ±3 i 

g) A = i, x = M; 

A? = 3, x = 1 ; 

A; = —5, rr = —1 
A; = —9, x = -Ji 

h) A; -- 0, x = 0; 

A; = J, x = 1; 

— 1, n, i) A; — 1, x = 1; 

-1 A? = 10, x = 

A; = 15, x = 
j) No values of A; 
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6 a) a = b = -1, * * 1, 1, -1 

b) a = -6, b = —8, x = —1, —1, — 1, 3; or a = —6, 6 = 8, 
x = 1, 1, 1, -3 

c) o = —5, 6 = 7, s = 1, 1, 3; or a = 3, 6 = —1, * = 1, —1, —3; 
ora = —1, 6 = —5, x = —1, —1, 3 

7 a) a = -2, b = 4, c = 9, x = -1, -1, -1, «( 3 ± t -\/7) 

b) a = -X, 6 = 18, f = -1C, * = 1, 1, 1, 5; or a = 4, b = -6, 

c = —4, x = l, 1, —1, —5; or a = 8, 6 = IS, c = 10, x — —1, 

— l, -1, —5; or a = —4, 6 = —6, c = 4, x = — —1, 1, 5 

3— 1 a) 1 4 Vr>, ’a -3 4 tV7) 
b) 1 ± V2, 1 ± V2, 4t -s/2 
<•) 2 4 -v/3, 3 ± \/2, }?f-3 ± t V3) 

d) 2 ± V5, ± 2-$^ 

e) ± VS, 3 dt V2, it V2, -1 
2 a) x 4 - 12x s 4- 40x 2 - 24x + 4 

b) a' - 14 j 4 + 40x 4 4 Six’ - 276x a - 126x 4- 414 
e) a- 6 — (jjr 4 4- J2x 2 - 8 

d) x 4 - 12a- 2 4- 16 

e) x 4 - 8x-< 4 12x 2 4- 4x - 1 
4 a) t2 s/2 i v'3, 1 

b) 4 Vl4 4 -v/7, ±i\/42 

c) .4 VC 1 Vl2, *j(-l ± i V'3) 

d) 4 V» + tV«, -1, JaU ± \/5) 

e) ± V 2 t vOi, ’i 

6 a) x‘ - 14x 2 4- 9 d) a." - 33x 4 - 25x s 4- 9 

b) x‘ - COx' 4- 36 e) x 4 4- 20 j4 4- 196 

c) x s - x 4 - 22x» 4 22x- 4-^—1 

6 a) a = —3, b — —10. x - - 1 I V» 

b) « - -20, b = 3, x = 2,. 3 4 2 \'3 

c) a = 0, b - —2, x - 0 ; -I- \/2, or a ■= 2, 6 - 10, x = 2, 
2 4 V2; or a = -2. & = 10. x - -2, -2 ± y/~l 

d) « = —4, b =- - 1, x = ii, 2 + V# 

c) a = i 3, fc 357, x = 1 4 3 \\ -1 ± 2i V5 

7 a) a — 3, 6 = 24, x = 3 4 v'3. -2 

b) a = — >9#, b = — 10 », x = — *», 1 ± 4t/3 

c) a - — 6, ft — — 252, x = 6, —6 ± t •%/ 6 

d) a - 7, & - 2, x = -1, 7. 2 4 V> 

9 a = -2. 6 = 0, x = 1, H(1 ± \/5); or c = b = 0, x = -1, 
V$(l i t V'3) 

10a- -2,i = 2, -lit 
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12 a — 0, b * —8, c = —1, d = 3 

13 o = —2, 6 = 6jC = 5, d = l, e = 2 

7 — la) * 0, a? s= 4 increasing; 0 ^ a; 5* 4 decreasing 

b) x ^ 0 decreasing; x ^ 0 increasing 

c) ® g 3 decreasing; x ^ 3 increasing 

d) x ^ — 2, a; ^ 5 increasing; —2 ^ 5 decreasing 

e) x g —1, 0 ^ a: ^ 1 decreasing; —1 1> * ^ 0, x ^ l increasing 

0 ® ~ 0, a? = 3 increasing; 0 ^ x ^ 3 d» creasing 

g) Always increasing 

h) x 0, x ^ 4 increasing; 0 ^ x < 4 decreasing 

i) a; ^ 5 decreasing; x ^ 5 inci easing 

j) a? g —1, a: ^ J 2 increasing; —1 ^ x ^ decreasing 

CHAPTER 6 

4: — 2 a) One in [—1, 0J; one in [2, 3] 

,b) None in [1,2]; one in TO, 1] 

c) None or two in [ — 1, ()]: one in [0, l] 

d) None or two in [0, 1]; none in [ — 2, —1] 

e) None in [—3, —1], none oi two in [—1, 0] 

f) None in [ — 1, 0], two in [l, 2] if n -- 3, none or twoif 4 ^7, 

none if n > 8 

g) One 

3 None if a ~ 0, one if a ^ — 2 J, none or two if — j' A < a < 0 

4 One if —7a 3 < b < a 3 , otherwise none 

5 — 2 a) One greater than 2; one or three greater than —3 (compare 
ex. 3(e), |S) 

b) None great oi than 1; none or two greater than —2 (compare 
ex. 3(d), §S) 

c) None le^s than —2, one less than 1 

d) One less tlnn 1 2 , none less than 0 

e) None gieater than 2; none less than —2 

f) One 

g) One 

h) One if — a ^ 0; one or thice if a < — (compare ex. 3 

(0, §8) 

i) None 

3 a) No positives, no negatives 

b) One positive, one negative 

c) One positive, no negatives 

d) One positive, one negative 

e) Two positives, one negative 

f) One positive, two negatives 
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g) One positive, no negatives 

h) One or three positives, one negative (compare ex. 1(g), §8) 

i) Two or no positives, no negatives (compaie ex. 1(d), §8) 

j) One positive, one negative 

k) No positives, no negatives if ft = 0; no positives, one negative 
if ft > 0; one positive, no negatives if ft < 0 

l) One positive, one negative if n is even ; one positive, no negatives 
if n is odd 

7 — 1 a) None in [0, 1] or [1, 2] 

b) None in [l, 2[; one in [3, 4] 

c) None in [— 1, 1]; none in [ — 5, 5] 

d) None in [0, 3]; one in [ — 2, 0] 

e) One in [—2, 0|; none in [Q, 1] 

f) One in [ — 0] one in [—3, — 

g) One in [1, 21; none in [ — 1, 0] 

h) Two in [0, S] ; thiee in |— 8, 0] 

i) None in [0, lj; two in 1 — 2, 0] 

j) One in [—4, —3], none in [l. 21 

k) None in [ — J, Oj; one m [0, 11 

l) None in f- 1, 0]; none in [—3, —1] 

8 — 1 a) One positive, no ueeratu os 

b) No positi\cs, no negatives 

c) One positive, one negalhe 

d) No positives, no negative s 

e) One posit i\ e, tv o negatives 

f) One poM ri e, one noirnthe 

g) One positue, one negative 

h) No positives, one negative 

i) One po^iti \ e, one nc gatn e 

j) One positive, no negatives 

k) One positive, one negative 

l) One positive, no negatnes 

2 a) Two in [ — 3 , 0], one in [2, 3] 

b) One in [2, 3 1 

c) One in [1, 2], one in [ — 4, —3], one in [—2, —1] 

d) One in [—4, —3] 

e) One in [ — 4, —31, one in [2, 3] 

f) One in [ — 4, — 3], one in [—2, — 1] 

g) One in [1, 21 

h) One in [0, 1], one in [4, 5] 

4 a) Six if a — 0, none if a > 0, two if o < 0 
b) Six if a = 0, none if a > 0, **vo if a < 0 
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c) One if a ^ 0, three if —1 ^ a < 0, one if a < —1 

d) None if a > 0, two if a 2£ 0 

e) None if a 0, two if a < 0 

CHAPTER 7 

The first three deeimal places are given. 

2 a) 1.577, 5.056, -1.233 e) ±1.224, ±0.629 i) 4.000,5.641 
10 1 000, -0.333 f) 5.493 j) -1.280 

c) 0.669. 3.984 g) -0.991 

d) 8.463, -1.363, -2.600 h) 4.000, -2.423 

6— 1 a) — 0.53S el 1.154 i) 1.565 

b) -2.534 f) 2.344 j) -0.183 

c) -2.185 gl 1.915 

d) 1.587 h) 0.433 

2 a) -0.500,2.414, -0.414 e) 2.114, -3101 

,b) 2 930 f) -1 899, -3.407 

c) 1 330, -1.201, -3.128 g) 1.167 

d) -3.900 h) 0.707,4.174 

3 See §2 

7- 2 4.718 

3 1.839 

4 3 569 

5 2.359 

6 1.783 

7 1.912 

8 1.732 

9 2.094 
10 — 4.S4S 


4— 1 a) j: 

b) x 

c) x 

d) x 

e) x 


CHAPTER 8 

- z - \ - 1 ; s ■= X^i. u ^4, w* 

= z - ; + 2; z = 2 \/% 2u </2, 2w* >^2 

z 

,1 

= a + - ; z = —1, — w, —a 1 
0.-2 

= z ; z — —a <T2, —wa v^2, —w 2 a \^2 

2 

. , 2 . .. v^(v/3 + i) 

= z + Z — \;z = a, aw, aw 2 ; a 2 

— \;z = -1, -« 2 


f) x = z 
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-VI 

g) y — z 4- — z = — \^2, — « -^2, — m* -^2 

u\ 2* , „ 

h) y = a — — ; z = J, «, 

0 y = 2 - y ; 2 = — », -ftrt, -mH 

j) * = e - 1 2 = 2 v^, 2 m v / 2 > 2m* y/2 

z 

k) * = 2 - ;; c - m-^T2, m* v^l2 

z 

l) X = 2 + 2 = -1, -M, ~M* 

4a> 

in) y = 2 + — • z — 2, 2ai. 2 m* 

9 

n) x = 2 +-; 2—3, 3m, 3m j 

Z 

o) x - z — z - 1 + i, m(1 +- i), m ! (I + t) 

z 

5 — 1 a) One real, two imaginary dj One real, two imaginary 

b) One real, two imaginary l*) Three real 

c) Three real 

2 a) Three real if — 2 ^ a <z 2, otherwise one real 

b) Three real if a < —3, otherwise one real 

c) Three real if 0 < a £ ) t , otherwise one real 

d) Three real if a — 0, otheiwise one real 

e) Thice real if a H \ —4. otherwise one real 

f) Three real if a ^ 0, otherwise one real 

3 a) ±54 c) All t) None g) All 

b) 0, ±18 d)3±2V3 f) 0. ±i 

6 a) 4 V3 cos 10°, 4 V» cos 130°, 4 v'3 cos 250° 

b) 2 y/2 cos 45°, 2 \/2 cos 1«5°, 2 y/2 cos 285° 

c) 2 cos 40°, 2 cos 160°, 2 cos 2S0° 

d) 4 cos 4C°11'48", 4 cos 106°11'4S", 4 -os 2S6°11'48" 

e) 2 \/2 cos 23°5'54", 2 V‘2 c< s 143°5'54", 2 V'2 cos 263°5'54" 

f) 2 \ A 2 cos 15° - 1, 2 V r 2 cos i35° -1,2 V 2 cos 265° - L 
7— 1 a) H(- \/5 + 1), hi- V5 ± 3) 

b) M(-l ± V5), h(l t » V7) 

c) -3, -3, 1 ± i V2 

d) -1 ± y/%, 1 ± \/2 

e) H(“3 ± V5), J*(l ±*V^> 
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0 H(-l ± Vl3), M(3 ± V5) 

g) H( 1 ±»Vl5), M(3 ± Vl3) 

h) «(-< ± VS), V 2 '(l ± VS)i 

i) * ± V'i, — » ± i VS 

j) 1, 3, ±i 

k) H(-l ± » VII), M(-l ± VIS) 

l) H(-l ± VS), MU ± i Vn)_ 

m) >a( — 3 ± V5)^ 2 '(-l ± t Vll) 

n) M(-3 ± i Vll), M(3_ ± t V?) 

o) 2 + t VS, — 2 + t V3 

p) — 1 ± i, 1 + i V2 

q) M(“l - V3 + i_VJ2), K(-l + VS -t Vl2) 

r) MU - t)(l ± V 1 ^), Hi 1 - <)(-l i V.M) 

’b) ±M, MU + Vs) 

t) - Vm, - VJl (Vaf + 20/(2 VS) 

u) M(- VS ± V 4 V« - 6), M(V6 ± • V 4 V 6 + 6) 

v) x(-2 - vs ± ygysTTo), 

M( — 2 + V2 ± t VsvV- 10) 

w) M(-2 - V3 ± i^iVf+9), 

Hi- 2 + VS ± t V 9 - 4 VS) 


CHAPTER 10 

6 — 6 a) a + bi; a, b any real numbers 

b) a + b >/2; a, b any rational numbers 

c) a + &V2 4cV3 + d Vb; a, c, J any rational numbers 

d ) a + b V7; a, b any rational numbers 

e) a + bi; a, b any real numbers 

f) a + b V2 + c V4; o, 6, c any rational numbers 

g) a + b V2 + c V4 + d V2 + e y/2y/2 +fV 2 V4; a, b, c, 
d, e, f any rational numbers 

h) o + &^+cV4 + dV5 + eV6V2+/V5 Vi; a, b, e, 
d, e, f any rational numbers 

7 1 + 4{ + 4f*; -1 - Mi 4 ; 5 - 21 + 2{* 

8 9 + $ — 3{*; 26f + 9 
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Sect. Ex. 

7— 1 a) - 2S,Sa g) .Si - 4A% + 2Sf + 4 8& 

b) Sj - 2SA h) 3>S’i 4 

c) StSi i) *S'JS 4 - 4S,Sa + S| 

d) StSt j) — /S' | + 4 »S'i>Sj — 8S* 

e) SA - 3 iSa k) S\ - 3SiSt + 3 S, 

f) S.S s - 3»S' s 1) StS» - 3SA 

2 a) /j - C/U 0/, - 3 /i/ 2 + 3/2-4 

b) ~}ifi 4 3/1/2 /2 

c) )0l - ’,/./- - 3/2 

d) /? 4 3/? - 3/i/» 4 3/, - 3/2 

e) (/,/ 2 + / 2 - /„)/3 

0 A ~ 4/? - W't + 2/?/ 2 - 2/, 

- 2/,/.. - 2/,/n + /! - IO/2 - 6/, + 2/ 4 


CHAPTER 12 


3- 

2 

a) 

-14 



1.) 9 


c) 0 



3 

«) 

-3 



)>) 0 


<•) 16 


7- 

- 1 

a) 

1 

d) 

—6 

(?) 

- 

■of i) 

m) 4 



b) 

37 

e) 

0 

10 

0 

k) 3«) 

n) 0 



0 

0 

f) 

0 

1) 

1 

1) -3 

o) — l # i 


3 

a) 

* - 1, 2 

,3 


h) 

X 

— 0 e) x = 

0 

9- 

- 1 

a) 

Three 


b) Two 

c) Two d) Two 

c) Two 


2 

a) 

One if j: 


1 , tWO 

if x = 

- 

2, othmvisc three 



l)) Three foi all x 

v) Two if x — — 1, 2; 1 Jtcrwise three 

3 Three if no two of ti, /), ( are equal, two it exietly two of n t 6, c 
are equal; one if all three tire eoual 

CHAPTER 13 

1 — 3 a) ci — 2, c? -■ — 1, r? =- 1 e) c x = 1, r 5 = — 1. <*s = i 

b) ri 2, fi = 2, f j =■ -1 f) Independent 

c) r x = - 1, « 2, cj =- -1 g) Independent 

d) Independent 

4 a) A; = 1 ; (*i - 1, r, = -1, r, 0 

b) k -- 0; c* * 2, r 2 = 2, o = -1 

c) None 

d) All ; Ci - -5fr, e 2 - k, c 3 = -3i, c 4 - 2& + 8 

e) fc =■ 1; cj =» 1, cs = 1, = — 1 

f) None 
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2 — 1 a) Ci = — 1, c 2 = 1, c 3 = 1 

b) ci = —4, c 2 = 3, c 3 = 1 

c) Ci = 2, c 2 = —3, c 3 = 1 

d) ci = 2, c 2 = 2, c, = - 1, Ci =* —1 

e) Ci = 2, c 2 = 2, c 3 = 0, c 4 = —1 

3 a) k = 0, Ci = 1, c 2 = —1, c 3 =» 0; or A? — 1, Ci = 1, c 3 = 0, 

c 3 = —1 

b) & = 1, ci = 1, c 2 = — 1, c 3 = 0; oi fc = 2, o - 0, c 2 * 2, 

c 3 = — 1 

c) & « —2, Cj = 0, r 2 = 1, c 3 = —1 

d) k — 0, ci « 0, c 2 = l,c 3 = —1; or k - — 1, Ci = 1, c 2 - — 1, 
c 3 = 0 

e) A; = 0, Ci = 0, c 2 = 1, c 3 = 1 

f) None 

g) All, Ci = 2, c 2 = -1, c 3 = 1 

#b) A; = 1, ci = 2, c 2 = 3. c 3 = 1 

i) All, Ci = 1, c 2 = A; + 1, c A = —k 

1 a) (-1*, 4, -* 2 ) d ) (7 if !3 4 , 6 , * 4 ) 

b) (-^ 2 , - r >2, -1) 0 ( 6 ?f 3 , ~ 2 Ms, -“Ms) 

0 ( c0 ii, 7 Mi, 45 ii) 

2 PM, 3, c / , 16 a) 

6 — 1 a) x — 3 + IO 2 , // = 2 + 8z 

b) y - ijO - 3x), z = 0 

c) Inconsistent 

d) Inconsistent 

e) * = (I — 3z)/5, y = (Z - 3)/5, to - 

f) x — 5z — Sw (- 2, 2 / - 7z — llic 

2 a) x = 0, y = 0, z = 0 e) y = x, z = x, w * —4a? 

b) a; = —13y, z = 12y f) x = 2z/5, y ~ Uz/10, it = 3z/2 

c) x = — z, y = 0, w = 0 g) x = 0, y = z, w = z 

d) x = i/*, y = 0, z = 0 

3 a) A; = 0, x = 6z/7, y = 8z/7 

b) A? — 2, -c = (1 — 5z)/3, y = (z- 2)/3; A; = -1, 

x = (i — 2z)/3, y = — (5z + 2)/3; all other Ar, x = H» 2/ =* 

-?3,* = 0 

c) A? = 1, ?/ = J£(3x - 2), z = H(4 - 5x) 

d) k = 1, x = -1, y = 1 

e) A; = 1, x = w — 2, y = w — 3, z = w; k = 2, x = tc — 2, 

y = w — G,z = w 

f) A; = 1, x = —5?/ + 5z + 2, tc = 13y — 14z — 2; A; p* 1, x - 

Mtt - 6)(z + 4) - 18,y = 3(z + 4)/2,u> = «(12 - A;)(z + 4) 

+ 54 
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g) 

h) 


4 a) 
b) 
0 


Inconsistent for all k 

, Cm' -77k) , 2u> (2fc*M-7fc) w 

k * 2l * - - 42(fr— 2f + T- » “ SoT^aT - 3 

2 = 7(k~-Y) 

k = 2, x = — 2 / 2 , y = 2 / 8 ; & = 2 J, 2 J = — 2 / 6 , v = 32/8 
None 

* - 1 , t - -y,z = -y,w = y;k = -l,x = y,z ■= y,w = y\ 

k =- ?, x =* —iv, 2 = ty, w -= -I/; A = — a; ^ iy . 2 = — iy t 


w - -?/ 

d) A' - 0, 2 — — x, w =■ — 2 /; A = —1, z = y, w = x; all other & f 
?/ = —a*, 2 = — x, w — x 

e) A - 3, y -- 2x, 2 - 0, tr - - 2 r / 3 ; fc — 0, x = y = ^=0,w 
aibitiaiy 

0 A — — ^ x — — 3V5, V = 62/5 
5 y — 2x, 2 — 0 and x = z, 7 / - 32 
61 = — 2 , y — 2z 
7a--0,/y--l 
7 - 1 a) Independent 

b) ri -=■ 1, e - -1, <* 3 “ -1 
e) Independent 

d) Independent 

e) fi = 2, e > - — 1 , r* — — 1 

f) a 5 *^ ??, independent; a - v, <, - 1, r 2 - — 1, r, 2n 

g) n 3, independent, n = 3, r L - -2, e 2 — 1, c 3 = 1 


CHARIER 14 

2 a) a = 1, x - — 1; n — - 1, X — 

b) a - 0 , a- - 0 

c) a - 0, x ==■ 1; a - a- = —2 

d) a — 0, ft aibitiarv, x — 1 j( — ft 4 \A 2 — 4) 

e) a b ft + 1 = 0, a - 1 ; - ft f s = 0, x = -2 

f) ( 1 — tffft 2 + o 2 f* -f * ,2 c ~ aftefr — ftrd -b — 2flec + 

- 2ft<^ - td' + 3cdc + c* - 0 

g) a « -1 j ■= 0, 1 

4 — 1 a) x — — 2 e) None i) None 

b) x — 1 f) a - 1 >l “1 ± i a/ 3 ) i) c = i 

c) None g) The loots of x 3 ■+ a- + 1 k) x = ^(3 ± t \/TT) 

d) x = +1 h) x =■ ri 

2 a) One for a = 0 J — 
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b) One for a = — two for a = 0 

c) One for a = — M , two for a = 0 

d) None 

e) Three for a * 2 

f) One for a = 0, three for a =■ —2 

g) One for 2 a + 6 = 0 , a 9* 0 ; two for a + 6 = 0 , a 5* 0 ; three 
for a = 6 = 0 

h) Two for 6 = 0 , a = 0 , — 1 ; one for 6 = 0, a 0, — 1 ; one for 

6^0, a + 6 + 1= 0 

i) Two for every value of a 

j) One for <1 = 0, 3 2 ( — -5 ± i \/ 3 ) 

k) Three for a = 0; one for b = 0 , a 0 * — 1 ; two for 6 = 0 , 

a = — 1 ; one for a + 6 + 1 - 0; n ^ 0, M 0 

l ) One for a — — * 2 
ra) Two for a — 2 

n) Two for a = 0, 2, one for a = — 4 

o) One for a = — 1 , — 1 3 ; three for a = 0 

p) One for a* = 1,6 = —3 

q) One for a — b — —2 

3 a) 0, ->i b) 0, 1 c) 0 , 1 , ± t\/ 3 ) 

6 a) ( 1 , 2 ), ( 4 , 2 ) 

b) (1, 1), (-1, -1). (i. V5, 0) 

c) (vV ~ vJ’ (" V2’ 

d) None 

e) ( 0 , 0 ), ( 2 , - 4 ), (*,. <$) 

f) (l 4 y) for all V s* 0 

^ (i. »),■<». 

h) (0, -1), (-1, -J 2 ), (I, y) for all y 

i) (0, 0) 

j) (—2, a) if a 9* 0, (x, 0) for all x if u = 0 

k) (~ 5". y)’ (2’ _ y) if a ** (x > “*) for all x if a - 0 

J > (~ a +' fr 0* (“ 1 n ) if a + 6 * °> 0 5,4 0: (“ i 6 ) U 

o = 0, 6 j* 0; ( — o) if a 4- 6 = 0, a 5* 0; none if a = b — 0 

m) (0, 0), (a/2, a/2) ijn ^ 0; (x, —x) tor all x if a = 0 
6—1 a) 2x — y +1; (-%, %), (x, 2* 4- 1) for all * 

b) None; (0, 0 ), (2, 2), (-2, 2), (~H, H). (- 2 , - 1 ) 
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o) x — y; (1, 3), (-1, 3), ( x , x) for all x 
d) y + 2; (x, -2) for all x 

2 a) a = 1, x 2 — j/ 2 e) a = 0, a; + y;a « 1, 

h) « = 0, x — ?/; a — —\,(x — y) l — \ (x + y)(x + y — 1): 

c) a = l,y-l « = -1,1+H 1 

d) None f) AH a, x - y + a 

3 a) -1 e) 0 e) All o g) 0, 2, -2 

b)0, 1 d)I,« f) Non 

7 a) (0, + V2, 1) 

b) ( + 3, i a ) 

c) (2, 1,1), (—2, — I, — J), (—i \/2, t a/2 i V2), (£ a/2, — iy/2, 

-i\' 2) 

d) (0,0, 0), v l, 1 1;. (-1, 1, -1), (1, -1, -1), (-1, -i, 1- 
c) Inconsistent 

f) ( * 2 » - 1 ,, -U) 

g) (j, 1 — X, x l — X f 1 ) foi all X 
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A 

Absolute value, 9, 37 
Addition of complex numbers*, 2, 3, 
h-9 

Addition of polynomials, 10, 54-3.1, 
171, 175, ISO 
Adjoint, 205 

Adjunction of algebraic numbers, ICO - 
163 

Adjunction of radicals, 104 ICO 
Adjunction to a field, 159, 100-100 
Algebra, fundamental theorem of, 39 
Algebraic extension, 1 57 1.18, 162, 1G4 
Algebraic number, 152, 258 
Algebraic number over a field, 153- 
154, 157, 158 

degree of, 153, 155, 157-158, 100, 
162, 163, 104 108 

Algebraic numbers, adjunction of, 
160-103 

Algorithm, division 
Sec Division algorithm 
Algorithm, Euclidean 
See Euclidean algorithm 
Amplitude of complex number, 10, 11 
Angle trisection, 138, 142, 144, 149 
151 

Approximation to real roots, 103 113 
by location principle, 101 105 
graphical, 103- 10 i 
Hornei ’s method of, 105 106 
Newton’s method of, 108 111 
Associate of integer, 37 
of polynomial, 20 29, 31, 32, 33, 34, 
35 ‘ 

Associated homogeneous system, 234- 
235 

Associative laws, 2, 3 
Augmented matrix, 225 
Axis, imaginary, 7 
real, 7 


B 

Basis of extension of field, 153, 158* 
100, 162, 163 

Biquadratic polynomial, 16 
Budan sequence, 85 87 
Budan’s tlieop m, 87-91 

C 

Cancelation law, 19, 176 
Cardan’s solution of cubic, 115-119 
Circle squaring, 152 
Closure laws, 2 
Coefficient, 15, 171 
leading, 15, 55 

Coefficients, relations of to roots, 
44-46 

Cofactor, 196, 197, 203 
Column of determinant, 191 
expansion by, 197 
Column of matrix, 191, 207 
Columns, interchange of. 198-199 
interchange of rows and, 197 
Common factor, highest 
Sit Highest common factor 
Common factor of polynomials, 27, 
31, 211, 243-244, 253 -255, 257 
Common roots, 51, 52, 64-65, 240, 
241, 211 247, 250 
(tommut stive laws, 2 
Complement, 195 
Complex numl>er(s), 2 
addition of, 2, 3, 8, 9 
amplitude of, 10, 1 1 
associative laws for, 2, 3 
closure laws for, 2 
commutative laws for, 2 
conjugate of, 6 
de Moivre’s theorem for, 10 
difference of, 2, 9 
distributive law for, 3 
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Complex number (s) , division of, 3, 8, 1 1 
geometrical representation of, 7 
imaginary, 5 
modulus of, 7- 9 
multiplication of, 2-3 
negative of, 2, 4, 9 
polar form of, 10, 11 
powers of, 10 
product of, 2, 7, 10 
product law for, 3 
pure imaginary, 5, 7 
quotient of, 3, 8, 11 
rational operations on, 3, 21 
real, 4, 5, 7, J1 
reciprocal of, 3 
roots of, 12-13 
subtraction of, 2, 9 
sum of, 2, 8-9 

trigonometric form of, 10, 11 
umfy, 3 
zero, 2, 9, 18 

Composite function formula, 56 
Composite polynomial, 31-32 
Configuration, numbers of. 134 
Conjugate complex roots, 65 
Conjugal e of complex number, 6 
Conjugate square roots, 70-71 
Consecutive roots, 76, 77, 78, 79 
Consist ('tit linear equations, 225 22.8, 
231,234 

Consistent over a field, 239 
Constant polynomial, 16, J71 
term, 15 

Constants, linear dependence of, 213 
217, 236 

linear independence of, 213 
Constructability, 132 137 
Construction of regular polygons, 142, 
144, 151 152 
Continuous function, 21 
Coordinates of point, 7, 134 
Correspondence, one-to-one, 7 
Cramer’s rule, 221 224 
( 'ube, duplication of, 143 
Cubic, discriminant of, 122-124, 125 
polynomial, 16 
reduced, 115-116, 118, 123 
resolvent, 128, 130, 131 
solution of, 115-119 
solvability of by square roots, 140- 
141 

trigonometric solution of, 126*127 


D 

Decreasing, monotonically, 79, 81, 82 
Degree m a variable, 174, 181 
Degree of algebraic number, 153, 155, 
157-158, 160, 162, 163, 164-168 
of field, 155-157, 158, 159, 160-162, 
163, 164, 166 

of polynomial, 16, 18, 19, 171, 174, 
176-177 
of term, 171 

De Moivre’s theorem, 10 
Dependence, linear 
Sec Linear dependence 
Dependent, linearly 
See Linear dependence 
Derivative of determinant, 203- 204 
Derivative of polynomial, 54 56 
Descartes’ rule, 93 
Determinant, 191, 238, 239 
adjoint of, 205 

cofactor of element of, 196, 197, 
203 

column of, 191 

complement of element o{» 195 
derivative of, 203 204 
element of, 191 

expansion of, 192-193, 194, 195- 
196, 197 

expansion of by columns, 197 
expansion of by ams, 195-196 
interchange of columns of, 198-199 
intcic hnngc of rows of, 198 199 
interchange of rows and columns of, 
197 

main diagonal of, 191 
of linear equations, 221 
of matrix, 191, 207 
order of, 191 
orthogonal, 206 
row of, 191 
term of, 192 
transpose of, 197-198 
Determinants, product of, 204-205 
Diagonal, main, of determinant, 194 
Difference of complex numbers, 2, 9 
of polynomials, 16, 171, 175 
Differentiate, 54 
Disci iminant, 122 

Discriminant of cubic, 122, 124, 125 
of quart ic, 130, 131 
Distributive law, 3 
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Divisibility of integers, 37 
of polynomials, 26 
Division, synthetic, 41-42 
Division algorithm for integers, 36 
for polynomials, 23-24 
quotient in, 24 
remainder in, 24, 26 
Division of complex numbers, 3, 8, 11 
Divisor of polynomial, 26 
Domain of rationality, 22 
Double root, 40 
Duplication of cube, 143 

E 

Element of deteiminnnt, 191 
of matrix, 191 

Elemental y symmetric polynomials, 
178-179, 181, 182 
Elimmant, 242 
Elimination, 210 
Laurent method of, 250 
successive, 208 

Sylvester’s method of, 242, 217 
Equation, final, 251, 203 
Equation, root of, 17 
Equations, linear, 219-220 
Equations, simultaneous, solution of 
220, 231, 207, 260 

Euclidean algorithm for integers, 37 
for polynomials, 27-28, 241 
Expansion, Taylor, 61-63 
Expansion of determinant 
See Determinant 

Expansion of polynomial, 21, 00-63 
Extension of held, 105 
algebraic, 157-158, 162, 164 
basis of, 155, 158, 160, 162, 163 
degree of, 150-157, 158, 159, 160- 
162, 163, 164, 166 

F 

.Factor, common, of polynomials, 27, 
31, 241, 243-244, 253-255, 257 
Factor, highest common 
See Iligliest common factor 
Factor of polynomial, 26 
Factor theorem, 17, 25, 39 
■Factorization of integers, 37, 38 
of polynomials, 33-35, 40, 44, 60, 
65-66, 128, 258 


Ferrari's solution of quartic, 128 
Field, 22, 153, 159 
adjunction to a, 159, 160-166 
algebraic extension of, 157-158, 162, 
164 

algebraic over a, 153, 157, 158 
bahis of, 155, 158, 160, 162, 163 
consistent over a, 239 
degree >f algebraic number over a, 
153, 155, 157-158, 160, 162, 163, 
161 108 

degree of extension of, 155-157, 
158, 159, 100-162, 163, 161, 166 
exit nsion of, 155 

field algebraic over a, 157- 158, 162, 
164 

linear dependence over a, 156-157, 
158, 238, 239 

linear independence over a, 156 
minimum polynomial over a, 153- 
151, 155 

transcendental over a, 153, 155 
Figure, numbers of a, 134 
Final equation, 251, 253 
Function, 15, 170 
continuous, 21 

Function of function formula, 56 
Fundamental theorem of algebra, 39 
on symmetric polynomials, 182- 
181 

G 

Geometrical representation of com- 
p! '\ numbers, 7 
Graph of polynomial, 83-84 
Graphical approximation, 103-104 

H 

II.C.F., 27 

Highest common factor of integers, 
37 

of pol.v nomials, 27-29, 30, 51, 57-58, 
258 

Homogeneous linear equations, 231- 
232 

Homogeneous poljmomial, 174, 176, 
177, 178, 181, 185 

Homogeneous system, associated, 
234 -235 

Horners method, 105-106 
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I 

Identical polynomials, 171 
Identically, vanishing, 16, 18, 171, 
172-173 

Identity sign, 15 
Imaginary axis, 7 
number, 5 
pure, 5, 7 
unit, 5 

Inconsistent linear equations, 225 
Increasing, monotonically, 79, 81, 82 
Indecomposable polynomial, 32 
Independence, linear 
See Linear independence 
Independent, linearly 
See Linear independence 
Induction, mathematical, 261-264 
Integer, associate of, 37 
dir/isible by, 37 
prime, 37, 38 

Integers, division algorithm for, 36 
Euclidean algorithm for, 37 
factorization of, 37, 38 
highest common factor of, 37 
relatively prime, 37 
Interchange of columns, 198-199 
of rows, 198 -199 
of rows and columns, 197 
Interpolation, Newton’s formula for, 21 
Interval, 79 

Interval, roots in an, 87 88, 96, 98 
Inversion, 191 
Irrational number, 1 
Irreducible polynomial, 32, 33, 39, 
53, 64, 65-66, 70, 161, 177, 178, 
181, 257 

L 

Laurent’s method of elimination, 250 
Leading coefficient, 15, 55 
1/ Hospital’s rule, 56 
Line, 132, 134 

Linear dependence of constants, 213- 
217, 236 

of polynomials, 235-237, 238, 243- 
214 

over a field, 156-157, 158, 238, 239 
Linear equations, 219-220 

associated homogeneous system of, 
234-235 


Linear equations, augmented matrix 
of, 225 

consistent, 225-228, 231, 234 
consistent over a field, 239 
('ramci’s rule for, 221-224 
determinant of, 221 
homogeneous, 231 232 
inconsistent, 225 
matrix of, 225, 228 
non-h< cnogencouH, 231 
solution of, 220, 234 
trivial solution of, 231 
Linear indcfxmdcnce of constants, 213 
of polynomials, 235, 237 
over a field, 156, 158 
Linear polynomial, 16, 17, 34, 59 
Linearly dependent 
S(e Linear dependence 
Linearly independent 
See Linear independence 
Location principle, 73-74, 104- 105 

M 

Main diagonal of determinant, 19*1 
Mathematical induction, 261-264 
Matiices, product of, 211 
Matrix, 190 191, 200-207 
augmented, 225 
column of, 191, 207 
determinant of, 191, 207 
element of, 191 
in by n, 200- 207 
minor of, 207 
w-rowod, 190 

of linear equations, 225, 228 
order of, 190 

rank of, 207-208, 209, 210, 216, 
239 

row of, 191, 207 
square, 190 

m by n matrix, 206-207 
Mean, theorem of the, 80 
/Mean-value theorem, 80 
Minimum polynomial, 153-151, 155 
Minor of matrix, 207 
Modulus of complex number, 7-9 
Monotonically decreasing, 79, 81, 82 
increasing, 79, 81, 82 
Multiple root, 40, 57, 100, 122 
Multiple squaro root, order of, 138- 
139, 146 
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Multiplication of complex numbers, 
2-3, 7, 10 

of determinants, 204 -205 
of matrices, 211 

of polynomials, 16, 55, 171, 175-177, 
180 

Multiplicity of root, 40, 5G 58, 60 

N 

Negative of complex number, 2, 4, 9 
Negative roots, 94 
Newton’s interpolation formula, 21 
method of approximation, 108 111 
Non-homogeneous linear system, 231 
n-rowed square matrix, 190 
7ith root, 12 

Number, algebraic, 152, 25 S 
algebraic over a field, 153-154, 157, 
158 

complex, 2 
imaginary, 5 
irrational, 1 
pure imaginary, 5, 7 
rational, 1, 23, 37 
real, 1, 5 

real complex, 4, 5, 7, 11 
transcendental, 152 
transcendental over a field, 153, 155 
Numbers of a configuration, 134 
of a figure, 134 

O 

Obtainable by radicals, 160 168 
b> rational operations and . . . ,131 
135, 137, 139, 140-141, 113, 144, 
116-118, 149, 163 
One-to-one correspondence, 7 
Operations, rational, 3, 21 
Order of determinant, 191 
of matrix, 190 

of multi pie square root, 138-139, 146 
of root, 40 
Ordered pair, 2 
Orthogonal determinant, 206 

P 

Pair, ordered, 2 
Periodic, 20 

Point, coordinates of, 7, 134 


Polar form of complex number, 10, 11 
Polygons, regular, 142, 144, 151-152 
Polynomial (s),. 15-1 6, 170-171 
addition of, 16, 54-55, 171, 175, 180 
associate of, 26, 29, 31, 32, 33, 34, 35 
Budan’s theorem for, 87-91 
cancelation law for, 19, 176 
coefficient of, 15, 171 
coefficient of, leading, 15, 55 
common factors of, 27, 31, 241, 243- 
24 4. 253-255, 257 

common roots of, 51, 52, 64-65, 240, 
241,244-247,250 
composite, 31 32 

consecutive roots of, 76, 77, 78, 79 
constant, 16, 171 
constant term of, 15 
cubic, 16 

decreasing, monotonically, 79, 81, 
82 

dcprcc of, 16, 18, 19, 171, 174, 176- 
177 

degree of in a variable, 174, 181 
degree of term of, 171 
derivative of, 54-5G 
Descartes’ rule for, 93 
difference of, 16, 171, 175 
discriminant of, 122 
divisibility of, 26 
division algorithm for, 23-24 
divisor of, 26 
double root of, 40 

elementary symmetric, 178-179, 
181, 182 

Fuclidcau algorithm for, 27-28, 241 
expansion of, 21, 60-63 
expansion of, Taylor, 61- 63 
factor of, 2G 

factor theorem for, 17, 25, 39 
factorization of, 33-35, 40, 44, 60, 
65-66, 128, 258 

fundament ai theorem on symmet- 
ric, 182-184 
gi^'.h of, 82 84 

highest common factor of, 27-29, 
30, 51, 57-58, 25S 
homogeneous, 174, 176, 177, 178, 
181, 185 
identical, 171 

identically vanishing, 16, 18, 171, 
172-173 

increasing, monotonically, 79, 81, 82 
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Polynomial (r), indecomposable, 32 
irreducible, 32, 33, 39, 53, 04, 05-66, 
70, 161, 177, 178, 181, 257 
leading coefficient of, 15, 55 
linear, 16, 34, 39, 171 
linearly dependent, 235-237, 238, 
243-244 

linearly independent, 235, 237 
location principle for, 73-74, 104- 
105 

mean-value theorem for, 80 
minimum, 153 154, 155 
monotonically decreasing, 79, 81, 
82 

monotonically increasing, 79, 81, 82 
multiple root of, 40, 57, 100, 1 22 
multiplicity of root of, 40-41, 56- 
58, 00 

order of root of, 40 
priii o, 32, 33 

prime to each other, 30-31, 33 
product of, 1G, 55, 171, 175 177, 180 
properties of symmetric, 179 181 
quadratic, 10, 171 
quart ic, J6 
quintie, 16 
rational roots of, 67 
reducible, 31 32, 33, 34, 39-40, 01, 
65, 177, 250 

relations among roots and coofli- 
oients of, 4 '4-46 
relatively prime, 30 31, 33 
remainder theorem for, 25 
Rolie’s theorem for, 78, 79, 82 
root of, 10, 17, 18, 40 
sign of for huge x, 74 75 
simple root of, 40 
Sturm’s theorem for, 98- 99 
sum of, 16, 51 55, 171, 175, 180 
symmetric, 178 187 
symmetric, elementary, 178-179, 
181, 182 

Taylor expansion of, 61-63 
term of, 171 
the roots of, 40-41 
transformation of roots of, 48-49, 
50,63 

triple root of, 40 

unique factorization of, 33-35, 40, 
44, 60, 65-66, 258 
unique representation of, 19, 21, 
173-174 


Polynomial (s), vanishing identicalh, 
16, 18, 171, 172-173 
vanishing of, 16-17 
weight of term of, 186 
zero, 16, 54, 171 
zero of, 16 

Positive roots, 93, 95, 96 
Powers of complex numbers, 10 
Prime integer, 37, 38 
polynon ini, 32, 33, 171 
Prime to each other, 30-31, 33 
Product law for complex numbers, 3 
Product of complex numbers, 2, 7, 10 
of detenni limits, 204-205 
of matrices, 211 

of polynomial*, 16, 55, 171, 175 177, 
180 

Pure imaginniy number, 5, 7 
Q 

Quadratic polynomial, It), 171 
Quart ic polynomial, 16 
discriminant of, 130, 131 
reduced, 129 

resolvent cubic of, 128, 130, 131 
solution of, 128 

solvability of by squaio roots, 1 16 
148 

Quintie polynomial, 16 

Quotient in division algorithm, 24 

Quotient of complex numbers, 3, 8, 11 

R 

Radicals, adjunction of, 164 166 
obtainable by, 166 16S 
solvable by, 1 14- 115, 168 
Rank of matrix, 207-208, 209, 210, 
216, 239 

Rational in «i, < 22 , ... , 135, 137, 
139, 140-141, 143, 144, 146-148 
Rational number, 1, 23, 37 
Rational operations, 3, 21 
obtainable by , 134-135, 137, 
139, 140 141, 143, 144, 149 
Rational roots, 67 
Rationality, domain of, 22 
R.ty, 132, 134 
R,*al axis, 7 

Real complex number, 4, 5, 7, 11 
Real number, 1, 5 
Real roots, 94, 95, 101 
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Reciprocal of complex number, 3 
Reduced cubic, 115-116, 118, 123 
quortic, 129 

Reducible polynomial, 3b 32, 33, 34, 

39 40, 64, 65, 177, 256 
Regular polygon*, 112, 141, 151-152 
Relations among roots and coe fli- 
ck nts, 44 46 

Relatively priim* integers, 37 
polynomials, 30 31, 33 
Remainder in division algorithm, 24, 
26 

Remainder theorem, 25 
Repj* mentation, geometrical, of com- 
plex numbers, 7 

unique, of polynomial, 19, 21, 173- 
174 

Resoheni cubic, 128, 130, L31 
Resultant, 212 
Sylvester, 218, 250 
Rolle’s ihcoiom, 78, 79, 82 
Root of equation, 17 
Roots if complex numbers, 12-13 
Root(s) of polynomials, 16, 17, 18, 39, 

40 

approximations to, 303-113 
common, 51, 52, G4 65, 240, 241, 
214 217,250 
conjugate complex, 65 
consecutive, 76, 77, 78, 79 
double*, 40 

exceeding a given number, 92 93, 
101 

in an interval, 87 88, 96, 98 
m-fold, 10 

multiple, 40. 57, 100, 122 
multiplicity of, 40, 5b 58, 60 
negative, 91 

number of, 41, 87-88, 91, 98, 101, 
102 

order of, 40 
positive, 93, 95, 96 
rational, 67 
real, 94, 95, 101 

relations among and coefficients, 
44-46 
simple, 40 
the, 40 41 

transformations of the, 48-19, 50, 
63 

triple, 40 

Roots of unity, 12- 13, 14, 38, 165 


Row of determinant, 191 
expansion by, 195-196 
Row of matrix- 191, 207 
Rows, interchange of, 198-199 
Rows, interchange of and columns, 197 
Ruler and compass const ructibility, 
132-137 

S 

Segment, 132, 134 
Sequence, Budan, 85-87 
Sluim, 96-97 
Sign, variations in, 85, 92 
Sign of polynomial for large x, 74—75 
Simple root, 40 

Simultaneous equations, linear, 219 
Simultaneous equations, solution of, 
220, 251, 257, 260 
Solution, trivial, 231 
Solution of cubic, 115-119 
of linear equations, 220, 234 
of quartic, 128 

of simultaneous equations, 220, 251, 
257, 260 

Solvab’e by radicals, 114- 115, 168 
Square matrix, 190 
Square root of order n , 138-139, 146 
Square roots, conjugate 1 , 70-71 
Squaring circle, J52 
Sturm sequence 1 , 96-97 
Sturm’s theorem, 98-99 
Subtraction of complex numbers, 2, 9 
of polynomials, 16, 171. 175 
Su« essix e elimination, 258 
Sui i of complex numbers, 2, 8-9 
ol polynomials, 16, 54-55, 171, 175, 
180 

Sylvester resultant, 248, 250 
Sylvester* i method of elimination, 
242, 247 

Symmetric y lynomials, 178-187 
cVmentaiy, 178 179, 181, 182 
fundamental theorem on, 182-184 
pro jk dies of, 179 181 
Synthetic division, 41-42 

T 

Taylor expansion, 61-63 
Teyn, constant, 15 
degree of, 171 



302 


INDEX 


Term of determinant, 192 
of polynomial, 171 
weight of, 186 

The roots of a polynomial, 40-41 

Theorem of the mean, 80 

Transcendental number, 152 

Transcendental over a field, 153, 155 

Transformations of roots, 48-49, 50, 
63 

Transpose of determinant, 197-198 

Trigonometric form of complex num- 
ber, 10, 11 

Trigonometric solution of cubic, 126 
127 

Triple root, 40 

Trisect ion of angle, 138, 142, 144, 
149 151 

Trivial solution, 231 

U 

l mque factorization of integers, 37 
oi polynomials, 33-35, 40, 41, 60, 
65 66, 258 


Unique representation of polynomial, 
19, 21, 173-174 
Unit, imaginary, 5 
Unity, roots of, 12-13, 14, 38, 165 
Unity complex number, 3 

V 

Value, absolute, 9, 37 
\anishing identically, 16, 18, 171, 
172-173 

Vanishing ot polynomial, 16-17 
Vanations in sign, 85, 92 

W 

Weight of term, 186 
Wronskian, 238 

Z 

Zero complex number, 2, 9 
polynomial, 16, 18, 54, 171 
Zeiu of polynomial, 16 



